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Abstract
The paper addresses the problem of making legal decisions about
regulations such that they are compliant with legal principles.While
decision-making using legal rules is well-developed in the literature,
few researchers address reasoning with principles. A key difference
between applying rules versus principles is that rules have a binary
character, they are applied or not, while principles can be applied
to a certain extent and in the case of conflicting principles, they
require balancing instead of defeat. This paper provides a novel
approach to balancing principles and deciding amongst regulations
by proportional optimisation of values associated with regulations
and principles. The approach can be generalised to other areas of
decision-making.

CCS Concepts
• Computing methodologies→ Reasoning about belief and
knowledge; • Applied computing→ Law.
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1 Introduction
In 2016, the Malopolska Regional Parliament adopted the so-called
anti-smog resolution for the city of Kraków - the former capital city
of Poland. The legislative process arose due to the catastrophic state
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of air pollution in the city. The resolution effectively prohibited the
use of coal and wood in heating installations, allowing only the use
of gas and oil fuels. Polish law enables interested stakeholders to
complain about regional regulations to the administrative court –
and complaints were filed. The complainants argued that the regu-
lation was not compliant with the law, in particular with the consti-
tutional principles of private property protection and the principle
of equal protection of rights. In fact, the adoption of the resolution
effectively precluded the use of heating installations designed to
use coal for heating purposes – a type of installation very popular
in Poland during that time. Consequently, the complainants argued
that the owners of coal-based installations would be discriminated
against by the public authorities. Finally, the complainants raised
the violation of the constitutional principle of proportionality.

In response, the Regional Parliament claimed that the resolution
aimed at the protection of the constitutional principles of protection
of human health and natural environment. The principle of pro-
portionality had not been violated because the adopted prohibition
was necessary to eliminate the smog problem; most importantly,
however, the danger to human health and the natural environment
caused by the intensity of the smog problem justified the adoption
of total prohibition of coal and wood heating, rather than the adop-
tion of more lenient regulations such as the use of special filters
or fuel of higher quality. Eventually, the position of the Regional
Parliament was upheld by the courts after a cassation complaint.
This case is representative of many legal decisions (and other deci-
sions) in which multiple aspects of a problem have to be balanced
to reach a solution.

In the example, the factual situation was the passing of a reg-
ulation which introduced a prohibition of coal- and wood-based
heating. This regulation was subject to evaluation regarding the
applicable principles. Other situations can also be evaluated with re-
spect to applicable principles. There may be situations composed of
brute facts, for example, where a driver (or an autonomous vehicle)
must decide how fast to drive to properly balance travel efficiency
and safety. There may be a situation concerning interpretation and
application of law, where a court may investigate a proper balance
between legal certainty and predictability on the one hand and
substantive fairness on the other. In this paper, we focus on sit-
uation type of the initial example, which arises in constitutional
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review in the US or the activities of the European constitutional
courts such as the German Bundesverfassugnsgericht. In fact, these
legal contexts were crucial for the theoretical elaboration of the
notion of legal principles: legal norms have to be balanced with
each other in a specific context in order to produce an answer to
a legal question [1]. Although the notion of legal principles and
their application is widely discussed in jurisprudence, legal practice,
and AI and Law literature (see Section 2), computational model of
reasoning with legal principles warrants further development and
elaboration, which is the aim of this paper.

The model supports the decision-making process in subject ar-
eas regulated by principles and, more generally, any areas where
balancing of principles is involved. The history of principle-based
reasoning in constitutional law, human rights protection, or EU
law showcase the use of principles: they have to be balanced and
the decision-maker should be looking for a solution that optimizes
the realization of all relevant principles [1]. It is widely understood
that principles in the sense discussed here are legal norms safe-
guarding legally relevant values [16]; and, importantly, each legally
relevant value should be realized at least to a threshold which rep-
resents its core, that is, the minimal level of value realization that
should be protected in any case, if possible. The general structure
of arguments based on principles is known (for instance, [2, 5]).
However, because of the high degree of generality and vagueness
of the principles, it is often subject to debate whether one argu-
ment based on a principle is stronger than another; the application
of principles involves a margin of discretion, which needs to be
rationalised and justified [1]. In other words, to justify a decision
based on principles, a qualitative, comparative judgment has to
be made: one option weighs more (in terms of principles’ satisfac-
tion) than another. However, in order to more precisely support the
decision-making process, our model provides a quantitative layer
based on multi-criterial optimization techniques. This model serves
an explanatory function and also enables experiments.

To focus the discussion, our worked example roughly corre-
sponds to the issue of Kraków’s anti-smog regulation with the
addition of other local regulations. The issue to decide is to what
extent these regulations are compatible with or comply with the
legal principles on natural environment, equal protection, human
health, and private property. The regulations must be considered in
balance with the principles. Moreover, we claim that values underlie
the principles, so that reasoning about principles and regulations
amounts to reasoning about what values to champion.

Several formal models have been proposed to address issues such
as those of the Kraków example (see Section 5). These approaches
include (logical) reasoning with meta-rules, where conflicting rules
are found and conflicts solved [17]. While rules in most cases will
guide the decision effectively, where rules conflict, one has to look
for the underlying principles. In our approach, we represent these
principles as first-class citizens and explicitly represent the values
that are promoted (demoted) if one adheres to these principles.
We assume that these principles could be made explicit. We adopt
the view, advocated in maintstream legal philosophy, that for each
legally relevant value there exists a principle which supports or
protects it [13]. Hence, instead of reasoning over rules, we reason
over a multidimensional space of values associated with principles.
Such reasoning is also common outside the field of law, for example,

when deciding on business strategies, etc. In this paper, we propose
and explore this approach.

The novel contribution of this paper is a formal framework to
represent and reason with principles in proportionally optimised
balance. The framework can be used: to make a decision such as
in the case of the anti-smog law; or to evaluate regulations for
compliance with principles, leading to the regulation being passed
(dismissed) or upheld (overturned). Importantly, proportionality
here implies some fair distribution of values according to the adju-
dicating authority; that is, one principle ought not unduly outweigh
another principle without just cause.

In Section 2, we outline the elements of legal theory and prac-
tice with respect to rules and principles, scoping the issues. The
formal model and worked example are presented in Section 3. The
framework is discussed in Section 4, followed by related work in
Section 5 and a conclusion in Section 6.

2 Rules and Principles in Legal Theory and
Practice

In this section, we summarise the distinction between rules and
principles in order to then focus on how principles are assessed
relative to a situation and application [1, 2, 5, 9]. In particular,
for principles, adjudicators must reason in a manner that uses
balancing, whereas with rules, no such balancing is used.

To distinguish between rules and principles, the contemporary
account considers the steps to be taken to determine which rule
or principle is applicable in a given fact situation, thence what
conclusions (in rules) or determinations (in principles) should hold.

Suppose a regulation that contains rules such as Private cars are
not allowed in the park and Safety-critical vehicles are allowed in the
park. For a rule-based regulation, we retrieve all rules wherein the
premises of the rules are satisfied in the factual situation (are appli-
cable to it) (retrieval step). Suppose the factual situation where the
car is a private car being used for a party. If we see it in a park, then
our example rule would appear to be applicable (application step).
Generally for the applicable rules, the consequence holds - the vehi-
cle violated the rule. However, rules may be defeasible; where there
are exceptions and defeaters, the conclusion does not follow [21].
For example, suppose the private car was used in a safety-critical
situation - the vehicle might have not violated the rule. Among the
applicable rules, there may be some choice in the selection (selec-
tion step). For instance, if the consequences of applicable rules are
incompatible, then it is necessary to apply meta-level preference re-
lation between the rules, e.g., safety-criticality trumps recreational
use. Such preference relations may be abstractly established, irre-
spective of the specificities of the fact situation. Furthermore, the
decision-maker may attempt to restrict or extend the scope of a
rule’s application by means of interpretive moves [22, 26]. In legal
decision-making, there may be some meta considerations about
which rules apply, how they apply, and how they interact, but these
are relatively restrictive. In any case, once the most preferred appli-
cable rule has been identified, its conclusion is generally accepted
as legally binding (conclusion step). Such rules are closest to log-
ical rules and may be taken as representing the so-called black
letter law, where the identification and application of legal rules
are relatively straightforward, even if sometimes disputable.
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For the application of principles, the retrieval step is similar to
the application of rules. Previously, we introduced a case that raised
several constitutional principles. In the above-mentioned fact situa-
tion, all principles were relevant for consideration. However, where
the adjudicator is faced with claims of alternative and perhaps con-
trasting principles that may be applicable, the adjudicator must
select which principles to apply in order to make a determination.
In our work, we assume that principles have a conditional part
describing the applicable circumstances.

In deciding which principles specifically to apply from the poten-
tially applicable principles, the adjudicators identify the rationale
for the principle, weigh the pros and cons of each, compare them to
one another, and reach some decision that proportionately balances
the values protected by the principles (rationalisation step). In this
sense Alexy refers to principles as optimization commands: norms
that requires something be realized to the greatest extent possible
taking into account factual and legal limitations [1]. The degree
of promotion or demotion of a principle is possible in specific sit-
uations. The complexity of the rationalisation step for principles
contrasts with the crispness of predetermined preferences in the
selection step for rules.

A key idea in our framework is that this rationale is provided
by the social values that the principle aims to promote or demote.
Promotion (demotion) relates to the circumstances which an agent
advocates to bring about such that the value is recognised to hold
(or not). These social values span the dimensions of the decision-
making space. Given several principles, the issue is how to prioritise
them in specific situations. In this sense, values are explicitly raised
in relation to principles and reasoned with in the rationalisation
step, while for rules, these may be implicit or not reasoned with as
in the rationalisation step. The values associated to the principles
can be viewed as fine-grained preference relations. This allows for
reasoning about preferences in a multi-dimensional way which
is different from the singular preference relation as applied in the
rule-based approach. As the adjudicator considers values in relation
to one another and relative to their importance, they are balanced
with one another; principles, unlike rules, must be proportionally
balanced to one another.

As in the example, the intensity of the smog caused such a danger
to human health and the environment that it justified the adop-
tion of a total prohibition of coal and wood heating; that is, the
values underpinning the principles of human health and natural
environment won over private property and equal protection of
rights in this specific situation. Yet, the values were considered in
proportional balance, since, after all, it was not decided that only
human health matters and that there is no protection of private
property. Rather, each applies to some greater or lesser extent and
in relation to each other.

In an ideal situation, we could independently and maximally
satisfy the value of each principle, but more often it is a matter
of balancing between them - some values are more satisfied than
others or not at all. To make a decision, we weigh the principles,
finding an “optimal”, balanced solution [1, 2, 4].

The main idea and key contribution of the paper is to provide
a formal mechanism to represent an “optimal”, multi-dimensional,
proportionally balanced solution, applying principles and their
associated values in a given factual situation to support a decision

or help check compliance with principles. The key assumption
(rooted in [27]) is that each principle can be represented along
with a level of satisfaction of value(s). However, in [27], balancing
principles was not sufficiently addressed.

In this paper we’ll focus on principles, their associated values,
and optimised balancing amongst them. We take the point of view
of a singular adjudicator, who must decide whether a regulation
complies with principles and to what extent. We leave for future
work multiple agents having different values associated to princi-
ples, adhering to different principles or otherwise engaging is a
dispute about principles.

3 Principles - Towards a Formalisation
In this section, we introduce the model of the reasoning with prin-
ciples. The key element is a principle compliance test, the purpose
of which is to test which of the available decisions should be made
given applicable principles. This test has the following steps:

• Retrieval task, where the principles applicable to a particular
situation are identified.

• Basic compliance task: analysis whether a given situation
breaks the principle-based thresholds. If the goal of a princi-
ple is to promote a certain value, the basic test is to analyse
whether a given situation promotes this value at all. This
task can be done separately for every available decision and
every applicable principle.

• Multi-objective optimisation task: all the available decisions
and relevant principles are analysed and balanced to find the
best one.
This task requires taking into consideration not only all
the applicable principles, but also comparison of available
decisions in order to choose the best one (i.e., optimal with
respect to applicable principles). To fulfill this task, a certain
criterion of comparison is necessary (payoff function) as
well as a mechanism to aggregate the levels of satisfaction
of values by the decisions.

To realise this test, we detail the relevant components.

3.1 Basics
Some basic concepts:

• Prop, where each element is a proposition1. Prop = {𝑓𝑥 , 𝑓𝑦, ...}.
• Value = {𝑣𝑥 , 𝑣𝑦, ...}, where each element of Value is an ab-
stract object that expresses a value concept such as freedom,
security, etc.

• Action ={𝑎𝑠 , 𝑎𝑡 , ...}, where each element of Action repre-
sents an action.

Our model of principles is based on the model of legal princi-
ples from [27]. Basically, principle can be understood as a minimal
acceptable level of satisfaction of a certain value:

Definition 1 (Principle). Let a pair 𝑝𝑥 = ⟨P, ⟨𝑣𝑛, 𝑣𝑚𝑖𝑛
𝑛 ⟩⟩ be a

principle, in which P is a conjunction of propositions (P ⊆Prop), 𝑥
is a proposition representing the name of principle, 𝑣𝑛 is value name,

1The proposal is neutral as to whether these are atomic or complex, or provide a
semantic representation or are simply strings. The set of Prop can contain different
sorts of propositions.
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and 𝑣𝑚𝑖𝑛
𝑛 is a number representing a minimal level of satisfaction of

value 𝑣𝑛 . By 𝑃 we denote a set of all principles.

P, the conjunction of propositions, represents the conditional
part of the principle, which represents the circumstances in which
the principle is applicable, while ⟨𝑣𝑛, 𝑣𝑚𝑖𝑛

𝑛 ⟩ represents the goal of
principle, that is minimum extent 𝑣𝑚𝑖𝑛

𝑛 to which the value 𝑣𝑛 is
promoted. The goal is not (relative to a conditional) a conclusion in
a logical sense, i.e. it is not a truth bearer, but rather it is understood
as guidance to an agent to make decisions that should promote the
value to a certain level.

P can contain propositions which are, for the sake of example, a
local regulation, a description of a situation, or some conjunctions
of these. For simplicity, the principle assumes the minimal level of
satisfaction of only one value.

There is a question concerning the source of 𝑣𝑚𝑖𝑛
𝑛 , that is, where

to take this value from? Statutory principles do not introduce any
number, assuming that lawyers can intuitively, on the basis of legal
knowledge and experience, reconstruct such a minimum level of
satisfaction of a value and use it in reasoning. In the introduction,
we noted that lawyers do not use numbers in their judgments;
rather, the levels can be taken as exact and calculable expressions
of more intuitive and flexible notions of comparison. Moreover,
the numbers can, to some extent, be (retrospectively) proposed on
the basis of past judgments. Alternatively, they can be declared in
advance by expert lawyers.

We have two functions to obtain the name of the value and min-
imal acceptable level of satisfaction of the value from the principle:

• 𝑉 : 𝑃 → [0..1].
𝑉 (𝑝𝛼 ) = 𝑣𝑚𝑖𝑛

𝑛 if 𝑝𝛼 ∈ 𝑃 ∧ 𝑝𝛼 = ⟨P, ⟨𝑣𝑛, 𝑣𝑚𝑖𝑛
𝑛 ⟩⟩.

• 𝑉𝑉 : 𝑃 → 𝑉𝑎𝑙𝑢𝑒 .
𝑉𝑉 (𝑝𝛼 ) = 𝑣𝑛 if 𝑝𝛼 ∈ 𝑃 ∧ 𝑝𝛼 = ⟨P, ⟨𝑣𝑛, 𝑣𝑚𝑖𝑛

𝑛 ⟩⟩.
The above definition may be illustrated by an example:

Example 3.1. In issuing a local regulation, four principles ought
to be considered:

• 𝑝𝑝𝑟𝑖𝑣𝑎𝑡𝑒𝑃 : it should protect private property
• 𝑝𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 : it should protect equal rights
• 𝑝ℎ𝑒𝑎𝑙𝑡ℎ : it should protect human health
• 𝑝𝑒𝑛𝑣𝑖𝑟𝑜𝑛𝑚𝑒𝑛𝑡 : it should protect the natural environment

These four principles aim at supporting four values: private prop-
erty (𝑣𝑝𝑟𝑖𝑣𝑎𝑡𝑒𝑃 ), equal rights (𝑣𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 ), health (𝑣ℎ𝑒𝑎𝑙𝑡ℎ), and natu-
ral environment (𝑣𝑒𝑛𝑣𝑖𝑟𝑜𝑛𝑚𝑒𝑛𝑡 ). Below, we differentiate principles
and values.

Next, we describe the relevant facts of the case, i.e., the institu-
tional facts that determine the derivative outcomes of institutional
reasoning, which are given as propositions of the applicable regu-
lations such as:2

Example 3.2. Suppose a series of propositions:
• There is local regulation issued (𝑓𝑙𝑜𝑐𝑎𝑙𝑅𝑒𝑔).
• There is no local regulation issued (𝑓𝑛𝑜𝐿𝑜𝑐𝑎𝑙𝑅𝑒𝑔).
• The local environmental regulation banswood burning stoves
(𝑓𝑏𝑎𝑛𝑊𝑜𝑜𝑑𝑅𝑒𝑔).

2This is a simplification of a case, which can be represented in a more sophisticated
way with the use of complex propositions, weak/strong negations, etc.

• The local environmental regulation obliges to filter wood
burning stoves (𝑓𝑓 𝑖𝑙𝑡𝑒𝑟𝑊𝑜𝑜𝑑𝑅𝑒𝑔)

• The local environmental regulation does not contain any lim-
itation of the usage of wood burning stoves (𝑓𝑝𝑒𝑟𝑚𝑊𝑜𝑜𝑑𝑅𝑒𝑔).

These propositions we take as atomic, e.g., these regulations exist
and are applicable and guide the behavior of the addressees includ-
ing (local) authorities. In this paper we do not consider how these
regulations came into existence, nor their rationale, but we focus
on how these regulations (and their associated principles) are used
in reasoning about cases and whether the regulation in those case
contexts abide these principles. We use 𝑓𝑙𝑜𝑐𝑎𝑙𝑅𝑒𝑔 to refer to a regula-
tion, i.e. a set of rules that we consider with respect to the principle.
All rules that 𝑓𝑙𝑜𝑐𝑎𝑙𝑅𝑒𝑔 consist of must satisfy the principle. In effect,
the principle applies distributively over the rules in a regulation.

By 𝑣𝑚𝑖𝑛
𝑝𝑟𝑖𝑣𝑎𝑡𝑒𝑃

= 0.6 we denote a certain necessary threshold of
private property protection; by 𝑣𝑚𝑖𝑛

𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦
= 0.7 a threshold of equal

rights protection; by 𝑣𝑚𝑖𝑛
ℎ𝑒𝑎𝑙𝑡ℎ

= 0.6 a threshold of human health;
and by 𝑣𝑚𝑖𝑛

𝑒𝑛𝑣𝑖𝑟𝑜𝑛𝑚𝑒𝑛𝑡
= 0.5 a threshold for natural environment

protection. Then the above principles may be formalised as:
• 𝑝𝑝𝑟𝑖𝑣𝑎𝑡𝑒 = ⟨{𝑓𝑙𝑜𝑐𝑎𝑙𝑅𝑒𝑔}, ⟨𝑣𝑝𝑟𝑖𝑣𝑎𝑡𝑒𝑃 , 0.6⟩⟩
• 𝑝𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 = ⟨{𝑓𝑙𝑜𝑐𝑎𝑙𝑅𝑒𝑔}, ⟨𝑣𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦, 0.7⟩⟩
• 𝑝ℎ𝑒𝑎𝑙𝑡ℎ = ⟨{𝑓𝑙𝑜𝑐𝑎𝑙𝑅𝑒𝑔}, ⟨𝑣ℎ𝑒𝑎𝑙𝑡ℎ, 0.6⟩⟩
• 𝑝𝑒𝑛𝑣𝑖𝑟𝑜𝑛𝑚𝑒𝑛𝑡 = ⟨{𝑓𝑙𝑜𝑐𝑎𝑙𝑅𝑒𝑔}, ⟨𝑣𝑒𝑛𝑣𝑖𝑟𝑜𝑛𝑚𝑒𝑛𝑡 , 0.5⟩⟩

The regulation must be considered with respect to the values
of all of these principles, but this matters only where the principle
is applicable, i.e. if the regulation contains any rule associated
with that principle. That is, a health regulation may not pass an
environmental principle because the regulation doesn’t contain any
rule associated with the environmental principle and hence the
principle is not applicable to the regulation.

As we evaluate whether or not a regulation in a situation com-
plies with a principle, we introduce regulatory situations:

Definition 2 (Situation). Let 𝐶 = {𝑐1, 𝑐2, ...} be a set of situ-
ations, where each situation 𝑐𝑖 represents a set of propositions that
determine/describe a situation (𝑐𝛼 ⊆ Prop). We assume that each
proposition in 𝑐𝑖 represents a fact; that is, every 𝑓 ∈ 𝑐 represents a
particular fact that holds in that situation.

If 𝑓𝑏𝑎𝑛𝑊𝑜𝑜𝑑𝑅𝑒𝑔 ∈ 𝐶𝑏𝑎𝑛𝑆 this should be interpreted as the rule
𝑓𝑏𝑎𝑛𝑊𝑜𝑜𝑑𝑅𝑒𝑔 is applicable in the context 𝐶𝑏𝑎𝑛𝑆 .

Example 3.3 (cont.). For the environmental legislation case, the
legislator could deliberate about three possible regulations: to issue
a regulation without any limitations on the usage of wood burning
stoves (𝑐𝑛𝑜𝐿𝐼𝑚𝑖𝑡𝑠 ), to issue a regulation with the prohibition of the
usage of wood or coal burning stoves; or to issue a local regulation
with a permission to use coal stoves with some constraints, i.e., a
filter on the stoves. That is, 𝐶 = {𝑐𝑏𝑎𝑛𝑆 , 𝑐𝑝𝑒𝑟𝑚𝑆 , 𝑐𝑛𝑜𝐿𝑖𝑚𝑖𝑡𝑠 }, where:

• 𝑐𝑛𝑜𝐿𝑖𝑚𝑖𝑡𝑠 = {𝑓𝑝𝑒𝑟𝑚𝑛𝑊𝑜𝑜𝑑𝑅𝑒𝑔}
• 𝑐𝑏𝑎𝑛𝑆 = {𝑓𝑙𝑜𝑐𝑎𝑙𝑅𝑒𝑔, 𝑓𝑏𝑎𝑛𝑊𝑜𝑜𝑑𝑅𝑒𝑔}
• 𝑐𝑝𝑒𝑟𝑚𝑆 = {𝑓𝑙𝑜𝑐𝑎𝑙𝑅𝑒𝑔, 𝑓𝑓 𝑖𝑙𝑡𝑒𝑟𝑊𝑜𝑜𝑑𝑅𝑒𝑔}

Regulations are chosen and evaluated relative to a context, consid-
ering the extent to which the regulations satisfy the values of the
principles, which are associated with the regulations.With 𝑓𝑙𝑜𝑐𝑎𝑙𝑅𝑒𝑔
we allow that there are other regulations under consideration.
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Relative to a state of affairs, different principlesmay be applicable,
so we need to identify those which apply.

Definition 3 (Applicable principles). Let 𝑃𝑐𝑥 =

{𝑝 | 𝑝 = ⟨P, ⟨𝑣𝑛, 𝑣𝑚𝑖𝑛
𝑛 ⟩⟩ ∧ 𝑝 ∈ 𝑃 ∧ P ⊆ 𝑐𝑥 ∧ 𝑐𝑥 ∈ 𝐶} be a set of

principles applicable in the situation 𝑐𝑥

A given principle is applicable in a certain state of affairs if
this state of affairs (i.e. the propositions describing it) fulfills the
conditional part of principle, by which we mean that propositions
describing a factual situation include the propositions described in
the conditional part of principle. More sophisticated forms of rep-
resentation of fulfilling a principle’s conditions, like using different
interpretations, complex propositions, abstraction etc., are possible,
but we leave this discussion for a future work.

Example 3.4. We have four principles: 𝑝𝑝𝑟𝑖𝑣𝑎𝑡𝑒𝑃 , 𝑝𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 ,
𝑝𝑒𝑛𝑣𝑖𝑟𝑜𝑛𝑚𝑒𝑛𝑡 , and 𝑝ℎ𝑒𝑎𝑙𝑡ℎ , each of them has the same conditional
part ({𝑓𝑙𝑜𝑐𝑎𝑙𝑅𝑒𝑔}) and two factual situations: 𝑐𝑏𝑎𝑛𝑆 and 𝑐𝑝𝑒𝑟𝑚𝑆 .
Since {𝑓𝑙𝑜𝑐𝑎𝑙𝑅𝑒𝑔} ⊆ 𝑐𝑏𝑎𝑛𝑆 and {𝑓𝑙𝑜𝑐𝑎𝑙𝑅𝑒𝑔} ⊆ 𝑐𝑝𝑒𝑟𝑚𝑆 , then all prin-
ciples are applicable in both situations.

Different situations can promote different values to certain ex-
tents. In order to represent this, we evaluate to which level a given
factual situation satisfies a given value:3

Definition 4. Let 𝑉𝑆 : 𝑉 ×𝐶 → [0..1] be a function that, for a
particular state of affairs and value, assigns a number representing
the level of satisfaction of this value by this situation.

Note that functions 𝑉𝑆 and 𝑉 , although technically similar, rep-
resent different things: 𝑉 returns the required acceptable level of
satisfaction of value (on the basis of principle), while 𝑉𝑆 returns
the extent to which a particular situation satisfies a given value. In
other words: 𝑉 represents what is preferred (in special cases what
should be), while 𝑉𝑆 what is.

Example 3.5 (cont.). Consider situations: 𝑐𝑛𝑜𝐿𝑖𝑚𝑖𝑡𝑠 , 𝑐𝑏𝑎𝑛𝑆 and
𝑐𝑝𝑒𝑟𝑚𝑆 , where:

• 𝑉𝑆 (𝑣𝑝𝑟𝑖𝑣𝑎𝑡𝑒𝑃 , 𝑐𝑛𝑜𝐿𝑖𝑚𝑖𝑡𝑠 ) = 0.9
• 𝑉𝑆 (𝑣𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦, 𝑐𝑛𝑜𝐿𝑖𝑚𝑖𝑡𝑠 ) = 0.8
• 𝑉𝑆 (𝑣ℎ𝑒𝑎𝑙𝑡ℎ, 𝑐𝑛𝑜𝐿𝑖𝑚𝑖𝑡𝑠 ) = 0.2
• 𝑉𝑆 (𝑣𝑒𝑛𝑣𝑖𝑟𝑜𝑛𝑚𝑒𝑛𝑡 , 𝑐𝑛𝑜𝐿𝑖𝑚𝑖𝑡𝑠 ) = 0.1
• 𝑉𝑆 (𝑣𝑝𝑟𝑖𝑣𝑎𝑡𝑒𝑃 , 𝑐𝑏𝑎𝑛𝑆 ) = 0.7
• 𝑉𝑆 (𝑣𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦, 𝑐𝑏𝑎𝑛𝑆 ) = 0.8
• 𝑉𝑆 (𝑣ℎ𝑒𝑎𝑙𝑡ℎ, 𝑐𝑏𝑎𝑛𝑆 ) = 0.9
• 𝑉𝑆 (𝑣𝑒𝑛𝑣𝑖𝑟𝑜𝑛𝑚𝑒𝑛𝑡 , 𝑐𝑏𝑎𝑛𝑆 ) = 0.8
• 𝑉𝑆 (𝑣𝑝𝑟𝑖𝑣𝑎𝑡𝑒𝑃 , 𝑐𝑝𝑒𝑟𝑚𝑆 ) = 0.8
• 𝑉𝑆 (𝑣𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦, 𝑐𝑝𝑒𝑟𝑚𝑆 ) = 0.9
• 𝑉𝑆 (𝑣ℎ𝑒𝑎𝑙𝑡ℎ, 𝑐𝑝𝑒𝑟𝑚𝑆 ) = 0.7
• 𝑉𝑆 (𝑣𝑒𝑛𝑣𝑖𝑟𝑜𝑛𝑚𝑒𝑛𝑡 , 𝑐𝑝𝑒𝑟𝑚𝑆 ) = 0.5

Banning the usage of stoves satisfies the value private property to
0.7, equality to 0.8, human health to 0.9, and environment to 0.8.
On the other hand, requiring filters (i.e. permission of the usage of
stoves), the values are satisfied by 0.8, 0.9, 0.7, and 0.5, respectively.
Note that, when there is a ban on the usage of stoves, the values
𝑣ℎ𝑒𝑎𝑙𝑡ℎ and 𝑣𝑒𝑛𝑣𝑖𝑟𝑜𝑛𝑚𝑒𝑛𝑡 are promoted to a higher extent than when
filters are permitted. On the other hand, when there is a ban on
the usage of stoves, the values 𝑣𝑝𝑟𝑖𝑣𝑎𝑡𝑒𝑃 and 𝑣𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 are lower
3This abstracts over interpretive variation, which we discuss in future work.

than when filters are permitted. For a situation in which there
are no limitations on the usage of stoves, 𝑣𝑝𝑟𝑖𝑣𝑎𝑡𝑒𝑃 and 𝑣𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦
are promoted to a very high level, but 𝑣ℎ𝑒𝑎𝑙𝑡ℎ and 𝑣𝑒𝑛𝑣𝑖𝑟𝑜𝑛𝑚𝑒𝑛𝑡

are satisfied to a very low extent. These show how the values are
promoted or demoted relative to the regulatory environments.

3.2 Threshold
Similar to [27], we understand a principle to establish a core thresh-
old, that is, a minimal acceptable level of satisfaction of value. On
the basis of this we can assume that a given situation is compliant
with an applicable principle if the value level of the situation is equal
to or greater than the threshold level required by the principle:

Definition 5 (Compliance with Principles). A given fac-
tual situation 𝑐𝑥 ∈ 𝐶 is compliant with relevant principles, which
we denote by 𝐶𝑜𝑚𝑝 (𝑐𝑥 ) if ∀𝑝𝛼 ∈ 𝑃𝑐𝑥 (𝑉𝑉 (𝑝𝛼 ) = 𝑣𝛽 ∧ 𝑉 (𝑝𝛼 ) ≥
𝑉𝑆 (𝑣𝛽 , 𝑐𝑥 ))

In other words, in order to be compliant with principles, a given
situation must pass the filters set by all the relevant principles.

Example 3.6 (cont.). Now we consider whether the two described
above situations (𝑐𝑏𝑎𝑛𝑆 and 𝑐𝑝𝑒𝑟𝑚𝑆 ) are compliant with the four
available principles. In order to do this, we examine whether values
promoted by the situations are above the thresholds set by the
principles:

For 𝑐𝑛𝑜𝐿𝑖𝑚𝑖𝑡𝑠 :
• 𝑉𝑉𝑝𝑝𝑟𝑖𝑣𝑎𝑡𝑒𝑃 = 𝑣𝑝𝑟𝑖𝑣𝑎𝑡𝑒𝑃 ,𝑉𝑝𝑝𝑟𝑖𝑣𝑎𝑡𝑒𝑃 = 0.6,
𝑉𝑆 (𝑣𝑝𝑟𝑖𝑣𝑎𝑡𝑒𝑃 , 𝑐𝑛𝑜𝐿𝑖𝑚𝑖𝑡𝑠 ) = 0.9 and 0.6 ≤ 0.9

• 𝑉𝑉𝑝𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 = 𝑣𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦,𝑉𝑝𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 = 0.7,
𝑉𝑆 (𝑣𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦, 𝑐𝑛𝑜𝐿𝑖𝑚𝑖𝑡𝑠 ) = 0.8 and 0.7 ≤ 0.8

• 𝑉𝑉𝑝ℎ𝑒𝑎𝑙𝑡ℎ = 𝑣ℎ𝑒𝑎𝑙𝑡ℎ,𝑉𝑝ℎ𝑒𝑎𝑙𝑡ℎ = 0.6,
𝑉𝑆 (𝑣ℎ𝑒𝑎𝑙𝑡ℎ, 𝑐𝑛𝑜𝐿𝑖𝑚𝑖𝑡𝑠 ) = 0.2 and 0.6 ≰ 0.2

• 𝑉𝑉𝑝𝑒𝑛𝑣𝑖𝑟𝑜𝑛𝑚𝑒𝑛𝑡
= 𝑣𝑒𝑛𝑣𝑖𝑟𝑜𝑛𝑚𝑒𝑛𝑡 ,𝑉𝑝𝑒𝑛𝑣𝑖𝑟𝑜𝑛𝑚𝑒𝑛𝑡

= 0.5,
𝑉𝑆 (𝑣𝑒𝑛𝑣𝑖𝑟𝑜𝑛𝑚𝑒𝑛𝑡 , 𝑐𝑛𝑜𝐿𝑖𝑚𝑖𝑡𝑠 ) = 0.2 and 0.5 ≰ 0.2

For 𝑐𝑏𝑎𝑛𝑆 :
• 𝑉𝑉𝑝𝑝𝑟𝑖𝑣𝑎𝑡𝑒𝑃 = 𝑣𝑝𝑟𝑖𝑣𝑎𝑡𝑒𝑃 ,𝑉𝑝𝑝𝑟𝑖𝑣𝑎𝑡𝑒𝑃 = 0.6,
𝑉𝑆 (𝑣𝑝𝑟𝑖𝑣𝑎𝑡𝑒𝑃 , 𝑐𝑏𝑎𝑛𝑆 ) = 0.7 and 0.6 ≤ 0.7

• 𝑉𝑉𝑝𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 = 𝑣𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦,𝑉𝑝𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 = 0.7,
𝑉𝑆 (𝑣𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦, 𝑐𝑏𝑎𝑛𝑆 ) = 0.8 and 0.7 ≤ 0.8

• 𝑉𝑉𝑝ℎ𝑒𝑎𝑙𝑡ℎ = 𝑣ℎ𝑒𝑎𝑙𝑡ℎ,𝑉𝑝ℎ𝑒𝑎𝑙𝑡ℎ = 0.6,
𝑉𝑆 (𝑣ℎ𝑒𝑎𝑙𝑡ℎ, 𝑐𝑏𝑎𝑛𝑆 ) = 0.9 and 0.6 ≤ 0.9

• 𝑉𝑉𝑝𝑒𝑛𝑣𝑖𝑟𝑜𝑛𝑚𝑒𝑛𝑡
= 𝑣𝑒𝑛𝑣𝑖𝑟𝑜𝑛𝑚𝑒𝑛𝑡 ,𝑉𝑝𝑒𝑛𝑣𝑖𝑟𝑜𝑛𝑚𝑒𝑛𝑡

= 0.5,
𝑉𝑆 (𝑣𝑒𝑛𝑣𝑖𝑟𝑜𝑛𝑚𝑒𝑛𝑡 , 𝑐𝑏𝑎𝑛𝑆 ) = 0.8 and 0.5 ≤ 0.8

For 𝑐𝑝𝑒𝑟𝑚𝑆 :
• 𝑉𝑉𝑝𝑝𝑟𝑖𝑣𝑎𝑡𝑒𝑃 = 𝑣𝑝𝑟𝑖𝑣𝑎𝑡𝑒𝑃 ,𝑉𝑝𝑝𝑟𝑖𝑣𝑎𝑡𝑒𝑃 = 0.6,
𝑉𝑆 (𝑣𝑝𝑟𝑖𝑣𝑎𝑡𝑒𝑃 , 𝑐𝑝𝑒𝑟𝑚𝑆 ) = 0.8 and 0.6 ≤ 0.8

• 𝑉𝑉𝑝𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 = 𝑣𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦,𝑉𝑝𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 = 0.7,
𝑉𝑆 (𝑣𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦, 𝑐𝑝𝑒𝑟𝑚𝑆 ) = 0.9 and 0.7 ≤ 0.9

• 𝑉𝑉𝑝ℎ𝑒𝑎𝑙𝑡ℎ = 𝑣ℎ𝑒𝑎𝑙𝑡ℎ,𝑉𝑝ℎ𝑒𝑎𝑙𝑡ℎ = 0.6,
𝑉𝑆 (𝑣ℎ𝑒𝑎𝑙𝑡ℎ, 𝑐𝑝𝑒𝑟𝑚𝑆 ) = 0.7 and 0.6 ≤ 0.7

• 𝑉𝑉𝑝𝑒𝑛𝑣𝑖𝑟𝑜𝑛𝑚𝑒𝑛𝑡
= 𝑣𝑒𝑛𝑣𝑖𝑟𝑜𝑛𝑚𝑒𝑛𝑡 ,𝑉𝑝𝑒𝑛𝑣𝑖𝑟𝑜𝑛𝑚𝑒𝑛𝑡

= 0.5,
𝑉𝑆 (𝑣𝑒𝑛𝑣𝑖𝑟𝑜𝑛𝑚𝑒𝑛𝑡 , 𝑐𝑏𝑎𝑛𝑆 ) = 0.5 and 0.5 ≤ 0.5

In 𝑐𝑛𝑜𝐿𝑖𝑚𝑖𝑡𝑠 , although the environmental regulation, which does
not limit the usage of stoves, promotes the values private property
and equality to high levels, the values health and environment are
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below the threshold. Therefore this situation does not fulfill the
minimal requirements of two principles and is not compliant with
the principles as a whole. The other situations, 𝑐𝑏𝑎𝑛𝑆 and 𝑐𝑝𝑒𝑟𝑚𝑆 ,
all the relevant principles are satisfied (at least to the minimal
acceptable level), so both situations are compliant with principles.

3.3 Optimisation
As pointed out in [3], principles are optimisation directives, which
impose the choice of the best situation. Typically optimisation
means the choice of the best possible option/decision/situation
which maximises the payoff function. What, then, should be opti-
mised in the principles’ compliance testing?

Answering this question requires discussion of two important
points:

• Firstly, the optimisation process relates to making a choice of
the best possible situation (option/decision). On the basis of
that we need a decision making mechanism, in which there
will be a choice of a set of certain available decisions which
bring about some situations amongst which the choice can
be made.

• Secondly, a certain payoff function, which allows for com-
parison of different situations is necessary.

Below we present a discussion of both points. We start with a
discussion of the payoff function, and then we introduce a decision-
making mechanism.

It is important to emphasise (cf. [3]) that optimisation should be
performed in the light of all the relevant principles. Therefore, we
can assume that this should be a multidimensional optimisation,
when each relevant value is represented by one dimension.

What to optimise? (the payoff function). Law does not explicitly
define any payoff function, but we can try to reconstruct one. Every
situation (potential decision) should be evaluated in the light of ap-
plicable principles. Each principle aims at promoting a certain value.
These values are distinct and possibly conflicting (promoting one
might demote another), hence the model should include a balancing
mechanism. The goal is to introduce a mechanism of calculating
the cumulated evaluation of the situation. Such an evaluation will
be a basis for a comparison of the available decisions.

A number of choices should be made during this stage. Firstly, it
should be decided what should be cumulated: (1) the absolute level
of value promotion for each dimension in the value space, or (2)
alternatively, the surplus over the thresholds?
Since the actual bandwith of appropriate actions is the interval
between the minimum value of a particular dimension 𝑣𝑚𝑖𝑛

𝑛 and 1
(as all dimensions are normalized), the surplus gives a more intu-
itive indication of the ’effects’ of a regulation (assuming that the
intended effects are actually achieved by the people adhering to that
regulation). We could compare the effects of different regulations
by looking at the respective surplus effectuated. Another aspect in
balancing principles is balancing between value dimensions. The
Law emphasizes the role of proportionate promotion of values in
principles, however some values may be more or less important
than others. In Law the necessity of proportionality and ‘fair distri-
bution’ of values is emphasized. If we consider absolute levels of
values’ promotion as a ground of optimisation, it will be not possi-
ble to evaluate whether the distribution is ‘fair’ amongst all values,

while if we take into consideration surpluses, then we can optimise
not only the values’ promotion, but also the ‘fair’ distribution of
surpluses over the thresholds.

On the basis of the above some auxiliary concepts should be
introduced:

Definition 6 (Difference). Let 𝐷𝑖 𝑓 𝑓 : 𝑃 × 𝐶 → [0..1] be a
difference function, 𝐷𝑖 𝑓 𝑓 (𝑝𝛼 , 𝑐𝑥 ), which returns how much the level
of satisfaction of value 𝑣𝛽 by situation 𝑐𝑥 is above the threshold for
that value given in the principle 𝑝𝛼 and applicable in factual situation
𝑐𝑥 :
If 𝑝𝛼 ∈ 𝑃𝑐𝑥 , 𝑉𝑉 (𝑝𝛼 ) = 𝑣𝛽 , and 𝐶𝑜𝑚𝑝 (𝑐𝑥 ) then 𝐷𝑖 𝑓 𝑓 (𝑝𝛼 , 𝑐𝑥 ) =

𝑉𝑆 (𝑣𝛽 , 𝑐𝑥 ) −𝑉 (𝑝𝛼 )

This can be illustrated by an example:

Example 3.7 (cont.). Differences between the levels of satisfaction
of particular values by a given situation and the thresholds set by
applicable principles:
For 𝑐𝑏𝑎𝑛𝑆 :

• 𝐷𝑖 𝑓 𝑓 (𝑝𝑝𝑟𝑖𝑣𝑎𝑡𝑒𝑃 , 𝑐𝑏𝑎𝑛𝑆 ) = 𝑉𝑆 (𝑣𝑝𝑟𝑖𝑣𝑎𝑡𝑒𝑃 , 𝑐𝑏𝑎𝑛𝑆 )−
𝑉 (𝑝𝑝𝑟𝑖𝑣𝑎𝑡𝑒𝑃 ) = (0.7 − 0.6) = 0.1,

• 𝐷𝑖 𝑓 𝑓 (𝑝𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦, 𝑐𝑏𝑎𝑛𝑆 ) = 0.8 − 0.7 = 0.1
• 𝐷𝑖 𝑓 𝑓 (𝑝ℎ𝑒𝑎𝑙𝑡ℎ, 𝑐𝑏𝑎𝑛𝑆 ) = 0.9 − 0.6 = 0.3
• 𝐷𝑖 𝑓 𝑓 (𝑝𝑒𝑛𝑣𝑖𝑟𝑜𝑛𝑚𝑒𝑛𝑡 , 𝑐𝑏𝑎𝑛𝑆 ) = 0.8 − 0.5 = 0.3

For 𝑐𝑝𝑒𝑟𝑚𝑆 :
• 𝐷𝑖 𝑓 𝑓 (𝑝𝑝𝑟𝑖𝑣𝑎𝑡𝑒𝑃 , 𝑐𝑝𝑒𝑟𝑚𝑆 ) = (𝑣𝑝𝑟𝑖𝑣𝑎𝑡𝑒𝑃 ,𝑉𝑝𝑝𝑟𝑖𝑣𝑎𝑡𝑒𝑃 ) =
(0.8 − 0.6) = 0.2,

• 𝐷𝑖 𝑓 𝑓 (𝑝𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦, 𝑐𝑝𝑒𝑟𝑚𝑆 ) = 0.9 − 0.7 = 0.2
• 𝐷𝑖 𝑓 𝑓 (𝑝ℎ𝑒𝑎𝑙𝑡ℎ, 𝑐𝑝𝑒𝑟𝑚𝑆 ) = 0.7 − 0.6 = 0.1
• 𝐷𝑖 𝑓 𝑓 (𝑝𝑒𝑛𝑣𝑖𝑟𝑜𝑛𝑚𝑒𝑛𝑡 , 𝑐𝑝𝑒𝑟𝑚𝑆 ) = 0.5 − 0.5 = 0

As we already mentioned, there is a kind of meta-principle re-
quiring the proportional balancing of principles [1]. In other words,
the optimisation should not only concern maximisation of a value’s
promotion, but also should take into consideration “fair distribu-
tion” of surplus over the thresholds, to avoid a situation in which
one value is promoted to a very high extent, while the others are
just above their thresholds. Moreover, such an understanding of a
proportional optimisation is also important in the light of human
perception: increasing the level of satisfaction of a value which is
already promoted to a very high level (e.g. from 0.9 to 1.0) does
not have a strong influence on human satisfaction, while a similar
change for a value which is only just above the threshold can sig-
nificantly increase the personal satisfaction. This can be illustrated
by an example of buying new home: increasing surface from 50
to 70 square meters significantly changes the life comfort, while
changing from 220 to 240, not necessary. In order to include the
proportionality aspect into the model, a non-linear function us-
ing values 𝐷𝑖 𝑓 𝑓 as argument should be added to the model. The
non-linear function of the formula should fulfill some properties:

• It should be continuous.
• It has to be monotonically increasing (higher 𝐷𝑖 𝑓 𝑓 should
cause higher value of the function’s output).

• Lower values of 𝐷𝑖 𝑓 𝑓 should have a stronger influence on
the function’s output than higher ones.

There are a number of functions which can correctly represent the
above properties. For our model, we use the logarithmic function:
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Figure 1: Shape of function 𝑙𝑜𝑔𝑏 (𝐷𝑖 𝑓 𝑓 (𝑝𝛼 , 𝑐𝑥 ) + 0.01)

𝑙𝑜𝑔𝑏 (𝐷𝑖 𝑓 𝑓 (𝑝𝛼 , 𝑐𝑥 ) + 0.01) (see fig: 1). Constant (0.01) is necessary
to allow calculating a surplus if 𝐷𝑖 𝑓 𝑓 (𝑝𝛼 , 𝑐𝑥 ) = 0.

On the basis of the above function, we can analyse the surplus
over the threshold declared in principle:

Definition 7 (Cumulated surplus). Let 𝑆𝑢𝑟 : 𝐶 → R be a
function returning the number representing the cumulated surplus
over the thresholds declared in principles applicable for the situation

𝑐𝑥 . If 𝑐𝑜𝑚𝑝 (𝑐𝑥 ) then 𝑆𝑢𝑟 (𝑐𝑥 ) =
Σ𝑝𝛼 ∈𝑃𝑐𝑥 (𝑙𝑜𝑔𝑏 (𝐷𝑖𝑓 𝑓 (𝑝𝛼 ,𝑐𝑥 )+0.01) )

𝑛

The base of the logarithm (𝑏) in the above function should be
greater than 1. The higher the base, the more non-linear the formula
will be. In ourmodel𝑏 = 10, but other bases are also possible.𝑛 is the
number of applicable principles. Dividing the sum by the number
of principles keeps the evaluation independent of the number of
applicable principles. Although, the result of 𝑙𝑜𝑔𝑛 (𝐷𝑖 𝑓 𝑓 (𝑝𝛼 , 𝑐𝑥 ) +
0.01) is mostly negative, it is monotonically increasing (higher
𝐷𝑖 𝑓 𝑓 (𝑝𝛼 , 𝑐𝑥 ) causes, ceteris paribus, higher 𝑆𝑢𝑟 (𝑐𝑥 )). Note that
since we assumed that 𝐷𝑖 𝑓 𝑓 is calculated for situations which are
compliant with principles (are above the threshold), then 𝐷𝑖 𝑓 𝑓 is
always positive and between 0 and 1.

Example 3.8 (cont.). On the basis of already calculated values of
𝐷𝑖 𝑓 𝑓 function, we can calculate a cumulated surplus:

• 𝑆𝑢𝑟 (𝑐𝑏𝑎𝑛𝑆 ) =
𝑙𝑜𝑔10 (0.11)+𝑙𝑜𝑔10 (0.11)+𝑙𝑜𝑔10 (0.31)+𝑙𝑜𝑔10 (0.31)

3 =

−0.978163747338335
• 𝑆𝑢𝑟 (𝑐𝑝𝑒𝑟𝑚𝑆 ) =

𝑙𝑜𝑔10 (0.21)+𝑙𝑜𝑔10 (0.21)+𝑙𝑜𝑔10 (0.11)+𝑙𝑜𝑔10 (0.01)
3 =

−1.43805624179131
Decisions. The compliance with principles’ testing is usually per-

formed when there is a necessity to make a certain choice, perform

an action, or make a certain decision which can potentially be or not
compliant with principles. Moreover, whatever decision on what
action to take ought (ideally) to be one which is proportionally
optimal with regards to the principles and their values.

In order to represent this we introduce a very simple change state
mechanism in which performing an action changes the situation:

Definition 8 (State changes). Let 𝑇 : 𝐶 ×𝐴 → 𝐶 be a partial
function which represents changing of states: by 𝑇 (𝑐𝛼 , 𝑎𝛽 ) = 𝑐𝛾 we
represent that performing action 𝑎𝛽 in a context (situation) 𝑐𝛼 changes
situation to 𝑐𝛾

Example 3.9 (cont.). In order to illustrate the concept of state
changes, we have to introduce additional situation. Let 𝑐𝑛𝑜𝐿𝑜𝑐𝑎𝑙𝑅𝑒𝑔 =

{𝑓𝑛𝑜𝐿𝑜𝑐𝑎𝑙𝑅𝑒𝑔} be a situation in which there is no local regulation
concerning environment in the city. We also assume that
𝑉𝑆 (𝑣𝑒𝑛𝑣𝑖𝑟𝑜𝑛𝑚𝑒𝑛𝑡 , 𝑐𝑛𝑜𝐿𝑜𝑐𝑎𝑙𝑅𝑒𝑔) = 0.2, which means that the level
of satisfaction of value 𝑣𝑒𝑛𝑣𝑖𝑟𝑜𝑛𝑚𝑒𝑛𝑡 by situation 𝑐𝑛𝑜𝐿𝑜𝑐𝑎𝑙𝑅𝑒𝑔 is be-
low the threshold (0.5), thanks to which it is not compliant with
principle 𝑝𝑒𝑛𝑣𝑖𝑟𝑜𝑛𝑚𝑒𝑛𝑡 .

On the basis of the above we assume that there are two possible
actions that can be taken: to issue a regulation with a total ban on
the usage of stoves, or to issue an environmental regulation without
such a strong ban, but with an obligation of using filters. We can
represent this as:

• Action = {𝑎𝑖𝑠𝑠𝑢𝑒𝑏𝑎𝑛𝑆 , 𝑎𝑖𝑠𝑠𝑢𝑒𝑜𝑏𝑙𝐹𝑖𝑙𝑡𝑒𝑟𝑠 }
We can assume that:

• 𝑇 (𝑐𝑛𝑜𝐿𝑜𝑐𝑎𝑙𝑅𝑒𝑔, 𝑎𝑖𝑠𝑠𝑢𝑒𝑏𝑎𝑛𝑆 ) = 𝑐𝑏𝑎𝑛𝑆
• 𝑇 (𝑐𝑛𝑜𝐿𝑜𝑐𝑎𝑙𝑅𝑒𝑔, 𝑎𝑖𝑠𝑠𝑢𝑒𝑜𝑏𝑙𝐹𝑖𝑙𝑡𝑒𝑟𝑠 ) = 𝑐𝑝𝑒𝑟𝑚𝑆

In other words, issuing a regulation with a ban brings about the
situation in which the usage of stoves will be forbidden, while
issuing a regulation with the obligation of using filters brings about
the situation with a regulation allowing for the usage of stoves.

Function 𝑇 returns the results of the action made by an agent.
The agent’s behavior and the results of action can differ depending
on the context (state the agent is in). In order to represent this we
introduce the concept of decision which is an action made in a
certain context:

Definition 9. Let 𝐷 = {𝑑1, 𝑑2, ...} be a set of decisions, which are
tuples < 𝑐𝛼 , 𝑎𝛽 >, where 𝑐𝛼 is a set of propositions that describe a
context and 𝑎𝛽 is the action executed relative to the context, where
every 𝑐𝛼 ⊆ 𝑃𝑟𝑜𝑝 and every 𝑎𝛽 ∈ 𝐴𝑐𝑡𝑖𝑜𝑛.

Since𝑇 is a partial function, not every situation is available from
every situation. On the basis of the above for every situation we
can define a set of best possible available decisions.

Example 3.10 (cont.). In a situation 𝑐𝑛𝑜𝐿𝑜𝑐𝑎𝑙𝑅𝑒𝑔 there are two
possible decisions 𝐷 = {𝑑𝑖𝑠𝑠𝑢𝑒𝐵𝑎𝑛𝑆 , 𝑑𝑖𝑠𝑠𝑢𝑒𝑃𝑒𝑟𝑚𝑆 }, where:

• 𝑑𝑖𝑠𝑠𝑢𝑒𝐵𝑎𝑛𝑆 = ⟨𝑐𝑛𝑜𝐿𝑜𝑐𝑎𝑙𝑅𝑒𝑔, 𝑎𝑖𝑠𝑠𝑢𝑒𝑏𝑎𝑛𝑆 ⟩
• 𝑑𝑖𝑠𝑠𝑢𝑒𝑃𝑒𝑟𝑚𝑆 = ⟨𝑐𝑛𝑜𝐿𝑜𝑐𝑎𝑙𝑅𝑒𝑔, 𝑎𝑖𝑠𝑠𝑢𝑒𝑜𝑏𝑙𝐹𝑖𝑙𝑡𝑒𝑟𝑠 ⟩

Out of the available possible decisions, we want to select that
which is the “best decision”, which ought to be that which corre-
sponds to the outcome that is proportionally optimal.

Definition 10 (Best decisions). By BestDecisions𝑐𝛾 we de-
note a set of decisions which are available in situation 𝑐𝛾 and compli-
ant with the binding principles.
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A given decision will belong to BestDecisions𝑐𝛾 if it is compliant
with principles, and there is no other decision which brings about the
situation with a higher cumulated surplus:

BestDecisions𝑐𝛾 = {𝑑𝛼 | 𝑑𝛼 = ⟨𝑐𝛾 , 𝑎𝜇⟩ ∧𝑇 (𝑐𝛾 , 𝑎𝜇 ) = 𝑐𝛽 ∧
¬∃𝑐𝛽𝑠 .𝑡 .𝑆𝑢𝑟 (𝑐𝛽 ) > 𝑆𝑢𝑟 (𝑐𝛾 ))}

In other words, the best decisions are decisions which are com-
pliant with principles, and they bring about the maximal cumulated
surplus.

Note that there could be more than one best decision: it is not
impossible that two or more available decisions will have the same
cumulated surplus. Moreover, since the aim of this paper is to in-
troduce the mechanism of testing the compliance with principles,
we do not introduce any decision-making mechanism. The defini-
tion of the best decision which we have introduced above is not a
decision making mechanism, but the best decision in the light of
applicable principles. The decision maker, can have other reasons
which may lead to make suboptimal (w.r.t. principles) choice.

Example 3.11 (cont.). In situation 𝑐𝑛𝑜𝐿𝑜𝑐𝑎𝑙𝑅𝑒𝑔 , there are two pos-
sible decisions 𝑑𝑖𝑠𝑠𝑢𝑒𝐵𝑎𝑛𝑆 and 𝑑𝑖𝑠𝑠𝑢𝑒𝑃𝑒𝑟𝑚𝑆 which bring about situ-
ations 𝑐𝑏𝑎𝑛𝑆 and 𝑐𝑝𝑒𝑟𝑚𝑆 . In previous examples we show that both
are compliant with principles, but since principles require not only
being compliant, but also being optimal (the choice of the best
possible decision with respect to the applicable values), we have to
compare them in the light of cumulated surplus:
Since 𝑇 (𝑐𝑛𝑜𝐿𝑜𝑐𝑎𝑙𝑅𝑒𝑔, 𝑎𝑖𝑠𝑠𝑢𝑒𝑏𝑎𝑛𝑆 ) = 𝑐𝑏𝑎𝑛𝑆 ,
𝑑𝑏𝑎𝑛𝑆 = ⟨𝑐𝑛𝑜𝐿𝑜𝑐𝑎𝑙𝑅𝑒𝑔, 𝑎𝑖𝑠𝑠𝑢𝑒𝑏𝑎𝑛𝑆 ⟩, and 𝑆𝑢𝑟 (𝑐𝑏𝑎𝑛𝑆 ) > 𝑆𝑢𝑟 (𝑐𝑝𝑒𝑟𝑚𝑆 )
then BestDecisions𝑐𝑛𝑜𝐿𝑜𝑐𝑎𝑙𝑅𝑒𝑔 = {𝑑𝑏𝑎𝑛𝑆 }
In other words, the best decision, in the light of applicable prin-
ciples, is to issue a regulation with ban on the usage of stoves,
because the cumulated surplus of forbidding the usage of stoves is
higher than cumulated surplus of allowing the usage of stoves, but
with filters. And so it was decided in the narrative of our working
example in Section 1.

4 Discussion
The computational model presented in this paper captures essential
legal intuitions and provides a framework for addressing complex
decision-making scenarios involving conflicting principles. One of
the foundational aspects of the model is its ability to determine the
relevance of principles to specific fact situations. This determination
depends on the applicability conditions and contextual elements
described within the given situation. Another critical feature of the
model is its representation of principles as satisfiable to varying
degrees. This approach reflects the reality that legal principles
are rarely absolute; instead, they can be promoted or demoted
depending on the context. To achieve this, the model assigns values
between 0 and 1 to measure the extent to which a principle is
satisfied. Furthermore, the introduction of thresholds ensures that
no solution is deemed acceptable if it fails to satisfy a principle
beyond a minimum acceptable level. These thresholds embody a
fundamental legal intuition — that certain degrees of a principles’
realisation hold non-negotiable importance within the decision-
making process.

The proportional balancing of principles in this model relies on
the use of logarithmic functions, which serve two purposes. First,
logarithmic scaling encapsulates the idea of diminishing returns,

acknowledging that additional efforts to promote a principle yield
progressively smaller benefits. This feature is particularly relevant
in legal contexts where resources or competing values must be
distributed efficiently. Second, logarithmic functions promote an
equitable distribution of satisfaction among principles. By temper-
ing the focus on maximizing the realization of any single principle,
the model ensures that no principle is excessively prioritized at
the expense of others. This balancing mechanism aligns with the
broader aim of proportionality in legal reasoning. The reliance
on numerical methods and mathematical functions in the model
may seem unconventional to legal practitioners. Lawyers do not
explicitly quantify principles or employ mathematical functions
in their reasoning. However, these methods are incorporated not
to simulate the communicated legal reasoning but to enhance its
computational tractability and transparency.

Our model assigns specific numbers to the degree of promotion
or infringement of principles and uses logarithmic functions to
represent how these degrees change in different situations. Obvi-
ously, this mathematical formalism does not serve any direct role
in justificatory reasoning, but it may be regarded as providing a
quantitative explanation for a decision, representing sets of num-
bers compatible with this decision. The exact numbers used in our
modeling could be different, but they are not entirely arbitrary,
because they have to be found in specific ranges in order to remain
compatible with an outcome. We do not claim that quantitative
explanatory “theories” yielded by our model are “true” in any sense.
Indeed, in general philosophy of science, it is well-known that any
set of evidence may be consistent with an infinite number of the-
ories explaining it, a phenomenon known as underdetermination
of scientific theory [8]. However, we claim that our quantitative,
explanatory approach may enhance the work of decision-making
support models by making reasoning more precise and transparent
and offering a possibility to test and refine the “theory” against
different cases and examples.

Numerical representations allow the model to articulate the as-
sumptions underlying its conclusions, enabling users to scrutinize
and adjust those assumptions as necessary. The inclusion of ad-
justable parameters, such as thresholds and alternative functions,
provides users with the flexibility to tailor the model to specific
legal contexts or policy objectives. To make an analogy, creating a
robot that coordinates eye-hand coordination to throw a ball to hit
a moving object does not imply that all of the robot’s maths and
mechanics are found in the person throwing the ball. Rather, the
robot is a model of some aspects of the human’s capability, but it
nonetheless helps progress understanding of what is involved in a
human’s capability in a way not otherwise available.

By integrating these features, the model offers a practical and
transparent framework for supporting legal decision-making. It
not only facilitates the assessment of principle compliance but also
enables stakeholders to experiment with different configurations
to explore alternative solutions. This adaptability ensures that the
model can be employed across a wide range of scenarios, from judi-
cial adjudication to policy analysis and automated legal reasoning
systems. In doing so, it bridges the gap between the abstract nature
of legal principles and the demands of practical application, laying
the groundwork for a new generation of computational tools in
Law.
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5 Related Works
Although there are a number of papers discussing the issue of
compliance with (legal) rules, [6, 7, 10, 15, 18], they do not introduce
any principle-like concept. Other than the jurisprudential literature,
ourwork is cognate to [20], where the author introduces the concept
of goal-norms which can be understood as principles, and [27],
where the formal concept of principles with a reasoning mechanism
were introduced. Sartor [20] divides norms into:

• action-norms, requiring the full accomplishment of a cer-
tain action or omission (as a matter of obligation, or as the
condition for the validity of a certain act);

• goal-norms, requiring the appropriate pursuit of certain ob-
jectives.

Sartor adopts the view that objectives are expressed by levels to
which some values should be promoted [20]. Hence Sartor distin-
guishes two border values of promotion: core threshold and maxi-
mum satisfaction threshold.

A so-called “core” threshold is the level of satisfaction of a certain
value that should never be violated, while a maximum satisfaction
threshold is the level where further realization of a given value
is not practically possible. Sartor also observes that the level of
satisfaction with value promotion is often non-linear, as shown on
the example of purchasing an apartment: “.. the additional benefit
obtained by moving from 20 to 40 square meters is usually very
important, the additional benefit obtained by moving from 200 to
220 is likely to be less significant.”. In our work, the core threshold
is declared in the principle, while maximum satisfaction as well as
non-linear character of satisfaction is represented by a logarithm in
a cumulated surplus formula. Our work extends the [20] work by
introducing a concrete formal framework, which allows for testing
the compliance with principles and a formal mechanism allowing
for optimisation, which is (following [3]) crucial for the reasoning
with principles.

Sartor’s work [20] was the basis of [27], where the authors intro-
duce the formal model of reasoning with principles. Our model and
[27] share the concept of principle and the mechanism of basic com-
pliance with principle testing (thresholds on values), but [27] does
not take into consideration the optimisation and proportionality
aspects of compliance testing.

A different concept of legal principles is presented in [24]. On the
basis of Reason-Based Logic [11], [24] assumes that the conclusion
of a principle is a term with free variables that is the reason for
a given state of affairs. Our model allows us to particularize the
concept of reason: by viewing reason as the minimum desired level
of value promotion we are able to make decisions based on legal
principles. Although [24] discuss the issue of balancing, they do
not introduce any balancing mechanism, assuming the predicate
outweighs to represent that certain reasons are stronger than others.
The model does not introduce any mechanism to obtain such a
knowledge. Furthermore, [24] observe that a significant difference
between rules and principles can stem from the fact that rules are
considered in isolation, whereas a principle reveals its character
while interfering with other rules or principles. Our optimisation
mechanism implements this property, integrating all the applicable
principles into one comparison metrics.

A model of balancing in Law has been introduced in [25]. The
authors, on the basis of the Art.7 and 8 of EU Charter of Funda-
mental Rights, discuss the balancing of right to privacy and access
to information. In contrast to our work, this model is domain de-
pendent: the authors introduced a model of one concrete balancing
without an attempt to generalize their approach to other objects
of balance. They do not introduce principles, but they focus on
particular problem of relation between right to privacy and access
to information. Their model is build on the analysis of proportion
between the levels of realisation of these two concepts plus some
auxiliary, domain specific components like status of the analyzed
persons, sphere of information, or time. In contrast to this paper,
their model does not discuss what balancing between a number
of values nor non-linear aspects of proportionality; the outcome
(variable 𝑢 in this model) expressing a relation between levels of
satisfaction of right to privacy and access to information has purely
linear character, while this is not necessarily the case (see sec. 2).

Balancing is discussed in the [14], where the authors present a
mechanism allowing for extracting rules on the basis of balancing
values. The purpose of the model is, however, significantly different
than ours. The model from [14] aims to introduce a mechanism
which allows for extraction of rules on the basis of balancing of
values, while our model aims at testing the compliance with legal
principles, which is not discussed in [14]. Despite different pur-
poses, their mechanism share some common elements with ours. In
particular, both models have the possibility of balancing between
more than two values. However, the details are different yet. In [14],
the balancing formula is built on the assumption of a linear relation
between the levels of promotion (or demotion) of values, while our
model takes into consideration non-linear relations between the
levels of satisfaction of values.

The concept of balance is central in Lauritsen’s proposal [12]
where the author introduces a quantitative ”choiceboxing” approach
towards balancing of reasons through calculation of their weights.
However, the author does not invoke the optimization mechanism
and the concept of core thresholds, which means that the referred
model is less directly tailored to the representation of reasoning
with principles as they are understood in legal theory.

Finally, our proposal has connections to the idea of quantitative
approach to theory coherence in legal reasoning. In [23] Bench-
Capon and Sartor mapped the qualitative elements of theories of
legal cases (such as factors and values) to the numbers which then
represent the parameters of a neural network, to enable experimen-
tation. The model developed here focuses on a numerical repre-
sentation and less on the qualitative reasoning, however, it clearly
enables a mapping from the numerical representation to the quali-
tative, comparative argumentation concerning promotion of princi-
ples the lawyers naturally engage in. The numerical representation
of reasoning with principles may be seen as a quantitative ”theory”
of a case explaining the result, which opens the possibilities to in-
tegrate our results with coherentist stream of AI and Law research
and reinforce the debate on theory coherence metrices.

6 Conclusion and Future Work
This paper introduced a formal framework for reasoning with legal
principles, focusing on proportional optimisation to balance values
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that collide in specific situations. By treating principles as thresh-
olds of value satisfaction and employing quantitative methods, we
demonstrated how multi-objective optimisation can aid decision-
making in complex legal and regulatory contexts. Using the Kraków
anti-smog case as a central example, the study showcased how com-
peting values—such as human health and environmental protection
on the one hand, and property rights and equality on the other—can
be balanced to arrive at reasonable and justified outcomes.

While the use of numbers and mathematical functions does not
directly replicate the reasoning or arguments typically employed in
legal contexts, they serve an important explanatory purpose by illus-
trating exemplary degrees of value satisfaction compatible with the
outcome. These quantitative tools enhance the precision of reason-
ing, making it more transparent and enabling the incorporation of
computability into decision-making processes. This computational
perspective does not replace the intuitive and logical-argumentative
layers of legal reasoning but rather complements them.

The proposed model embodies and integrates numerous intu-
itions present in preceding approaches to reasoning with principles,
unifying them into a computable framework. This synthesis offers
a mechanism to support adjudicators and other decision-makers in
crafting proportionate and well-justified decisions.

There is a number of directions in which our model can be
developed. One of them is its application into the reinforcement
learning-driven, autonomous devices which have to operate in a
legally regulated environment. Our model can be used as a compo-
nent of a reward function4.

The model also can be further developed to investigate the inter-
play between qualitative argumentation and quantitative optimiza-
tion in modeling reasoning with principles. As noted above, the
exact numbers in our modeling are used as examples, but they are
not entirely arbitrary because they have to belong to specific ranges
in order to remain compatible with the result. We intend to apply
our model to larger datasets of cases to investigate how different
outcomes will constrain the ranges of numbers used to represent
the degrees of principles’ promotion and demotion. Such operations
may be interpreted as revisions of initial theories of cases guided by
the ideal of coherence. Specifically, we intend to apply the model to
represented disputed issues in legal interpretation, where decisions
are often backed by balancing of values but the balancing is not
explicitly expressed in the rationales of judicial decisions.
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