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 a b s t r a c t

To support decarbonization of transport, research is focusing on advanced and highly efficient combustion con-
cepts running on low-carbon fuels. Optimizing the performance of these complex engines over a wide range of 
operating conditions results in exploded control calibration efforts for traditional calibration methods. In this 
paper, an automated engine calibration framework based on constrained Extremum Seeking (ES) control is pro-
posed to effectively reduce calibration times. Contrary to previous research that optimizes an efficiency metric, 
the proposed ES algorithm directly shapes the entire in-cylinder pressure trace by decomposing it into Principal 
Components (PCs) and controlling the associated weights towards their optimal reference, defined by an Ideal 
Thermodynamic cycle. This method finds an optimal trade-off between controllability of the PC weights and 
optimality, while explicitly addressing combustion safety constraints using a novel gradient based projection 
method for the PC weights. The proposed ES controller was successfully implemented for fuel path calibration 
on a single cylinder engine running in dual-fuel (diesel-gasoline) mode. Besides demonstrating optimality and 
convergence of the ES concept within 4 min, the handling of an arbitrary constraint on maximal in-cylinder pres-
sure is validated. Despite the under-actuated nature of the control problem for the PC weights, the resulting ES 
optimal operating point is close to the actual maximal thermal efficiency point. This work highlights the practical 
viability of automated calibration methods through a model-free in-cylinder pressure shaping approach.

1.  Introduction

Meeting the objective of a net zero CO2 emission scenario by 2050 
requires a stepwise reduction in global transport emissions, targeting a 
35% reduction for long-haul transport by 2030, while accounting for 
the increasing demand in this sector (IEA, 2023). Electrification is the 
primary solution for passenger vehicles, whereas low-carbon fuels can 
accelerate decarbonization in the heavy-duty sector, including long-haul 
road transport, maritime, aviation, and mining. This is especially true 
as challenges regarding electric charging infrastructure persist. In addi-
tion to low-carbon fuels, low temperature combustion (LTC) concepts 
promise higher thermal efficiencies and lower engine-out emissions 
compared to traditional compression-ignition (CI) and spark-ignition 
(SI) engines (Agarwal et al., 2017). These LTC concepts can enhance 
current de-carbonization strategies, particularly when used in combina-
tion with clean alternative fuels such as hydrogen or natural gas (Karimi 
et al., 2021).

Pre-mixed combustion concepts rely on controlled auto-ignition and 
are very sensitive to operating conditions, such as differences in ambi-
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ent conditions or varying fuel types or qualities. Additionally, the overall 
engine complexity increases and the requirement for safe and stable op-
eration under a wide operating range must be guaranteed. Therefore, the 
time and costs associated with robust engine calibration explodes when 
mapping the complete operating range. Auto-calibration can greatly 
reduce the manual effort required, minimizing the time spent on the 
testbench and adapting to real-world conditions using on-line learning. 
Willems, 2018 proposes a cylinder pressure-based control approach that 
utilizes in-cylinder pressure data for real-time combustion control. This 
approach will gain traction as the commercial viability of in-cylinder 
pressure sensors increases.

Extremum Seeking (ES) is a promising approach to automated en-
gine calibration and has demonstrated effective results in the automo-
tive field for fuel efficiency optimization. Popovic et al. (2003) optimizes 
the Brake Specific Fuel Consumption (BSFC) of a variable cam timing 
SI engine while using combustion stability as a constraint. This stabil-
ity region is mapped beforehand, failing to capture varying operating 
conditions. Demonstrated on a heavy-duty CI engine, van der Weijst 
et al. (2019) minimizes BSFC by adapting feedforward references while
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Fig. 1. Experimental SCE equipped with custom port-fuel injection system. This 
setup is similar as the one used in Vlaswinkel and Willems (2023).

ensuring that constraints on engine out NO𝑥, maximum in-cylinder pres-
sure, and Exhaust Gas Recirculation (EGR) valve position are satisfied. 
ES has been successfully applied to a Homogeneous Charge Compression 
Ignition (HCCI) engine, where the gains of a PID controller were opti-
mized using ES, and it was also used to optimize the injection timing 
(Killingsworth et al., 2009). The last two methods do not incorporate 
combustion safety parameters as constraints for the ES algorithm.

In this paper, the constrained ES framework for engine control cali-
bration is extended for in-cylinder pressure shaping using the Principal 
Component (PC)-based method introduced in Vlaswinkel and Willems 
(2023). Following this approach, we not only maximize the Gross Indi-
cated Efficiency (GIE), but also explicitly deal with safety constraints 
(i.e. peak in-cylinder pressure and maximal in-cylinder pressure rise 
rate) using fuel path actuators. The main contributions of this work are 
summarized as follows; i) shaping of the entire in-cylinder pressure trace 
by decomposition of the in-cylinder pressure trace into multiple Princi-
pal Components (PCs) and controlling of these PC weights towards their 
optimal values, defined by the Ideal Thermodynamic cycle (ITC); ii) ex-
plicit handling of combustion safety constraints by a novel PC weights-
based method that effectively handles these constraints through gradi-
ent projection onto the constrained multi-dimensional hyperplanes; iii) 
successful demonstration of the proposed ES algorithm on a single cylin-
der engine set-up operating in dual-fuel (diesel-gasoline) mode.

This paper is organized as follows. First, an overview of the exper-
imental testbench is provided. Next, the automated engine calibration 
approach is presented. Then, the developed ES algorithm is presented 
and validated on the engine testbench, and lastly, the experimental re-
sults are discussed.

2.  System description

This section provides an overview of the single cylinder engine (SCE) 
setup from Zero Emission Lab at the Eindhoven University of Technol-
ogy. The SCE was used to demonstrate the potential of the constrained 
Extremum Seeking framework.

2.1.  Single cylinder setup

The SCE setup is a modified heavy-duty PACCAR MX13 engine. Only 
the first cylinder supports fuel injection and is equipped with a common 
rail diesel injection (DI) system and a custom port-fuel injection (PFI) 
system for gasoline (See Fig. 1).

To monitor the in-cylinder pressure (𝑝𝑐𝑦𝑙) during engine operation, a 
pressure transducer (6125C) and a charge amplifier (5018) from Kistler 

Table 1 
SCE engine specifications.

 Parameter  Value or Type  Unit
 Displacement volume 𝑉𝑑  2.15  [L]
 Compression Ratio (𝑟𝑐 )  17.2:1  [–]
 Intake Valve Closed  173  [CADbTDC]
 Intake Valve Open −357  [CADbTDC]
 Exhaust Valve Closed  359  [CADbTDC]
 Exhaust Valve Open −146  [CADbTDC]
 EGR Valve  0  [%open]
 Engine Speed  1200  [RPM]
 DI Fuel  Diesel  [–]
 DI Rail Pressure  1200  [bar]
 PFI Fuel  Gasoline  [–]
 PFI Rail Pressure  5  [bar]

are used. The SCE is attached to an electric machine that generates 
the required torque to maintain a fixed engine speed. The crankshaft is 
equipped with a crank encoder (RSI 503) from Leine Linde, which has a 
resolution of 0.2 CAD. The main engine specifications of this setup are 
shown in Table 1 and more details can be found in Willems (2020).

2.2.  Real-time combustion control system

The original engine control system is replaced with two separate 
rapid prototyping systems. A Compact RIO (National Instruments Corp.) 
sets both the intake manifold temperature 𝑇𝑖𝑚 through an inlet heater; 
and the intake manifold pressure 𝑝𝑖𝑚 via a pneumatic intake valve, to a 
fixed actuator position. Common rail pressure control is handled by the 
Compact RIO as well. In addition to this, a Speedgoat Real-Time Target 
Machine (Speedgoat GmbH, 2018) is integrated for on-line optimization 
and next-cycle fuel path control in Simulink (R2021b).

The Speedgoat consists of a Kintex 7 Field Programmable Gate Array 
(FPGA), running at 20ns task rate, and an Intel Core i7 3.5GHz CPU with 
four cores. The FPGA handles fast parallel processing of the in-cylinder 
pressure and encoder signals and computes the Internal Mean Effective 
Pressure (IMEP) used in a next-cycle control architecture. Safety mon-
itoring and injector driver actuation logic runs on the FPGA as well. 
The next-cycle controller and the Extremum Seeking controller are im-
plemented on the CPU in Real-Time (RT) and use feedback from the 
FPGA. From a requested mass flow and injection timing, the Speedgoat 
generates injection commands that specify the start of actuation (SOA) 
and duration of actuation (DOA) and communicates these to the injector 
drivers:

1. A RapidPro Power module (dSpace GmbH, 2017) controls the diesel 
injector to meet timing and duration requirements set by the Speed-
goat.

2. A custom driver controls the port fuel injector, ensuring that the in-
jection timing and duration meet the requirements set by the Speed-
goat.

Communication between the FPGA and CPU is realized by a PCIe in-
terface and combustion data is visualized on the CPU at a frequency of 
100 Hz. This setup is used for automated steady-state engine calibration, 
which is discussed in the following sections.

3.  Engine control problem

3.1.  Engine calibration objectives

An Ideal Thermodynamic Cycle (ITC) describes the optimal engine 
cycle under perfect conditions, such as zero heat loss and an infinitely 
short combustion duration (Heywood, 1988). While achieving such an 
ideal cycle in an engine is not feasible, the primary goal of engine cali-
bration is to find the required control inputs such that the actual com-
bustion process meets the power demand and closely approximates this 
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ITC, thereby maximizing the Gross Indicated Efficiency (GIE):

GIE(𝑢) =
IMEP𝑔(𝑢)
𝑄𝑓𝑢𝑒𝑙

where 𝑢 are the controlled inputs and IMEP𝑔 as the Gross Indicated Mean 
Effective Pressure:

IMEP𝑔(𝑢) =
1
𝑉𝑑 ∫Θ

𝑝𝑐𝑦𝑙(𝜃, 𝑢) 𝑑𝑉 (𝜃)

with 𝜃 the crank angle, Θ = [−180, 180] CAD and 𝑉 (𝜃), the in-cylinder 
volume. Additionally, the calibration process should comply with emis-
sions and combustion stability targets, as well as combustion safety con-
straints, which include upper limits on maximum pressure (𝑝max) and 
maximum pressure rise rate (𝑑𝑝max).

For dual-fuel engines, three controlled variables which relate to the 
IMEP𝑔 and GIE are available for fuel path calibration. It is assumed that 
the air path remains constant, as the SCE is not equipped with a tur-
bocharger. First, there is the total amount of fuel power injected during 
a single combustion cycle:

𝑄𝑓𝑢𝑒𝑙 = 𝑚DILHVDI + 𝑚PFILHVPFI

with 𝑚DI, 𝑚PFI ∈ [𝑚𝑔𝑖𝑛𝑗 ], the injected fuel mass, and LHVDI,LHVPFI ∈ [ 𝐽
𝑚𝑔 ], 

the lower heating values for high and low-reactivity fuels, respectively. 
Next, there is the energy-based blend ratio 𝐵𝑅:

𝐵𝑅 =
𝑚PFILHVPFI

𝑄𝑓𝑢𝑒𝑙

as a measure of fuel reactivity and SOIDI ∈ [CADbTDC], the injection 
timing for high reactivity fuel is also considered. The controlled vari-
ables in this work are:

𝑢 = [𝑄𝑓𝑢𝑒𝑙 , 𝐵𝑅, SOIDI]⊤ ∈ ℝ3 (1)

3.2.  In-cylinder pressure shaping

Vlaswinkel and Willems (2023) rewrote this calibration task, using 
an Otto cycle as the optimal reference for the in-cylinder pressure trace 
𝑝𝑐𝑦𝑙(𝜃, 𝑢). The goal is to minimize 𝐽 :

𝐽 =
(

∫Θ
(𝑝𝑐𝑦𝑙(𝜃, 𝑢) − 𝑝ITC(𝜃,𝑄𝑓𝑢𝑒𝑙)) 𝑑𝑉 (𝜃)

)2
(2)

representing the difference between the measured pressure trace 
𝑝𝑐𝑦𝑙(𝜃, 𝑢) and the ideal reference in-cylinder pressure 𝑝ITC(𝜃,𝑄𝑓𝑢𝑒𝑙), 
which aligns with a maximization of the GIE.

This method is based on the idea that an arbitrary in-cylinder pres-
sure trace can be decomposed into multiple Principal Components (PC) 
as follows:

𝑝𝑐𝑦𝑙(𝜃, 𝑢) = 𝑤(𝑢)⊤𝑓 (𝜃) + 𝑓𝑚𝑝(𝜃, 𝑝𝑖𝑚) (3)

where 𝑤(𝑢) ∈ ℝ𝑛PC  the weights associated with each PC as function of the 
controlled fueling parameters, 𝑛PC the number of PCs, and 𝑓 (𝜃) ∈ ℝ𝑛PC

the static PC traces. 𝑓𝑚𝑝(𝜃, 𝑝𝑖𝑚) is the underlying motored pressure, mod-
eled as an adiabatic compression and is a function of the intake manifold 
pressure 𝑝𝑖𝑚 (Vlaswinkel and Willems, 2024). Using this Principal Com-
ponent Decomposition (PCD), Eq. (2) can be written as:

𝐽 = (𝑤(𝑢) −𝑤ITC(𝑄𝑓𝑢𝑒𝑙))⊤𝑍1(𝑤(𝑢) −𝑤ITC(𝑄𝑓𝑢𝑒𝑙)) (4)

which is a composite cost function 𝐽 (𝑤(𝑢)) ∶ ℝ3 → ℝ𝑛PC → ℝ, with an 
intermediate mapping function 𝑤(𝑢) ∶ ℝ3 → ℝ𝑛PC , from the fuel inputs 
to the PC weights and 𝑍1 given as:

𝑍1 = ∬Θ
𝑓 (𝜃1)𝑓⊤(𝜃2) 𝑑𝑉 (𝜃1) 𝑑𝑉 (𝜃2)

3.3.  Optimal control problem

The combustion safety constraints, 𝑝max and 𝑑𝑝max can be expressed 
as linear inequality constraints using the decomposition from (3). The 
resulting calibration task can be expressed as follows: 
𝑢∗ = min

𝑢∈
𝐽 (𝑤(𝑢)) (5a)

s. t. IMEPg(𝑢) = IMEPref (5b)

𝑤(𝑢)⊤𝑓 (𝜃) + 𝑓mp(𝜃) ≤ 𝑝𝑚𝑎𝑥,𝑢𝑏 (5c)

𝑤(𝑢)⊤
𝑑𝑓 (𝜃)
𝑑𝜃

+
𝑑𝑓mp(𝜃)

𝑑𝜃
≤ 𝑑𝑝𝑚𝑎𝑥,𝑢𝑏 (5d)

where   is the feasible search space for the fuel path actuators from (1), 
and 𝑝𝑚𝑎𝑥,𝑢𝑏 and 𝑑𝑝𝑚𝑎𝑥,𝑢𝑏 represent the maximum pressure and the max-
imum pressure rise rate, respectively. The following section proposes 
an Extremum Seeking framework capable of minimizing the given cost 
function while satisfying the aforementioned constraints.

4.  Constrained extremum seeking control

To optimize the fuel path of the dual-fuel engine, a dither-based con-
strained Extremum Seeking controller (ESC) is proposed, as shown in 
Fig. 2. ESC is a model-free gradient descent optimization algorithm that 
does not require prior knowledge of the input-output relationship. The 
only requirements for the implementation of the algorithm are; an ini-
tial safe setpoint can be chosen, a (local) minimum must exist, and there 
is the ability to measure the cost function (Scheinker, 2024).

4.1.  Next-cycle IMEP controller

We focus on optimizing the fuel path for a specified driver demand 
(IMEPref ). To satisfy this constraint (5b), a next-cycle closed-loop con-
troller for 𝑄𝑓𝑢𝑒𝑙 is implemented as follows:
𝑄𝑓𝑢𝑒𝑙,𝑘+1 = 𝑄𝑓𝑢𝑒𝑙,𝑘 +𝐾IMEP (IMEPref − IMEP𝑔,𝑘)

where ’𝑘’ denotes the current combustion cycle and 𝐾IMEP the control 
gain. This next-cycle controller is inherently fast, responding in approx-
imately 10 combustion cycles to local changes in driver demand.

4.2.  Extremum seeking optimizer

For the ESC, we define 𝑢̃0 = [𝐵𝑅0,SOIDI,0]⊤ ⊂ 𝑢 as the reference in-
puts to be optimized by the algorithm. The ES optimizer is given in a 
next-cycle manner as:

𝑢̃0,𝑘+1 = 𝑢̃0,𝑘 +𝐾𝐸𝑆
𝜕𝐽
𝜕𝑢̃

|

|

|

|𝑢̃0,𝑘

where 𝐾𝐸𝑆 = 𝑑𝑖𝑎𝑔([𝐾𝐵𝑅, 𝐾SOI]) is the control gain matrix and 𝜕𝐽
𝜕𝑢̃
|

|

|𝑢̃0,𝑘
∈

ℝ2 the control gradient that drives the references towards a minimal cost 
𝐽 . The main components of the ES framework are gradient estimation 
and constraint handling, which are discussed in further detail.

4.3.  Gradient estimation

Classic dither-based ES relies on accurately estimating the gradient 
of cost 𝐽 with respect to the system input references 𝑢̃0 by perturbing 
these static references with a sinusoidal dither signal:
𝑢̃𝑘 = 𝑢̃0,𝑘 + 𝑑𝑘
where

𝑑𝑘 =
[

𝑎𝐵𝑅 sin(𝜔𝐵𝑅𝑡𝑘)
𝑎SOI sin(𝜔SOI𝑡𝑘)

]

with 𝑎𝐵𝑅, 𝑎SOI the dither amplitudes and 𝜔𝐵𝑅, 𝜔SOI the dither frequen-
cies for the 𝐵𝑅 and SOIDI inputs, respectively. As shown in (4), a com-
posite cost function was obtained 𝐽 (𝑤(𝑢̃)) ∶ ℝ2 → ℝ𝑛PC → ℝ, with an in-
termediate mapping function: 𝑤(𝑢̃) ∶ ℝ2 → ℝ𝑛PC . This intermediate map-
ping can be leveraged to satisfy the combustion safety constraints (5c) 
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Fig. 2. Control architecture overview. The Controlled plant represents the engine with the coupled control variables (𝑄𝑓𝑢𝑒𝑙, 𝐵𝑅 → 𝑚DI, 𝑚PFI). The Extremum 
Seeking controller is highlighted and the individual components structure is shown.

and (5d), as will be seen later. Now, consider the composite cost func-
tion1:

𝐽 (𝑤(𝑢̃)) = (𝑤(𝑢̃) −𝑤ITC)⊤𝑍1(𝑤(𝑢̃) −𝑤ITC)

where the optimal control gradient 𝜕𝐽𝜕𝑢̃ , evaluated around 𝑢̃0,𝑘, can be 
obtained by applying the chain rule as follows:

𝜕𝐽
𝜕𝑢̃

|

|

|

|𝑢̃0,𝑘
= 𝜕𝐽

𝜕𝑤
|

|

|

|

⊤

𝑢̃0,𝑘

𝜕𝑤
𝜕𝑢̃

|

|

|

|𝑢̃0,𝑘
∈ ℝ2 (6)

4.3.1.  Algebraic gradient
The first part from the optimal control gradient,

𝜕𝐽
𝜕𝑤

|

|

|

|𝑢̃0,𝑘
= 2(𝑤(𝑢̃0,𝑘) −𝑤ITC,𝑘)⊤𝑍1 ∈ ℝ𝑛PC (7)

where 𝑤(𝑢̃0,𝑘) the PC weight for a fixed reference input 𝑢̃0 and repre-
sents the algebraic gradient that defines the optimal direction for the 
PC weights to shift in order to minimize 𝐽 . The second part,
𝜕𝑤
𝜕𝑢̃

|

|

|

|𝑢̃0,𝑘
∈ ℝ𝑛PC×2

represents the PC mapping gradient around 𝑢̃0, which defines the con-
trollability from the dithered inputs for the individual PC weights.

4.3.2.  Kalman filter for PC mapping gradient
The PC weight 𝑤(𝑢̃0,𝑘) and the mapping gradients around 𝑢̃0 are 

estimated using a Kalman filter. The Kalman filter (KF) is a computa-
tionally efficient state estimator that explicitly handles cycle-to-cycle 
combustion data (streams of data). Therefore, the filter can be im-
plemented on the Speedgoat Real-Time Target Machine without any 
implications and provide a new state estimate every combustion cycle. 
Welch and Bishop, 2006. The KF also performs well when the system 
suffers from additive Gaussian noise, which these dual-fuel combustion 
concepts inherently suffer from Vlaswinkel and Willems, 2024. In this 
study, the PC weights are approximated by a first order (N = 1) Taylor 
expansion, similar to van der Weijst et al., 2017. Here, the approach is 
demonstrated for a single PC weight.

1 Dependency of 𝑤ITC on 𝑄𝑓𝑢𝑒𝑙 is omitted for more compact writing

Consider the first order Taylor expansion around 𝑢̃0,𝑘 of the 𝑖𝑡ℎ-
PC weight:

𝑤𝑖(𝑢̃0,𝑘) ≈ 𝑤̂𝑖(𝑢̃0,𝑘) +
𝜕𝑤𝑖
𝜕𝐵𝑅

|

|

|

|𝐵𝑅0,𝑘

𝑎𝐵𝑅 cos(𝜔𝐵𝑅𝑡𝑘)

+
𝜕𝑤𝑖

𝜕SOIDI

|

|

|

|SOIDI,0,𝑘
𝑎SOI cos(𝜔SOI𝑡𝑘) + 𝑅𝑁

where 𝑤̂𝑖(𝑢̃0,𝑘) the zero-frequency component, 𝜕𝑤𝑖
𝜕𝐵𝑅,SOIDI

 the partial 
derivatives of 𝑤𝑖 with respect to the dithered inputs and 𝑅𝑁  the remain-
der term as a function of all higher order derivatives (𝑁 ≥ 2). Assuming 
that 𝑅𝑁  is sufficiently small and the ES controller is relatively slow com-
pared to the combustion dynamics, a local linear approximation can be 
obtained:

𝑥𝑖,𝑘 = 𝑥𝑖,𝑘−1
𝑤𝑖(𝑢̃0,𝑘) = 𝐻𝑥𝑖,𝑘

with

𝑥𝑖,𝑘 = [𝑤̂𝑖(𝑢̃0,𝑘),
𝜕𝑤𝑖
𝜕𝐵𝑅

,
𝜕𝑤𝑖

𝜕SOIDI
]⊤

the state vector and
𝐻 = [1, 𝑎𝐵𝑅 cos(𝜔𝐵𝑅𝑡𝑘), 𝑎SOI cos(𝜔SOI𝑡𝑘)]

the measurement transformation vector. Using this state-space model, a 
KF is used to obtain an estimate of the of the state vector 𝑥𝑖,𝑘. The time 
update equations for the KF are:
𝑥𝑖,𝑘|𝑘−1 = 𝑥𝑖,𝑘−1|𝑘−1
𝑃𝑘|𝑘−1 = 𝑃𝑘−1|𝑘−1 +𝑄

with 𝑄 an estimate for the process noise covariance and 𝑃  the estimate 
error covariance. Every cycle, a measurement is obtained, allowing the 
states to be recursively updated as follows:

𝐺𝑘 =
𝑃𝑘|𝑘−1𝐻⊤

𝐻𝑃𝑘|𝑘−1𝐻⊤ + 𝑅

𝑥𝑖,𝑘|𝑘 = 𝑥𝑖,𝑘|𝑘−1 + 𝐺𝑘(𝑤𝑖(𝑢̃0,𝑘) −𝐻𝑥𝑖,𝑘|𝑘−1)

𝑃𝑘|𝑘 = (𝐼3 − 𝐺𝑘𝐻)𝑃𝑘|𝑘−1

with 𝐺𝑘 the Kalman gain, 𝐼3 an identity matrix and 𝑅 the measurement 
noise covariance estimate. In practice, there are 𝑛PC weights used in the 
decomposition of the in-cylinder pressure trace 𝑝𝑐𝑦𝑙(𝜃). Therefore, this 
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filtering process is repeated 𝑛PC-times in parallel. The resulting local 
estimates are stored in a vector
𝑤(𝑢̃0,𝑘) =

[

𝑥11,𝑘, 𝑥
1
2,𝑘,… , 𝑥1𝑛PC ,𝑘

]⊤
∈ ℝ𝑛PC

and the PC mapping gradient in a matrix:

𝜕𝑤
𝜕𝑢̃

|

|

|

|𝑢̃0,𝑘
=

⎡

⎢

⎢

⎢

⎢

⎣

𝑥21,𝑘 𝑥31,𝑘
𝑥22,𝑘 𝑥32,𝑘
⋮ ⋮

𝑥2𝑛PC ,𝑘 𝑥3𝑛PC ,𝑘

⎤

⎥

⎥

⎥

⎥

⎦

∈ ℝ𝑛PC×2

where the superscript ’𝑛’ denotes the 𝑛𝑡ℎ-element of the state estima-
tion vector 𝑥𝑘. Using these estimations, the control gradient can be con-
structed as shown in (6), minimizing the composite cost function.

4.4.  Constraint handling

In addition to the IMEPref  constraint (5b), the combustion safety con-
straints (5c–5d) are addressed by the ESC. Decomposing the in-cylinder 
pressure trace into different PCs, both safety parameters can be for-
mulated as linear inequality constraints as functions of 𝑤̂(𝑢̃0,𝑘). These 
safety limits can be satisfied by projecting the algebraic gradient onto 
the multi-dimensional hyperplane defined by an active constraint.

Every combustion cycle, the maximum pressure estimate is obtained 
using the PC weights from the KF:
𝑝̂𝑚𝑎𝑥 = max

(

𝑤̂(𝑢̃0,𝑘)⊤𝑓 (𝜃) + 𝑓𝑚𝑝(𝜃)
)

(8)

Next, the crank angle at which the pressure is maximum (𝜃𝑝max
) is found:

𝜃𝑝𝑚𝑎𝑥 = argmax
𝜃∈Θ

(

𝑤̂(𝑢̃0,𝑘)⊤𝑓 (𝜃) + 𝑓𝑚𝑝(𝜃)
)

and can be used to construct the normal vector of the constrained hyper-
plane: ⃗𝑛𝑝𝑚𝑎𝑥 = 𝑓 (𝜃𝑝𝑚𝑎𝑥 ). Similarly, the estimate for the maximum pressure 
rise rate is considered:

𝑑𝑝𝑚𝑎𝑥 = max
(

𝑤̂(𝑢̃0,𝑘)⊤
𝑑𝑓 (𝜃)
𝑑𝜃

+
𝑑𝑓𝑚𝑝(𝜃)

𝑑𝜃

)

along with the crank angle at which this maximum is found (𝜃𝑑𝑝max
):

𝜃𝑑𝑝𝑚𝑎𝑥 = argmax
𝜃∈Θ

(

𝑤̂(𝑢̃0,𝑘)⊤
𝑑𝑓 (𝜃)
𝑑𝜃

+
𝑑𝑓𝑚𝑝(𝜃)

𝑑𝜃

)

Using 𝜃𝑑𝑝max
, the normal vector of the constrained hyperplane: 𝑛𝑑𝑝𝑚𝑎𝑥 =

𝑑𝑓 (𝜃𝑑𝑝𝑚𝑎𝑥 )
𝑑𝜃  can be obtained. These estimates, both for the maximum pres-

sure and the maximum pressure rise rate, are used to evaluate the com-
bustion safety constraints in real-time during optimization.

For a single active constraint, such as 𝑝̂max = 𝑝𝑚𝑎𝑥,𝑢𝑏 or 𝑑𝑝max =
𝑑𝑝𝑚𝑎𝑥,𝑢𝑏, it is possible to comply with the constraint while further min-
imizing the cost function. This is achieved by projecting the algebraic 
gradient from (7) onto the constrained hyperplane defined by the ac-
tive constraint. The gradient projection method is demonstrated for an 
active maximum pressure constraint.

Consider the normal on the hyperplane for the maximum pressure 
(𝑝max) constraint: 𝑛𝑝max

∈ ℝ𝑛PC  and a random vector 𝑚⃗ ∈ ℝ𝑛PC  of equal 
length. Vector 𝑣𝑝max

⟂ 𝑛𝑝max
 can be found as:

𝑣𝑝𝑚𝑎𝑥 = 𝑚⃗ − proj𝑛𝑝𝑚𝑎𝑥 (𝑚⃗)

where proj𝑛𝑝max
(𝑚⃗) denotes the projection of vector 𝑚⃗ onto 𝑛𝑝max

 and is 
given as:

proj𝑛𝑝𝑚𝑎𝑥 (𝑚⃗) =
𝑛𝑝𝑚𝑎𝑥 ⋅ 𝑚⃗

‖𝑛𝑝𝑚𝑎𝑥‖
2
2

𝑛𝑝𝑚𝑎𝑥

Using this projection, 𝑣𝑝max
 is tangent with the hyperplane representing 

the maximum pressure constraint. Similarly, the algebraic gradient can 
be projected onto the hyperplane using 𝑣𝑝max

:

proj𝑣𝑝𝑚𝑎𝑥

(

𝜕𝐽
𝜕𝑤

|

|

|

|𝑢̃0,𝑘

)

=
𝑣𝑝𝑚𝑎𝑥 ⋅

𝜕𝐽
𝜕𝑤

|

|

|𝑢̃0,𝑘

‖𝑣𝑝𝑚𝑎𝑥‖
2
2

𝑣𝑝𝑚𝑎𝑥

Table 2 
Experimental operating conditions.

 Parameter  Value  Unit
IMEPref  4  [bar]
𝐵𝑅  [0.3 - 0.6]  [-]
SOI  [3 - 11]  [CADbTDC]
SOIPFI  360  [CADbTDC]
LHVDI  42.6  [J/mg]
LHVPFI  43.4  [J/mg]
𝑝𝑖𝑚  1.39 ± 0.08  [bar]
𝑇𝑖𝑚  21.8  [degC]
𝑇𝑐𝑜𝑜𝑙𝑎𝑛𝑡  70  [degC]
𝑇𝑜𝑖𝑙  90  [degC]

=

(

𝜕𝐽
𝜕𝑤

|

|

|

|𝑢̃0,𝑘

)

𝑚𝑜𝑑

which results in a modified algebraic gradient that minimizes the cost 
function while satisfying the active constraint bound. The control gra-
dient from (6) can be written as:
𝜕𝐽
𝜕𝑢̃

|

|

|

|𝑢̃0,𝑘
=

(

𝜕𝐽
𝜕𝑤

|

|

|

|

⊤

𝑢̃0,𝑘

)

𝑚𝑜𝑑

𝜕𝑤
𝜕𝑢̃

|

|

|

|𝑢̃0,𝑘

This gradient projection method is capable of dealing with only one 
active constraint. The actuator references 𝑢̃0 are saturated to remain 
within their feasible region  .

5.  Experimental results

The ES algorithm is demonstrated on the SCE from Section 2

5.1.  Selection of principal components to include in the optimization

The in-cylinder pressure trace is decomposed into eight Principal 
Components (PCs), which was shown to give the highest accuracy with 
minimal number of PCs. The Principal Components used in this study are 
shown in Fig. 3 and are computed from the same dataset as in Vlaswinkel 
and Willems, 2024. To decide which Principal Component weights are 
included into the optimization, fixed ̃𝑢0 reference experiments were per-
formed to determine the gradient estimation quality, which depends 
on the Kalman filtering process. The KF measurement noise estimate 
𝑅 was measured on the SCE and the process noise estimate 𝑄 was tuned 
manually. These experimental results around a fixed reference input: 
SOIDI,0,k=0 = 4[CADbTDC] and 𝐵𝑅0,𝑘=0 = 0.425[-] are shown in Fig. 4. 
From these figures, it can be seen that the gradients of the first two 
PC weights converge much slower compared to other PC weights. The 
other gradient estimates converged much faster for the defined filtering 
parameters. It was decided that the quality of the gradient estimation for 
the first two Principal Components was insufficient using the set Kalman 
filter parameters. Therefore, they were omitted from the optimization. 

The remaining PCs (3 − 8) are used to construct the optimal control 
gradient such that 𝑛PC = 6. The relevant experimental operating condi-
tions are shown in Table 2.

5.2.  Fuel efficiency optimization

The real-time optimization is first demonstrated using initial 
conditions: SOIDI,0,k=0 = 4[CADbTDC] and 𝐵𝑅0,𝑘=0 = 0.425[-]. The ES 
and Kalman filter parameters are presented in Table 3. The dither 
frequencies were selected much slower to enable the IMEP-controller to 
statically decouple IMEPref  from 𝑢̃0. The amplitudes were determined 
to enable the Kalman filter to accurately identify the partial derivatives 
with respect to the inputs, approximately 20% of the actuator range 
  sufficed. The control gains were selected arbitrarily to balance 
fast convergence and stability during optimization. The Kalman filter 
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Fig. 3. The Principal Component traces used to decompose the measured in-cylinder pressure traces. The Principal Components are computed from the same dataset 
as in Vlaswinkel and Willems, 2024.

Fig. 4. fixed 𝑢̃0 reference experiments to determine the gradient estimation quality of the individual Principal Component weights. Similar results as PC numbers 
3–5 were observed for PC numbers 6–8.

parameter 𝑅 was estimated from static measurements around 𝑢̃0,𝑘=0
and parameter 𝑄 was tuned manually. The ES controller is activated 
after 1000 engine cycles, ensuring that the KF has converged to an 
accurate state estimate (≈ 500 cycles). Convergence of the ES algorithm 
is achieved when both of the fuel path references 𝑢̃0 are saturated at 
the input boundary   or the deviation of 𝑢̃0 is not larger than 0.1% 
over the last 300 cycles.

The performance of the method is evaluated using a relative effi-
ciency increase (𝛿GIE). This change in efficiency is always measured 
starting from the GIE at the initial conditions (GIE𝑘=0), representing the 
baseline and can be defined as:

𝛿GIE = GIE𝑘 − GIE𝑘=0

where GIE𝑘 the efficiency evaluated for each combustion cycle. The 
results of the ES algorithm are illustrated in Fig. 5, where conver-
gence has been achieved after 2444 engine cycles(≈ 4 minutes). The 
next-cycle IMEP-controller ensures stable load tracking during optimiza-
tion (IMEP𝑔 = 4 ± 0.25[bar]) and decouples the driver demand (IMEPref ) 
from the dithered inputs (𝐵𝑅0, ̃SOIDI,0). During optimization, the cost 𝐽

Table 3 
Extremum Seeking and Kalman filter parameters.

 Parameter  Value  Unit
𝑛PC 6  [-]
𝜔𝐵𝑅  0.05  [Hz]
𝜔SOI  0.25  [Hz]
𝑎𝐵𝑅  0.065  [-]
𝑎SOI  1.5  [CAD]
𝐾𝐵𝑅  4.5  [-]
𝐾SOI  5500  [-]
𝐾IMEP  95 [ 𝐽

Δbar
]

𝑄
[

𝑑𝑖𝑎𝑔([1, 10, 1])⊗ 0.0025𝐼𝑛PC
]  [-, -, 1

CAD2 ]
𝑅  [1.35,0.31,0.25,0.3,0.075,0.15]  [-]

decreases and accordingly, an increase in Gross Indicated Efficiency is 
observed (Vlaswinkel and Willems 2023). The new setpoint after 2444 
cycles is given as: SOIDI,0 = 7.60[CADbTDC] and 𝐵𝑅0 = 0.3[-] and re-
sults in a 3.74% increase in efficiency. This convergence time of ap-
proximately 4 min is a significant improvement compared to a tradi-
tional Design of Experiment (DoE) calibration. To highlight the possible 
improvements, consider a DoE where two fuel path actuators need to 
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Fig. 5. Extremum Seeking optimization results for SOI0,DI,k=0 = 4[CADbTDC]
and 𝐵𝑅0,𝑘=0 = 0.425[-]. ES convergence is highlighted in the yellow area. (For 
interpretation of the references to colour in this figure legend, the reader is 
referred to the web version of this article.)

be calibrated. A 5 × 5 grid is spanned across the operating space and 
each grid point takes 1 min to stabilize and acquire data. This results in 
25 min of measurement data to find the optimal references. This high-
lights the effectiveness of the automated Extremum Seeking calibration 
framework.

5.3.  Convergence

To illustrate the convergence properties of the algorithm, see Fig. 6, 
which shows the control gradient 𝜕𝐽

𝜕 ̃SOIDI
, alongside the algebraic gradi-

ents 𝜕𝐽
𝜕𝑤𝑖

|

|

|

|
̃SOIDI,0,k

 and mapping gradients 𝜕𝑤𝑖
𝜕 ̃SOIDI

|

|

|

|
̃SOIDI,0,k

 for the first three 
controlled PC weights (𝑖 = 3, 4, 5). As mentioned, the SOIDI converges 
when the control gradient ≈ 0, shown in the first plot. The second plot 
shows the algebraic gradient, which relates to the local sensitivity of the 
PC weights → 𝐽 . In theory, 𝑤4 has the largest potential for further min-
imizing the cost 𝐽 , as its magnitude is the greatest. In practice, exploit-
ing this potential depends on the controllability from ̃SOIDI,0 → 𝑤4. This 
controllability is defined by the PC mapping gradients, which represents 
the sensitivity of changes in 𝑢̃0 with respect to the PC weights. These PC 
mapping gradients are shown with respect to the dithered input SOIDI in 
the bottom figure. It illustrates that 𝑤4 becomes less controllable from 
SOIDI compared to 𝑤3 and 𝑤5 during optimization, as the mapping gra-
dient magnitude decreases over time. The control gradient 𝜕𝐽

𝜕 ̃SOIDI
 is a 

compromise between optimality via the algebraic gradient and control-
lability of the PC weights via the mapping gradients. Each individual 
PC weight influences the overall control gradient and contributes to the 
convergence of the algorithm.

This experiment was conducted under different initial conditions to 
study the convergence properties of the algorithm. The results of these 
runs are summarized in Table 4 and are plotted on a normalized effi-

Fig. 6. Control gradient composed of algebraic gradients and PC mapping gra-
dients for ̃SOIDI.

Table 4 
Extremum Seeking control starting from various initial 
conditions.

 Initial conditions  Final conditions
SOIDI,0 𝐵𝑅0 SOIDI,0 𝐵𝑅0 𝛿GIE
[CADbTDC] [−] [CADbTDC] [−] 𝛿%
 4.0  0.425  7.60  0.3  3.74
 9.0  0.5  7.64  0.3  2.54
 4.0  0.325  7.83  0.3  2.21
 4.0  0.55  7.65  0.3  6.11

ciency map, which is measured over the complete actuator range ( ). 
This map was generated by evaluating the steady-state GIE at a fixed 
𝐵𝑅 and SOIDI for 2500 consecutive cycles. In Figs. 7 and 9, the mea-
surement points are highlighted as yellow dots. The efficiency map was 
normalized according to:
𝛿GIE = GIE( ) − min(GIE( ))

The results from Table 4 are visualized in Fig. 7.
The maximum GIE within the feasible actuator range is not found, 

likely because the control gradient construction omits 𝑤1 and 𝑤2. 
As shown in Fig. 8, which plots the weighted squared errors (𝑤̂𝑖 −
𝑤ITC,𝑖)2 ∫Θ 𝑓𝑖(𝜃)2 for 𝑖 = 1, 2,… , 8, the errors for 𝑤1 and 𝑤2 increase over-
all during optimization, yielding a suboptimal solution for the GIE. For 
𝑤7, the error initially rises but later drops below its initial setpoint. This 
behavior highlights a trade-off in the control gradient: the algorithm 
temporarily increases the error for 𝑤7, as this action is outweighed by 
the reductions in errors for the other PC weights.

5.4.  Constraint handling for maximum in-cylinder pressure

To demonstrate the algorithm’s constraint handling, an arbitrary 
maximum pressure limit is introduced. The maximum in-cylinder pres-
sure is constrained on its mean-value estimate, according to (8). The 
upper bound (𝑝𝑚𝑎𝑥,𝑢𝑏) is set at 78 [bar] and the initial conditions are 
chosen as: SOIDI,0,k=0 = 4[CADbTDC] and 𝐵𝑅0,𝑘=0 = 0.5[-].

The results are shown in Fig. 9, where the GIE increased by 3.1%.

The maximum pressure during optimization is illustrated in Fig. 10, 
where the mean-value estimate 𝑝̂max is centered around 78 [bar], with 
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Fig. 7. Extremum Seeking optimization results for different initial conditions. 
The reference case is highlighted. The contour plot is shows 𝛿GIE = GIE( ) −
min (GIE( )) and the maximum GIE is shown in the bottom right corner (⋆). 
(For interpretation of the references to colour in this figure legend, the reader 
is referred to the web version of this article.)

Fig. 8. Squared weighted PC weights error traces during optimization. Con-
trolled weights are shown in red and the uncontrolled weights are pink. (For 
interpretation of the references to colour in this figure legend, the reader is re-
ferred to the web version of this article.)

a maximum constraint violation of 0.45 [bar] during optimization. The 
maximum pressure oscillation (pink shaded area) is caused by the pneu-
matic intake valve, which is not actively controlled. This highlights the 
robustness for the constraint handling, as the intake manifold pressure 
varies between 1.31 [bar] and 1.47 [bar], influencing 𝑝max. The new set 
point is found only when the aforementioned convergence criteria are 
relaxed. This is required because the ES algorithm compensates for the 
varying intake pressure. The new reference control settings are given 
as: SOIDI,0,k=0 = 6.42[CADbTDC] and 𝐵𝑅0,𝑘=0 = 0.3[-].

To constrain the actual maximum pressure and not the mean-value, 
an additional safety margin (𝑆𝑚𝑎𝑟𝑔𝑖𝑛) has to be included to compensate 
for the changing intake pressure, the influence of the dither signals and 
the process noise.

Fig. 9. Extremum Seeking optimization results with artificial maximum pres-
sure constraint.

Fig. 10. Maximum in-cylinder pressure constrained on its mean-value estimate 
𝑝̂max at 78 [bar].

6.  Conclusion

This work introduces a novel auto-calibration method based on 
constrained Extremum Seeking and demonstrates its effectiveness on 
a single-cylinder engine testbench. The algorithm is computationally 
efficient as it runs on a cycle-to-cycle basis using a Speedgoat Real-Time 
Target Machine. The algorithm directly optimizes in-cylinder pressure 
by shaping it as close as possible towards an Ideal Thermodynamic 
cycle, thereby increasing the Gross Indicated Efficiency of the engine. 
The approach balances controllability and optimality of the Principal 
Component weights for the under-actuated system. Experimental 
results confirm that the method converges to an optimal cost defined 
by 𝐽 and explicitly deals with safety constraints.

Future work will involve identifying an optimal selection of Prin-
cipal Component weights for each input actuator, thereby optimizing 
both controllability and optimality for the Principal Components. 
The Principal Component traces were computed from a Reactivity 
Controlled Compression Ignition (RCCI) dataset. Additional research is 
needed to study the influence of this transfer of PC traces to different 
combustion concepts. Next, the possibility of increasing the number of 
actuators will be studied to increase control authority of the in-cylinder 
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pressure trace. The maximum pressure rise rate constraint will be 
experimentally demonstrated on the SCE. Lastly, combustion stability 
will be included as a constraint, which requires an extension of the 
current framework, as cyclic variability hasn’t been treated yet.
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