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University of Twente

Co-promotor: dr. ir. A.P. Berkhoff
University of Twente
TNO

Committee Members: prof. dr. ir. M.J. Bentum
Eindhoven University of Technology

prof. dr. ir. G.J.T. Leus
Delft University of Technology

prof. dr. ing. P. Gardonio
University of Udine

prof. dr. ir. P.H. Veltink
University of Twente

prof. dr. ir. C.H. Venner
University of Twente



Summary

An acoustic anechoic chamber is a space in which no reflections occur at the walls.
The acoustic anechoic chamber therefore approaches free-field conditions, in which
no reflections occur either. Acoustic free-field conditions allow measurements to be
conducted without contamination from any boundary. The free-field conditions are
realized with special laboratory facilities known as acoustic anechoic chambers. This
allows for standardization, product testing, research and development and calibra-
tion, all under free-field conditions. The sound absorption in an acoustic anechoic
chamber is typically realized by using absorption material, which is placed at the
boundaries of the room. However, because the thickness of the absorption material
is related to the wavelength of the acoustic waves, the performance of the absorption
material deteriorates at lower frequencies. Consequently, a typical acoustic anechoic
chamber has a lower cut-off frequency of up to 200 Hz, meaning that free-field con-
ditions are not guaranteed below this frequency.

Active noise control is effective at lower frequencies, which therefore makes it
a promising technique to complement the passive absorption and to lower the cut-
off frequency of an acoustic anechoic chamber. To implement an active noise con-
trol system in an acoustic anechoic chamber, an accurate estimation of the reflected
sound field is necessary. The solution to this problem is found in the application
of the Kirchhoff-Helmholtz integral, which in two dimensions uses several micro-
phones distributed along a circle. The microphones measure the acoustic pressure
and the particle velocity, which are the input to the Kirchhoff-Helmholtz integral.
The output of the Kirchhoff-Helmholtz integral is the reflected sound field due to
any source located within the circle, while for any source located outside the circle it
outputs the total sound field.

With increasing geometry sizes, more complex geometries and smaller wave-
lengths, the active noise control system needs to be up scaled. This means that a
larger number of microphones is required to accurately measure the sound field, and
a larger number of sources is required to accurately generate the secondary sound
field. This results in a strong increase in computational complexity and memory con-
sumption. Low computational complexity and memory consumption are important
features of the desired algorithms. Three algorithms are derived. Two algorithms
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ii SUMMARY

achieve the largest reduction in computational complexity and memory consump-
tion by computations in the frequency domain. However, filters that are computed
in the frequency domain are not necessarily causal, which is necessary for real-time
implementation. Therefore, techniques to ensure causality are applied at the one of
the algorithms, allowing the use of this algorithm for real-time systems. One of the
algorithms is computed in the time domain and therefore has the highest computa-
tional complexity and memory consumption, but in comparison with the other two
algorithms, relaxes some requirements to reduce frequency domain artifacts.

The algorithms, together with the Kirchhoff-Helmholtz integral, are used in two-
dimensional numerical studies and two-dimensional experiments. In the numerical
studies a small-scale and a large-scale chamber are simulated. The results of these
numerical studies show that the Kirchhoff-Helmholtz integral, together with two
of the derived algorithms is effective at the suppression of the reflections from the
walls and allows the number of microphones and loudspeakers to be increased. To
verify the real-time effectiveness, an experimental setup is built. The experiments
are conducted on a setup which is limited in its height so that it is considered two-
dimensional within the frequency range of interest. The setup is equipped with 12
sensors along a circle. Each sensor has three microphones which are distributed in
radial direction, to measure the acoustic pressure and to approximate the particle
velocity. The results of the real-time experiments show a significant reduction in
reverberation time, which is an indication of effective suppression of reflections.



Samenvatting

Een akoestische, anechoı̈sche kamer is een ruimte waarin geen reflecties optreden
aan de wanden. De akoestische anechoı̈sche kamer benadert daarmee de vrije-veld
voorwaarden, waarin ook geen reflecties optreden. Akoestische vrije-veld voor-
waarden maken het mogelijk om metingen te doen zonder beı̈nvloeding van de
omgeving. Om die reden wordt een vrije-veld omgeving benaderd met een zoge-
naamde akoestische anechoı̈sche kamer. Dit maakt standaardisatie, het testen van
producten, kalibratie van meetapparatuur, onderzoek en ontwikkeling binnen deze
vrije-veld omgeving mogelijk. De geluidabsorptie in een akoestische anechoı̈sche
kamer wordt doorgaans gerealiseerd met absorptiemateriaal, dat aan de wanden
van de kamer wordt gemonteerd. Echter, omdat de dikte van het absorptiemateriaal
gerelateerd is aan de golflengte van de akoestische golven, verslechtert de prestatie
van deze absorptie bij lagere frequenties. Om die reden heeft een typische akoesti-
sche anechoı̈sche kamer een kantelfrequentie van tot wel 200 Hz. Dit betekent dat
aan de vrije-veld omstandigheden onder deze frequentie niet wordt voldaan.

Actieve geluidbeheersing is effectief bij lagere frequenties, wat om die reden een
veelbelovende techniek is om de passieve absorptie aan te vullen en de kantelfre-
quentie van een akoestische echovrije kamer te verlagen. Om een actief geluidbe-
heersingssysteem in een akoestische echovrije kamer te implementeren, is een nauw-
keurige schatting van het gereflecteerde geluidveld noodzakelijk. De oplossing voor
dit probleem is gevonden in het gebruik van de Kirchhoff-Helmholtz integraal, die
in twee dimensies een aantal microfoons verdeeld over een cirkel gebruikt. Met
de microfoons worden de akoestische druk en de deeltjessnelheid bepaald, wat de
invoer is voor de Kirchhoff-Helmholtz integraal. Het resultaat van deze integraal
is het gereflecteerde geluidveld als gevolg van een bron die zich binnen de cirkel
bevindt, terwijl het voor elke bron die zich buiten de cirkel bevindt het totale geluid-
veld geeft.

Met toenemende geometriegroottes, complexere geometrieën en kleinere golf-
lengtes moet het actieve geluidbeheersingssystem worden opgeschaald. Dit bete-
kent dat een groter aantal sensoren nodig is om het geluidveld nauwkeurig te meten
en een groter aantal bronnen om het secundaire geluidveld nauwkeurig te genere-
ren. De rekenkundige complexiteit en geheugengebruik van de algoritmes neemt
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iv SAMENVATTING

dan sterk toe. Een lage complexiteit en beperkt geheugengebruik is een belangrijk
kenmerk van de gewenste algoritmes. Er worden drie algoritmes afgeleid. Twee
algoritmes bereiken de grootste vermindering in rekenkundige complexiteit en ge-
heugenverbruik door berekeningen in het frequentie domein. Echter, filters die in
het frequentie domein worden berekend zijn niet noodzakelijkerwijs causaal, wat
een vereiste is voor een real-time implementatie. Daarom worden technieken toege-
past om causaliteit te garanderen bij één van de algoritmes, die het gebruik van het
algoritme voor real-time systemen mogelijk maken. Eén van de algoritmes wordt
in het tijd domein berekend en heeft daardoor de hoogste rekenkundige complexi-
teit en het hoogste geheugenverbruik. Vergeleken met de andere twee algoritmen
is dit algoritme eenvoudiger in gebruik, omdat er geen rekening hoeft te worden
gehouden met frequentie domein artefacten.

De algoritmen, samen met de Kirchhoff-Helmholtz integraal, worden gebruikt
in tweedimensionale numerieke studies en tweedimensionale experimenten. In de
numerieke studies worden een kleine en een grote kamer gesimuleerd. De resul-
taten van deze numerieke studies tonen aan dat de Kirchhoff-Helmholtz integraal
samen met twee van de gepresenteerde algoritmen effectief is in het onderdrukken
van de reflecties en het mogelijk maakt om op te schalen naar grotere afmetingen.
Daarnaast is een experimentele opstelling gebouwd, zodat de realtime effectiviteit
geverifieerd kan worden. De experimenten zijn uitgevoerd op een opstelling die
beperkt is in hoogte, zodat deze als tweedimensionaal beschouwd kan worden bin-
nen het belangrijkste frequentiebereik. De opstelling is uitgerust met 12 sensoren
geplaatst langs een cirkel. Elke sensor is uitgerust met drie microfoons die in ra-
diale richting zijn verdeeld, om zowel de meting van de akoestische druk mogelijk
te maken, als de deeltjessnelheid te bepalen. De resultaten van de real-time expe-
rimenten laten een significante vermindering van de nagalmtijd zien, wat wijst op
een effectieve onderdrukking van de reflecties.
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Chapter 1
Introduction

If you heard the noise living inside of me, you would
never question my love for silence.

Stephanie Bennett-Henry, November 2016

1.1 Background

Sound is ever-present in our daily lives. Sound can be pleasant, when we listen
to our favourite music, have conversations, or enjoy the sounds of birds chirping
during a walk. Unfortunately, unpleasant or annoying sounds exist too, these are
typically referred to as noise. Examples are traffic noise, loud machines in factories,
airplanes flying by, a vacuum cleaner, etc. Sound, but in general noise, can have a
negative impact on our health. In the case of exposure to high sound pressure levels,
hearing damage might occur. Furthermore, noise can have a negative impact on our
mental health [1].

Acoustics is the science of sound, including its generation, transmission and re-
ception. As well as being unpleasant to humans, noise is also undesirable in most
engineering experiments, as it could refer to any fluctuation in the data that hinders
the perception of a signal. A specific example is the situation of an acoustic free-field
measurement. In free-field conditions the sound pressure level (SPL) decreases by 6
dB for every doubling of the distance between the source and receiver [3], while in
non-free-field conditions the reflected sound affects the result. Therefore, the acous-
tic radiation of an arbitrary object needs to be studied under free-field conditions,
such that no reflections from the boundaries or noise signals from outside sources
contaminate the measurements. It is, however, not easy to obtain and maintain an
acoustic free-field environment. Consequently, special laboratory facilities named
acoustic anechoic chambers (AAC) [4] are studied and built, see Fig. 1.1.
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2 CHAPTER 1. INTRODUCTION

Figure 1.1: Anechoic chamber at the University of Twente [2].

1.2 Acoustic anechoic chamber

An AAC is designed to absorb acoustic waves at its boundaries, effectively creat-
ing a free-field environment that simulates an infinitely large chamber. Common
applications of an AAC are in the automotive, military and aerospace industries.
More specifically, a typical application of an AAC is found in one of the following
categories:

1. Standardization: Many acoustic standards and specifications require free-field
conditions to ensure consistency and comparability of measurements across
different studies and applications. The general requirements for AACs are
given in ISO 3745 [5], which to this date is the relevant ISO standard for AACs.

2. Product testing: In developing audio equipment (e.g. speakers [6, 7] and hear-
ing aids [8]) , as well as in aeroacoustic experiments [9], free-field measure-
ments are crucial for evaluating the true performance of the product without
environmental influences.

3. Research and development: For scientific research in acoustics, understanding the
fundamental properties of sound waves in a controlled environment is essen-
tial. An example of a controlled environment is the (ideal) free-field condi-
tion [10].

4. Calibration: Free-field measurements are used to calibrate instruments and de-
vices accurately, ensuring correct readings in various environments. An exam-
ple is the calibration of microphones with the free-field conditions [11–13].

It is important to mention that alternatives to free-field measurements of loudspeak-
ers are proposed in [14–16]. However, the use of an anechoic room for loudspeaker
response measurements remains recommended [17]. An AAC should be calibrated,
to confirm whether it approaches infinite free space. The most common method



1.2. ACOUSTIC ANECHOIC CHAMBER 3

to calibrate an AAC is to compare the decrease in pressure as the observer moves
away from the sound source, with the inverse square law [18], which describes how
the intensity of sound decreases as the distance from the sound source increases in
situations without reflections [2, 19, 20].

In an AAC the anechoicity can be achieved with the use of passive absorption
elements. An overview of passive sound absorption techniques and methods is
given in [21], where it is shown that different factors play a role in the absorption of
sound; these include the material, the thickness of the absorption layer, the amount
of porosity in the absorption layer, internal friction or internal damping, the differ-
ence between a completely hard back wall or a layer of air behind the absorption
layer, and the mounting method. These parameters influence the cut off frequency
of the absorption element [18]. The absorption elements are specified with a cut
off frequency, i.e. an expression of the lower frequency limit above which the pres-
sure reflection rises to 10% of the pressure in a normally-incident wave [18]. This
lower frequency limit corresponds to the frequency at which the absorption of the
sound energy drops to 99% for normally-incident waves [7], which can be measured
in an impedance tube [22]. Furthermore, the cut off frequency could also refer to
the lower frequency limit above which the AAC shows anechoic behaviour. In that
case, the cut off frequency is determined by the volume of the AAC, and the absorp-
tion surface, and depends on the configuration and type of the absorption elements.
However, the cut off frequency of the absorption elements is not necessarily equal to
the cut off frequency of the AAC, as is shown in [22, 23].

The main elements used in AACs are sound-absorbing wedges. These elements
are cone-shaped, pyramid-shaped or wedge-shaped, and are designed in different
dimensions and mounted on the boundaries of the chamber in specific arrange-
ments [24]. If the floor of the chamber is not covered with elements, this is called
a semi-anechoic chamber, which models the conditions of sound reflection from the
ground [9], and also allows for heavy test-equipment to be installed in the chamber.
In [18] five sound-absorbent samples with various shapes have been examined, in
which the wedge-shaped element made of fibreglass was found to be the most effec-
tive to absorb the sound waves. Other studies to optimize the absorption of the ele-
ments have been conducted [22,25–28]. These papers analyse the influence of poros-
ity of the wedge materials, different shapes, dimensions and materials on the sound
absorption. In the ideal case, all acoustic waves are absorbed at the walls due to
these elements, eliminating the presence of reflections. However, because the thick-
ness of the absorption material is related to the wavelength of the acoustic waves,
the performance of passive absorption measures deteriorates at lower frequencies.
At lower frequencies, and thus longer wavelengths, the size of the absorption ma-
terial would increase so much that physical implementation is no longer feasible
because of the reduced available space. Besides the shortcomings of the absorption
techniques, the dimensions of the AAC also play a role. If the volume of the AAC
becomes smaller than the Fresnel volume [29], the amplitudes of forward scattered
waves are then affected [30]. The Fresnel volume is a region around the direct path
between a source and receiver pair which can significantly influence the behaviour
of the sound waves, primarily due to diffraction and interference effects.

In [31] an AAC designed with a cut off frequency of 75 Hz is studied, which
showed perturbations in the 110 to 160 Hz frequency range. Therefore, the cut off
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Figure 1.2: Frequency response region of the active and passive noise control meth-
ods. Image taken from [37].

frequency lies at 200 Hz rather than 75 Hz. One of the identified causes of imperfec-
tions is the doors in the AAC, even though they are fitted with acoustic lining. In [18]
measurements in the Harvard University’s AAC are compared with the theoretical
inverse square law, which, dependent on the distance from the source, starts to show
larger deviations below about 100 Hz. In [32] the measurements in the AAC at the
Universidad Nacional Autónoma de México have been compared with the theoreti-
cal inverse square law. The largest deviations, depending on the source location and
the distance from the source, start to show below 200 Hz, and increase for decreas-
ing frequencies. Design principles of an acoustic anechoic chamber are described
in [33–35], highlighting the design efforts required to lower the cut off frequency.

At this point it can be concluded that AACs suffer from low-frequency sound
waves (up to about 200 Hz) reflecting off the walls, in some cases even above the
cut off frequency the chamber is designed for. Hence the problem of lowering the
cut off frequency is challenging. A solution to the low-frequency reflections may be
found in the application of active noise control (ANC) [36]. Passive methods rely on
materials and structures to absorb sound, while active methods involve electronic
systems that detect the noise and generate counteracting sound waves. The effec-
tive frequency regions of the active and passive methods are indicated in Fig. 1.2.
The figure shows the effective frequency range of the active and passive methods
expressed in dB. It can be seen from the figure that active methods are typically
more effective in the lower frequency range, while the passive methods are effective
from the medium to high frequency range. Consequently, in this thesis, the feasibil-
ity, the solution strategies and the practical implementation of ANC to suppress the
low-frequency reflections are studied.

1.3 Active noise control

ANC is a method to suppress undesired noise by the addition of a secondary signal
(anti-noise signal) to cancel the existing noise signal. Examples of current applica-



1.3. ACTIVE NOISE CONTROL 5

tions are the implementation of ANC in the exhaust of a crawler crane [38], in a
diesel generator in a luxury yacht [39], at a power transformer station [40], in an el-
evator cabin [41], and an active noise barrier for mitigation of noise from a construc-
tion site [42]. In ANC, control architectures can generally be realized in feedback
or feedforward configurations or a combination of both, sometimes referred to as a
hybrid system [43]. In the feedback architecture the error signal is measured and
used to generate the control signals. With the feedforward architecture, reference
signals are measured and used to generate the control signals, with the assumption
that an upstream reference signal that is correlated to the disturbance signal is avail-
able. The term upstream refers to the requirement that the reference signal should
have sufficient time-advance compared to the disturbance signal, whereby the con-
trol system is able to compute the control output. In acoustic control systems, this
time-advancement of the reference signals is typically obtained through an advan-
tageous spatial distance between the reference sensor and the location of noise sup-
pression. Usually, a feedback architecture is used in situations where a correlated
reference signal is not available. Often, when a feedforward system is considered
in literature, it is assumed that either a purely feedforward system is available, or
that any existing feedback loop from the secondary sources to the reference sensors
is mitigated using internal model control (IMC) [44].

The simplest implementation of an ANC system is a single-input single-output
(SISO) system. However, for more complex dynamic systems, increasing frequen-
cies or larger geometries, a SISO system might result in poor performance. In such
cases a system with multiple-inputs and multiple-outputs (MIMO) is required [44].
A decentralized MIMO control realization [45] is the combination of multiple SISO
controllers, which, however, might influence each other. A centralized MIMO sys-
tem [44], is a realization in which the influence of all sensor-loudspeaker combina-
tions is taken into account with one single control unit. A distributed control system
is composed of multiple localized controllers, which each have the ability to com-
municate with other controllers in the system [46]. A comparison between decen-
tralized, centralized and distributed control is shown in [47]. The performance of
a decentralized control architecture is typically inferior to that of a centralized con-
trol architecture [47, 48]. Furthermore, a distributed architecture requires sufficient
bandwidth to allow real-time processing, and in general the communication delay
reduces the performance [46, 49]. An effective ANC system requires spatial sam-
pling of the microphone and loudspeaker distributions. The control capabilities of
an ANC system depends, among other things, on the amount of distortions due to
spatial aliasing [50]. For an enhanced bandwidth and for larger quiet zones, which
is an area in which the ANC system suppresses the disturbances, a sufficient num-
ber of sources and sensors is required. However, computing the set of control filters
for ANC systems with a large number of sources and sensors is computationally
expensive, which is a problem studied in this thesis.

An active control system cancels the existing noise by the addition of a secondary
signal, generated by the secondary sources. In the ideal case, the secondary signal
is of the same amplitude but opposite phase as the noise signal. The simplest re-
alization of an active control system consists of at least three different components:
1) (Multiple) sensors which measure the noise or a reference signal. 2) A secondary
actuator, which generates the anti-noise or secondary signal. 3) A computer, the
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Figure 1.3: An illustration of a SISO feedforward active noise control system in a
car, using a reference acceleration sensor (2), a control computer (3), a secondary
loudspeaker (4) and an error microphone (6).

controller, which generates the control signal and drives the secondary actuators.
An illustration of a SISO feedforward active noise control system is given in Fig. 1.3,
in which the components (2), (3), (4) and (6) are involved with the control system,
indicated by the colour green. The engine in the front of the car is running and gen-
erates noise. The noise travels to the interior of the car, indicated by the number 1 in
red, which is undesirable. A reference acceleration sensor (number 2) is placed next
to the engine and measures the upstream reference signal. The controller (number
3), drives the secondary source (number 4), based on the measured reference sig-
nal. The secondary source generates the (anti-noise) secondary signal (number 5 in
blue), which cancels the noise signal. The error microphone (number 6) measures the
residual noise. In this example a reference acceleration sensor (number 2) is used,
but this could be any other type of sensor, which is problem dependent.

In the illustration of 1.3, a controller (number 3) is used. However, this controller
needs instructions on what to do. In the linear case, this is typically described by a set
of control coefficients that are uploaded to the control system. With the feedforward
configuration, the control coefficients are applied to the upstream reference signals
to generate the control output, which drives the secondary sources. The set of control
coefficients can be obtained with offline and online algorithms, as described below.

Offline algorithms are typically used to pre-compute the optimal set of control
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filters. In such cases, the controller is designed using a model of the complete ANC
system, including its sources and sensors. The drawback of the offline approach is
that the control coefficients are fixed, and that while running the control algorithm,
the system is not able to adapt to variations in either the plant or disturbance. The
advantage of this approach is that the real-time computational load is lower in com-
parison with adaptive algorithms, because the control coefficients are not updated
while running the real-time control system. Furthermore, adaptive algorithms re-
quire time to converge, which is not the case with the offline approach. In the
frequency domain, the optimal set of control filters minimizes the power spectral
density of the squared error signal at each frequency. If the control problem is not
causally constrained, the obtained set of control filters is not necessarily causal [44].
To obtain a set of causal control coefficients, the controller is constrained to be causal,
which for MIMO systems is not so trivial. In the time domain, the optimal set of con-
trol filters that minimizes the expectation of the sum of squared error signals is called
the Wiener set of filter coefficients [44]. The Wiener filter is obtained by solving a set
of linear equations. For larger system sizes, with increasing numbers of sources and
sensors, this becomes computationally expensive. In the case of MIMO systems, the
set of linear equations to be solved for involves a Toeplitz-block matrix [44], which
allows for efficient solvers, as explained in more detail in the next chapters.

In addition to offline algorithms there are online algorithms, also named adaptive
algorithms, which are used to sequentially adjust the filter coefficients so that they
evolve in a direction that minimizes the mean-square error. The benefit of this type of
algorithm is that the filter coefficients are automatically re-adjusted if the correlation
properties of the disturbance signals change. Therefore, the adaptive filter may be
capable of tracking the statistics of non-stationary signals, provided the changes in
the statistics occur slowly compared with the convergence time of the adaptive filter.
With the online algorithms, the control coefficients are iteratively adapted while run-
ning the control system, under the assumption that the filter coefficients are chang-
ing slowly in comparison with the timescale of the plant dynamics. Well known
algorithms for this purpose are the filtered-reference least mean squares (FxLMS)
and filtered-error least mean squares (FeLMS) algorithms [44]. The drawback of the
adaptive algorithms is the choice of step size, which, if chosen incorrectly results in
slow convergence, or even divergence of the cost function, which is typically chosen
as a function of the error signal. The choice of the step size is simplified by the in-
troduction of a variable step size [51] and normalized step size [52] versions of the
adaptive algorithms, where the control update step is scaled with the input power.
For systems with multiple reference signals, the FeLMS algorithm is favourable in
terms of computational complexity, although its convergence speed is lower than
that of the FxLMS algorithm. The FeLMS algorithm uses a transpose plant model to
filter the error signal, which is inherently non-causal. To ensure a causal system, the
error signal is filtered with a delayed and time-reversed version of this plant model.
However, the delay in the error signal is also matched with a delay in the reference
signal, which in practice reduces the convergence speed. Furthermore, non-white,
correlated reference signals and secondary path frequency dependence of the adap-
tation loop negatively affect the convergence speed of the FeLMS algorithm. There-
fore, the preconditioned filtered-error algorithm is introduced in [44], which whitens
and decorrelates the reference signals and uses the inverse of the minimum-phase
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and the all-pass parts of the plant to reduce frequency dependence in the adaptation
loop. A frequency domain approach to compute the prewhitening and decorrelation
filter and to decompose the secondary path is shown in [53]. In [54] a regularized
modified filtered-error algorithm is presented, which uses the minimum-phase and
all-pass decomposition but is computed with an inner-outer factorization method.
The delay in the adaptation loop is compensated in combination with double con-
trol filters, which are copied after every update. The algorithm also incorporates
regularization to prevent high gains in the inverse of the minimum-phase part and
prevents saturation of the control signal. Higher-order adaptive algorithms can im-
prove convergence rate, with the downside of increased computational complexity
per iteration. The Newton iteration [55] is a higher-order method, which, requires
the auto-correlation matrix that can be challenging to compute. Another higher-
order method is the recursive least squares (RLS) algorithm [56], which also requires
the auto-correlation matrix. The robustness and computational complexity are ma-
jor limitations of this algorithm. Fast implementations and more robust versions of
the RLS algorithms are proposed in [57, 58]. One important remark to make at this
point is that although these algorithms are presented as online algorithms, they can
also be used in an offline manner, to iteratively pre-compute a fixed set of control
filters, using a copy of the time history of the measured signals involved. If a perfect
plant model is available and assuming that the adaptive algorithm is stable, the filter
coefficients converge to the optimal set of filter coefficients in the steady state [44].

Typically, control algorithms used in ANC are model-based control design meth-
ods, which means that an (accurate) model of the systems involved is incorporated
in the design process [59]. Considering model-based control design in the time do-
main, systems with a lightly damped resonant system are generally modelled with
an infinite impulse response (IIR) filter [44], which as the name suggests takes an
infinite time to decay. An example of a system that is typically modelled with an IIR
filter is the structural response of an aluminum plate [44]. Conversely, systems with
moderate to high damped resonances are generally modelled with a finite impulse
response (FIR) filter [44], which is described by a finite number of time samples until
the response has decayed. Provided that the coefficients are bounded, an FIR filter
is always stable, while an IIR filter is not necessarily stable [44, 60]. An IIR filter is
also more susceptible to finite bit precision effects than an FIR filter [61]. Contrary to
FIR models, state-space models [62] are not common in ANC applications. The use
of state-space models make it possible to take advantage of modern control design
tools [63], to design a controller by solving Lyapunov equations, algebraic Riccati
equations or linear matrix inequalities [64]. However, it is necessary to obtain an ac-
curate MIMO state-space model. Although black-box subspace model identification
methods [65–67] can be employed to estimate a state-space model, it is difficult for
high-order systems frequently encountered in ANC [53]. In acoustics, most systems
have relatively high damping, which means that they can typically be modelled with
short FIR filters. Therefore, most algorithms developed for ANC are using the FIR
structure.

Similarly to the adaptive algorithms, which iteratively adapt the set of filter coef-
ficients, a machine learning model can be trained and employed as an instruction set
to be uploaded to the controller. The use of machine learning is especially valuable
in cases of system non-linearities, since previously introduced algorithms assume
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linearity, and machine learning models are able to capture non-linearity. Nonlin-
ear systems are different from linear systems in the sense that they do not obey the
principle of superposition [44]. Machine learning covers the field of computer al-
gorithms that can adapt either through experience, called reinforcement learning,
or using data, which can be supervised or unsupervised. Typically, a supervised
learning model is used to train the model in ANC applications. An example of a
supervised implementation is a multilayer perceptron network in combination with
the backpropagation algorithm [44]. In such a configuration, the output of the net-
work is compared with a known desired signal and the error between the two is
used to adjust the weights in the layers starting from the output layer until the input
layer is reached. An example of this approach is shown in [68]. Another supervised
implementation is shown in [69], a convolutional recurrent network is employed
to estimate the secondary signal from the reference signal. The model is equipped
with convolutional layers and deconvolutional layers with long short-term mem-
ory layers in between. The inputs of the model are the complex spectrograms of
the reference signals, computed with a short time Fourier transform. The outputs
of the model are the complex spectrograms of the secondary signal, which after the
inverse Fourier transform result in the secondary signal in the time domain. The
secondary signal summed with the primary noise signal results in the error signal.
The loss function is defined as the mean-squared of the error signal, which is min-
imized to eliminate the primary noise. A similar supervised learning method is
shown in [70], in which a convolutional neural network (CNN) is implemented on a
field programmable gate array for in-ear headphone feedforward ANC. Due to the
small dimensions of an in-ear headphone, the processing delay is longer than the
acoustic propagation delay, resulting in challenging causality constraints. In [70] it
is stated that the causality constraint is relaxed by employing a dilated CNN model
to predict future data. However, existing algorithms also allow to predict future
data, for example the prediction-error filter [71, 72]. Furthermore, with the applica-
tion of ANC in an AAC, the causality constraint is not as challenging, due to the
larger dimensions. Another machine learning approach is reinforcement learning,
which is based on interaction with the environment to achieve its goals, i.e. how to
map situations to actions. The most popular and simplest version is the Q-learning
method, of which an ANC implementation is shown in [73]. The method uses an
action-value table (Q), which represents the expected future rewards in a state when
an action is selected. In this work, the control output signal is defined as a signal
with tunable parameters. The action set consists of the three options to 1) increase or
2) decrease the parameters in the control output signal or 3) take no action. A sim-
ulation for a narrow band single tone in a duct and a simulation for a narrow band
with multiple tones is shown. A similar approach is presented in [74], in which
instead of positive rewards a negative reward is used which is proportional to the
error signal. The method has good robustness but comes with a long settling time
and huge memory requirements, which is not ideal for implementations in an AAC.

In general, an ANC system is equipped with microphones to measure the acous-
tic pressure, which is being suppressed with the secondary signal that is generated
by the set of control filters. However, to effectively apply ANC to suppress the low-
frequency reflections in an AAC, knowledge about the acoustic pressure does not
suffice. Instead, a method to accurately determine the reflected sound field is nec-
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essary. In this case the set of control filters can be designed to suppress the sound
pressure due to the reflected sound waves instead of the total acoustic pressure.

1.4 Approximation of the reflected sound field

The total sound field is the sum of the reflected sound field and the direct sound
field. However, both the reflected sound field and the direct sound field are non-
measurable quantities. The total sound field can be measured but does not have
any information about either the reflected sound field or the direct sound field. This
section describes existing work to estimate the reflected sound field or methods to
derive filters that can translate the total sound field to the reflected sound field, al-
lowing the implementation of an ANC system to suppress the acoustic reflections.
In the one-dimensional case, assuming normal incidence, the incident and reflected
waves can be separated using the integration method, as shown in [75]. The ap-
proach utilizes two microphones which are placed a few centimeters apart. As long
as the distance between both microphones is smaller than the smallest wavelength
of the sound, simplifications can be made which allow evaluation of the spatial pres-
sure derivative and the particle velocity. With the pressure derivative and the parti-
cle velocity, both incident and reflected wave quantities can be computed. However,
this does not generalize to situations with more dimensions. A different approach
is presented in [76, 77], in which the control of scattered acoustic radiation from a
three-dimensional object is shown. The total noise is mapped to the scattered noise
using a linear scattering filter. This scattering filter is deduced from two series of
measurements with and without the diffracting object. The problem was found to
be ill-conditioned, however, and requires regularization. Furthermore, in the case
of an AAC, the reflections are coming from the boundaries of the chamber. This
means that it is not possible to remove the diffracting object, making this approach
unsuitable for application in an AAC. In [78] an integral relation is used to estimate
the scattered field from the total pressure observed with microphones. This inte-
gral relation results in a mathematical operator, a matrix of filters to be applied on
the error microphones. To obtain the mathematical operator, identification sources,
of which the sound radiation patterns are known, are used to minimize the differ-
ence between the diffracted pressure and the output of the mathematical operator.
However, discretization and regularization of the inverse problem are open ques-
tions. Furthermore, the design of a reference source with a known radiation pattern
at lower frequencies is not so trivial, and might need improved low-frequency cali-
bration solutions [79]. Another approach to separate the ingoing and outgoing wave
fields is introduced in [30]. This method uses immersive boundary conditions (IBC)
to virtually expand a physical domain. The full domain is seen as the physical do-
main embedded within a virtual domain. In between the physical and the virtual do-
main is a region that is bounded on the inner boundary by the recording surface, and
on the outer boundary by the emitting surface. To separate the ingoing and outgoing
wave fields, the extrapolated particle velocity of the full domain is required ahead
of time. This particle velocity is obtained by using the Kirchhoff-Helmholtz integral
to extrapolate the wave fields from the recording surface to the emitting surface.
The particle velocity at the recording surface is then also required; this is obtained
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through a finite-difference approximation with pressure measurements integrated
in time. To account for differences in sensor coupling, inaccuracies in the estimated
medium properties and sensor separation distance, and errors introduced due to
the pressure interpolation and discretization of the finite-difference approximation
time integral, a pre-computed frequency-dependent calibration filter is applied. The
downside of this approach is the assumption of ideal sources and sensors for which
a calibration solution is not shown. A completely different approach, to remove the
imprint of the boundaries after the experiment has taken place, is shown in [80]. In
this work, a multidimensional deconvolution method (MDD) is proposed, in which
recorded experimental data is post-processed to remove the scattering imprint re-
lated to the domain boundary, such that the Green’s functions associated with a
scattering object of interest are obtained. The MDD method works with linear and
time-invariant media. Similar to [30], a recording surface is required, which needs
to satisfy the spatial Nyquist criterion. The source distribution does not need to sat-
isfy the Nyquist criterion but needs to illuminate the medium inside the recording
surface from all directions. The extrapolation of the waves in the method with IBCs
of [30] needs to happen in real-time during a physical experiment, which is com-
putationally expensive. On the other hand, MDD is significantly simpler to operate
than an active system, since it is carried out after the physical experiment [80]. This
method could also be used to obtain the Green’s function of the reflected sound field.
With the Green’s function of the reflected sound field the translation from the total
acoustic sound field to the reflected acoustic sound field can be made, which can
be implemented with an ANC system. However, the inverse problem is ill-posed,
which could result in distorted waveforms due to inversion errors.

1.5 Active control in an acoustic anechoic chamber

This section describes previous related work dedicated to the extension of the op-
erable frequency range in AACs by implementation of active systems. In [81] an
active sound absorber with a porous plate is presented. The active part has a role of
realizing the zero pressure termination of the porous plate, by matching the flow re-
sistance to the characteristic impedance of air. In [82, 83] so-called hybrid absorbers
are studied. The term hybrid refers to the combination of passive absorbing mate-
rials and an active component. The absorption material is placed at a distance from
a movable wall, leaving an air space. The control system matches the back surface
impedance of the absorption layer to the characteristic impedance of air. The result
is an impedance matching technique to minimize the reflected wave from the ab-
sorption layer. In [75] the active control of acoustic reflection, absorption and trans-
mission using thin panel speakers is shown. The panels are controlled electronically,
which allows the provision of surfaces with desired reflection coefficients. In [84] the
active control of wall impedance is proposed and demonstrated with an experiment
in a one-dimensional cavity, which is shown to give the same optimal performance
as classical feedforward schemes. However, all previously mentioned experiments
have been conducted in a plane-wave field with a normal incidence angle. Further-
more, the absorption coefficient estimated in plane-wave field conditions might not
be as representative of actual absorption performance inside a room [85]. Therefore,
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a study has considered the influence of the incidence angle as well [86], although this
needs further development to work with broadband excitation. The method of ac-
tive impedance control in a three-dimensional volume is shown in [87], but does not
offer global sound pressure level reduction for broadband excitations. The benefit of
local absorbing conditions is that the information of the diffracted sound field is not
required. However, although these methods have achieved locally reacting absorb-
ing conditions, this does not achieve a true anechoic condition, as shown in [87, 88].
Therefore, methods that take a non-local boundary condition into account have been
presented. In [78] a simulation of active control in an AAC is presented, but the ver-
ification on an experimental setup has not yet been shown. A physical approach
to expanding a finite-size laboratory with a virtual domain using active boundary
control is shown in [30]. An experiment with a one-dimensional tube is shown, in
which a reduction of 95% of the reflected energy in a frequency range from 0.6 − 5.6
kHz is achieved. This approach utilizes IBC’s, which have also been extended to
cloaking and holography [89] and elastic immersive wave experimentations [90,91].
However, the IBC method relies on ideal sources and sensors, in which frequency
dependence and directionality are not considered. This requires a calibration so-
lution, which has not yet been shown. An approach to remove the imprint of the
domain boundary from the measurements with the MDD method is shown in [80].
The MDD method can transform recorded data contaminated with the imprint of the
domain boundary to the Green’s functions that are only related to the interior scat-
terer(s). Conversely, it is also possible to obtain the scattering wave field due to the
enclosed volume. The MDD method is carried out after the experiment with post-
processing. However, it requires a recording surface with microphones that satisfy
the spatial Nyquist criterion, and it requires a source distribution. It is mentioned
that, theoretically, a movable source and movable receiver would allow the use of a
single source-receiver pair, but this has not been verified. The MDD method solves
a Fredholm integral of the first kind, which for a single source recording is highly
ill-conditioned. It is therefore suggested that multiple sources are used that illumi-
nate the medium inside the recording surface from all directions. Nevertheless, the
inverse problem is still ill-posed: it is also affected by the number of sources and
the frequency bandwidths and needs regularization. Due to the ill-posedness the
inverted waveforms could be distorted due to inversion errors. In [76] the real-time
active suppression of scattered acoustic radiation is presented and in [77] active con-
trol of scattered acoustic radiation for a three-dimensional object is shown. It was
found that the performance of the active control system is limited by the number of
channels that are manageable. In general, control strategies are limited to relatively
low frequencies, because, in many applications, the number of control sources re-
quired to achieve accurate secondary field generation increases as the wavelength
becomes smaller [92]. Therefore, it is necessary to be able to increase the number
of sources and sensors of an ANC system, for which algorithms with reduced com-
putational complexity and memory consumption are needed to compute the filter
coefficients.
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1.6 Problem definition

In this section the problem is defined. The problem is separated into the description
of the AAC, which suffers from low-frequency acoustic reflections, and the control
architecture which is the technique considered to suppress the acoustic reflections.

1.6.1 The acoustic anechoic chamber

Existing AAC’s suffer from low-frequency reflections of up to 200 Hz [18,31,32], due
to limitations of the passive absorption material. If the sound wave encounters the
absorption material and is not perfectly absorbed, this results in the generation of a
secondary wave field. The secondary wave field is superimposed upon the original
incident field and creates interference and modification of the pressure and intensity
distributions. The processes of the secondary wave field generation are broadly clas-
sified as scattering, diffraction and reflection [93]. The scattering of acoustic waves is
defined as: ”A way by which obstacles or medium fluctuations of small dimensions
can modify acoustic wave propagation in the medium” [94]. Furthermore diffraction
is defined as: ”The capacity of sound waves to bend at the edge of a barrier” [95].
The terms scattering and diffraction are often used interchangeably. Scattering is a
broader term, however. For example, scattering from a rough surface may not in-
volve diffraction [96]. Lastly, reflection is defined as: ”the result of the constructive
interference of many scattered or diffracted waves originating from scatterers in a
stratified medium” [97]. In this thesis the term reflected sound field is used, which
describes all the sound waves that are reflected from the walls. Hence, the inward
traveling sound waves originating from the boundaries of the AAC are considered.
In order to employ an ANC system to suppress the reflections, the reflected sound
field needs to be known, which is one of the problems studied in this thesis.

1.6.2 The control architecture

To suppress the low-frequency reflections in an AAC a centralized multichannel
fixed-gain feedforward ANC system is considered. However, in order to obtain
satisfactory performance, the number of sources and sensors should increase for
smaller wavelengths and increasing geometry sizes [47, 50, 76, 77]. The increase in
sources and sensors leads to higher computational complexity and memory con-
sumption. Therefore, algorithms with reduced computational complexity and mem-
ory consumption are needed. The algorithms operate by having a system model of
the response of the system. The system is modelled with digital filters, which in this
thesis are FIR filters. Reasons for this choice are that 1) an FIR filter is always sta-
ble, while an IIR filter is not necessarily stable [44, 60] and may be more susceptible
to suffer from numerical instability issues [61], and 2) the use of state-space models
requires an accurate MIMO state-space model, which can be difficult to obtain [53].
Furthermore, the use of the FIR descriptions allows for relatively straightforward
extension, conversion and improvement of most existing algorithms. The goal of
this approach is a solution strategy to compute the control coefficients for a control
system, which is scalable to any specific AAC with varying dimensions and require-
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ments, to suppress the low-frequency reflections and therefore extend the operable
frequency range of the AAC.

1.6.3 Basic assumptions

In this thesis the following assumptions are made on the systems and signals con-
sidered:

1. Stochastic, stationary and broadband disturbances are generated by the ob-
ject to be studied, located in the middle of the AAC. The disturbance signal is
assumed to be a random noise process, which is stationary in time [44]. The
term broadband refers to the power spectrum, meaning that the power of the
disturbance signal is distributed over a particular bandwidth.

2. Linear time invariant dynamic systems are assumed, which includes the fluid
whose behaviour is assumed to be linear, inviscid, adiabatic and homoge-
neous. Under these assumptions, acoustic waves in enclosures can be de-
scribed by partial differential equations. Furthermore, the sources and sensors
can be considered linear as long as the voltages and amplitudes stay relatively
low. Due to the linearity assumption, the systems involved are assumed to
obey the superposition principle. Lastly, the systems are assumed to be time
invariant, which means that the system function is not a direct function of time.

3. An upstream correlated reference signal is available, obtained with reference
sensors, which allows for feedforward control architectures to be applied.

4. Microphones are preferred, although more advanced sensors are available, for
example acoustic vector sensors [98] and particle velocity sensors [99]. Further-
more, particle image velocimetry [100] is an optical measurement technique
which allows the particle velocity to be obtained.

1.7 Research objectives

Following the literature review and problem definition, the research objectives are
defined as follows:

To develop a technique to compute the reflected sound field such that active
control can be applied to suppress the reflections from the walls. In order to design
a control system with the objective of suppressing reflected sound waves from the
walls, an accurate estimation of the reflected sound field must be obtained in real-
time. Ideally, this technique should allow the use of pressure microphones, which
reduces the cost of the system and allows for easy calibration procedures.

To develop an efficient method to compute a set of causal fixed-gain FIR control
coefficients, which allows the control of large-scale systems with large numbers of
sources and sensors. As found in the literature, to effectively apply ANC for increas-
ing geometry sizes and decreasing wavelengths, the required number of sources and
sensors increases.

To implement an offline active technique to suppress reflections from the walls
in a numerical study, and verify its effectiveness. Numerical studies allow for
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scaled-up system sizes with up to hundreds of sources and sensors, which at this
stage cannot feasibly be tested in real-time.

To implement a real-time active technique to suppress reflections from the
walls. Although a numerical study of the developed techniques is able to show the
effectiveness, this relies on the mathematical models and typically simulates ideal
circumstances, without sensor noise, hardware constraints or environmental influ-
ences. Therefore, the developed techniques should be implemented on a real-time
system to show the effectiveness and performance to suppress the acoustic reflec-
tions from the walls.

1.8 Research achievements

The contributions of this thesis are listed under methodological achievements or
implementation related achievements.

1.8.1 Methodological achievements

A technique to compute the reflected sound field is developed, which evaluates
the Kirchhoff-Helmholtz integral (KHI). The method requires the particle velocity
and acoustic pressure on a contour, which makes it possible to compute the reflected
sound field within the contour due to sources positioned within the contour. The
particle velocity is estimated with microphones positioned in radial outward direc-
tion (Chapter 3).

An iterative least mean squares (LMS) algorithm is developed, in which pre-
conditioning and prewhitening filters are applied to improve convergence speed.
These filters are derived in the frequency domain and delayed in the time domain to
ensure causality (Sec. 4.2).

A preconditioned conjugate gradient time domain algorithm is improved, with
the addition of regularization. The regularization is needed to maintain control sta-
bility in systems with internal model control, and therefore allows practical imple-
mentation in an AAC to suppress the reflections (Sec. 4.3).

A causally constrained frequency domain conjugate gradient algorithm is de-
veloped, which, due to the frequency domain computations, offers low computa-
tional complexity and memory consumption, while being causally constrained to
compute causal filter coefficients (Sec. 4.4).

1.8.2 Implementation related achievements

The KHI method is verified with a numerical study, by comparing the results com-
puted with the finite element method, to show 1) that the output of the KHI within
the contour for a source inside the contour is the reflected sound field, 2) that the
output of the KHI within the contour for a source outside the contour is the total
sound field, 3) the error introduced by the particle velocity estimation and 4) the
error introduced by noise at certain microphones on the contour. (Sec. 5.2).

The iterative LMS algorithm is applied in a numerical study, together with the
KHI, with the objective of suppressing the reflections from the walls. The system
configuration is based on the experimental setup (Sec. 5.3).
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The causally constrained frequency domain CG algorithm is applied in a nu-
merical study, together with the KHI, with the objective of suppressing reflections
from the walls using a large-scale ANC system (Sec. 5.4).

Real-time implementations on a small-scale experimental setup are shown, in
which the efficient PCG time domain algorithm is applied together with the KHI
method in Sec. 6.3. The same implementation is shown using the causally con-
strained frequency domain CG algorithm together with the KHI method in Sec. 6.4.
The results of both implementations show that the reverberation time has effectively
been reduced.

1.9 Outline of the thesis

With reference to Fig. 1.4, the outline of the thesis is as follows. In Chapter 2 the de-
scription of the physics and algorithms for ANC are given. The first part describes
the fundamental equations for acoustics, and the second part describes algorithms
for ANC. In Chapter 3 the method of computing the reflected sound field due to
the primary sources is derived. In Chapter 4 three different algorithms are derived,
starting with the derivation of the FD-RMFE algorithm in Sec. 4.2, followed by the
derivation of the PBC-CG algorithm in Sec. 4.3 and lastly in Sec. 4.4 the CC-CG al-
gorithm is derived. In Chapter 5 the numerical studies are shown. The method of
computing the reflected sound field is verified in Sec. 5.2. A numerical study to sup-
press the reflections from the walls involving the method to compute the reflected
sound field and the FD-RMFE algorithm is shown in Sec. 5.3. A numerical study
to suppress the reflections from the walls with a large-scale system involving the
method to compute the reflected sound field and the CC-CG algorithm is shown in
Sec. 5.4. A small-scale setup is built, which is used to verify the developed methods
in real-time. A real-time experiment in which the control coefficients are computed
with the PBC-CG algorithm is shown in Sec. 6.3, and in which the control coefficients
are computed with the CC-CG algorithm is shown in Sec. 6.4. The conclusions are
given in Chapter. 7.

The outline of the appendices is as follows. In Appendix A.1 an example is given
on how to compute the reflected sound field with the finite element method, which
allows for comparison with the output of the KHI due to the primary sources in
Ch. 5. In Appendix A.2 the calibration procedure for the microphones is shown.
In Appendix A.3 the electrical scheme of the microphone pre-amplifiers is shown.
Lastly, in Appendix A.4 the FRFs of all involved transfer paths of the experimental
setup are shown.
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Figure 1.4: Dependencies among the chapters in this thesis.
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Chapter 2
Description of the physics and

algorithms for active noise control

This introductory chapter describes the existing physics and existing active noise
control algorithms for acoustic applications, which are the basis for the methods
and algorithms derived in this thesis. To employ an ANC system to suppress the
acoustic reflections in the AAC, the reflected sound field needs to be known. The
first part of this chapter is dedicated to the description of the fundamental equations
for acoustics in Sec. 2.1, which is relevant for the computation of the reflected sound
field. The second part of this chapter describes the existing algorithms and mod-
elling strategies for ANC in Sec. 2.2. These algorithms and modelling strategies are
the basis of the derivation of the algorithms with reduced computational complexity
in this thesis.

2.1 Fundamental equations for acoustics

The AAC considered in this thesis is schematically shown in two dimensions in
Fig. 2.1. The chamber could be of any dimensions, but is typically in the order of
several metres in each dimension, see for example [31, 32]. It is assumed that at all
the boundaries of the AAC, including the floor and the roof, absorption material is
applied, which in the figure is drawn as a wedge, because this was found to be the
best performing shape [18]. Furthermore, it is assumed that the object to be stud-
ied, is positioned in the middle of the AAC, indicated with the circle. The object to
be studied in the AAC is assumed to generate noise with a spectral content of any-
where up to 20 kHz. As mentioned in the literature, the thickness of the absorption
material is related to the wavelength of the acoustic waves. Therefore, with longer
wavelengths (and thus lower frequencies), the performance of the absorption mate-
rial at the boundaries of the AAC deteriorates, and the sound wave is not perfectly
absorbed. The non-perfect absorption of the lower frequency sound waves results
in low-frequency reflections. For an ANC system to suppress these reflections, the
reflected sound field needs to be known. Therefore, this section describes the funda-
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Figure 2.1: Two-dimensional configuration of a typical acoustic anechoic chamber,
with wedges at its boundaries, and the object to be studied to be positioned any-
where in the circle.

mental equations for acoustics, which introduce the relevant physics, equations, as-
sumptions and boundary conditions. With these fundamental equations for acous-
tics, the KHI is derived in the next chapter, which is used to compute the reflected
sound field. The description of the physics starts with the acoustic wave equation.

2.1.1 The acoustic wave equation

Acoustic disturbances can usually be regarded as small-amplitude perturbations to
an ambient state (p0, ρ0, v0), which are the ambient pressure, density and particle
velocity, respectively. With a disturbance present, this can be written as

p = p0 + p′, ρ = ρ0 + ρ′, (2.1)

in which p′ and ρ′ denote the pressure and density perturbations [101], respectively.
Because it is assumed that the density and particle velocity fluctuations are small
in comparison with the ambient state, the use of a linear approximation of the mass
conservation and momentum equation is valid. Throughout this thesis it is assumed
that the behaviour of the fluid is linear, inviscid and adiabatic and that body forces
do not influence the dynamic behaviour. In specific cases these assumptions do not
hold: for example, a sound wave can become non-linear when relatively high sound
pressure levels are reached. Also, loudspeaker dynamics can become non-linear
with relatively high driving signal amplitudes. These limitations of the assump-
tions should be considered while implementing the control system. By neglecting
the second- and higher-order terms, the acoustic approximation to the linearized
inhomogeneous equation of mass conservation [101] is written as

∂ρ′

∂t
+ ρ0∇v′ = q, (2.2)
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where ∇ denotes the gradient operator, v′ denotes the perturbation of the particle
velocity and q represents the rate at which mass is added to the medium [101]. Sim-
ilarly, by neglecting the second- and higher-order terms, the acoustic approximation
to the linearized inhomogeneous momentum equation [101] is formulated as

ρ0
∂v′

∂t
+∇p′ = f, (2.3)

in which f represents any external forces, for example body forces like gravity. The
equation to describe the behaviour of acoustic waves is called the wave equation
[96]. In order to obtain the homogeneous wave equation, it is assumed that no mass
is being added or removed (q = 0) and that there are no external forces (f = 0) acting
on the fluid. For an isentropic process, the linearized relation p′ = c2ρ′ holds [96]. In
[101,102] is shown that with the mass conservation equation, the divergence applied
to the momentum equation and by using the relation p′ = c2ρ′ the homogeneous
wave equation is obtained

∇2 p(x, t)− 1
c2

∂2 p(x, t)
∂t2 = 0, (2.4)

in which p(x, t) replaces p′ and denotes the acoustic pressure at position x and time
t. Furthermore, in this equation ∇2 is the Laplace operator and c denotes the speed
of sound in the medium. A typical value for the speed of sound in air at 20◦C is
343 m/s. Similar to the acoustic pressure p(x, t), the prime of v′ is dropped and the
particle velocity is denoted by v(x, t). The density of the acoustic medium is denoted
by ρ. Given a time domain signal like the acoustic pressure p(x, t), the frequency
domain version of this signal is written as

p(x, ω) = F (p(x, t)) =
∫ ∞

−∞
p(x, t)e-jωtdt, (2.5)

in which F (·) stands for the Fourier transform [103], ω = 2π f is the angular fre-
quency, f is the frequency in Hz and j =

√
−1 denotes the imaginary number. The

frequency domain representation allows analysis of how the content of the signal is
distributed within the frequency spectrum. Furthermore, in certain cases equations
can be more straightforward or computationally less expensive to solve in the fre-
quency domain than the time domain. An example is an equation that contains an
integral over time. Frequency domain representations are typically complex-valued,
consisting of both the magnitude and the phase of a set of sinusoids at each con-
sidered frequency. With the frequency domain representation, the inverse Fourier
transform F−1(·) is used to return to the time domain

p(x, t) = F−1(p(x, ω)) =
1

2π

∫ ∞

−∞
p(x, ω)ejωtdω. (2.6)

Substitution of the last relation into the wave equation in Eq. (2.4), and computing
the Fourier transform of the wave equation, the Helmholtz equation [104] is obtained

∇2 p(x, ω) + k2 p(x, ω) = 0, (2.7)
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in which k = ω/c is the wavenumber, which is dependent on the frequency. A
variable that is also dependent on the frequency is the wavelength, defined as

λ =
c
f

, (2.8)

which shows that the wavelength is inversely proportional to the frequency. Next to
the acoustic pressure, another important quantity related to sound waves is the par-
ticle velocity v(x, t), which describes the velocity of the fluid particles as they move
back and forth as the sound wave propagates. The acoustic pressure and the parti-
cle velocity are related through the homogeneous linearized momentum equation in
Eq. (2.3) with f = 0, which is written as

ρ
∂v(x, t)

∂t
+∇p(x, t) = 0. (2.9)

This equation can be solved for the particle velocity by computing the integral

v(x, t) = −1
ρ

∫
∇p(x, t)dt. (2.10)

This integral is an example of an equation that is more straightforward to solve in
the frequency domain, in which case the equation is written as

v(x, ω) =
j

ρω
∇p(x, ω), (2.11)

which is obtained by taking the Fourier transform of Eq. (2.10). The wave equation
(Eq. (2.4)) and the Helmholtz equation (Eq. (2.7)) are defined without a source term,
because until now q = 0 in Eq. (2.2) and f = 0 in Eq. (2.3) were assumed. The object
to be studied in the AAC will generate sound so that this object can be seen as a
source or external force, depending on the object. Adding a point mass source at lo-
cation x0 with a volume rate of strength Qs in m3/s, appears on the right-hand side
of Eq. (2.2) by writing q = ρ

∂Qs(t)
∂t δ(x − x0). Similarly, by writing f = F(t)δ(x − x0) a

force F(t) is added on the right-hand side of Eq. (2.3). The derivation of the inhomo-
geneous wave equation is then similar to the homogeneous case as in shown in [101],
with the inhomogeneous mass conservation equation, the divergence applied to the
inhomogeneous momentum equation and the relation p′ = c2ρ′, written as

∇2 p(x, t)− 1
c2

∂2 p(x, t)
∂t2 = ∇ · (F(t)δ(x − x0))− ρ

∂Qs(t)
∂t

δ(x − x0), (2.12)

in which δ is the Dirac delta function, for which
∫ ∞
−∞ δ(t)dt = 1. The addition of the

point mass source and the external force on the fluid result in the inhomogeneous
Helmholtz equation [101], written as

∇2 p(x, ω) + k2 p(x, ω) = F(ω) · ∇δ(x − x0) + jωρQs(ω)δ(x − x0), (2.13)

in which F(ω) and Qs(ω) are the Fourier transform of the time-varying forces and
sources F(t) and Qs(t), respectively. Several types of sources and their mathematical
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descriptions can be found in [96, 101, 102]. The wave equation and the Helmholtz
equation do not inherently include any type of boundary conditions. In the case
of a bounded domain, the Dirichlet boundary condition, the Neumann boundary
condition and the Robin boundary condition are examples that can be applied. In
the case of an unbounded domain, a boundary condition is applied at infinity, called
the Sommerfeld radiation condition [105], defined as

lim
r→∞

r
h−1

2

(
∂p
∂r

− jkp
)
= 0, (2.14)

in which r denotes the radial distance starting from a harmonic source, and h denotes
the number of dimensions. This condition requires that as r approaches infinity, only
outgoing waves can exist and that no waves are allowed to travel from infinity to the
domain.

In acoustics, the range of signal amplitudes is very large. Therefore, a logarithmic
scale is very common in acoustics to compress this range. The logarithmic measure
is called a level. Although levels are unitless, they are expressed in decibels (dB),
which is widely used throughout this thesis. The most widely used level is the sound
pressure level (SPL) [106], which is a measure of the root mean square pressure of a
sound (prms), defined as

SPL = 20log10

(
prms

pref

)
, (2.15)

in which pref is the reference pressure. Next to the SPL, also the intensity level and
the sound power level are used in acoustics [96].

2.1.2 Green’s functions

The solution to the inhomogenous Helmholtz equation is typically dealt with by the
use of a Green’s function [60]. A Green’s function describes the complex pressure
field produced by a harmonic point monopole source for given acoustic boundary
conditions. The Green’s function is a solution of the inhomogenous equation [107],
written as:

(∇2 + k2)G(x|x0, ω) = −δ(x − x0), (2.16)

in which G(x|x0, ω) is the Green’s function, where the first argument denotes the
location of the listener, and the second argument denotes the location of the source.
A universal property of the Green’s functions is the reciprocity relation G(x|x0, ω) =
G(x0|x, ω), so G does not change, while source and listener positions are inter-
changed [101]. If the medium external to the source is unbounded, with the Sommer-
feld boundary condition at infinity, G is identified as the free-space Green’s function.
The forward Green’s function in a three-dimensional space, so that any position is
described with three degrees of freedom x = {x, y, z}, is written as:

G(x|x0, ω) =
e−jkR

4πR
, (2.17)

in which R = ∥x − x0∥ and the term e−jkR represents a forward propagation [108].
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In a two-dimensional space, which means that any position is described with two
degrees of freedom x = {x, y}, the Green’s function can be interpreted as the field
due to a line source at x0. The Green’s function can be derived by integrating the
three-dimensional Green’s function along one dimension [109], resulting in

G(x|x0, ω) = − j
4

H(2)
0 (kR), (2.18)

in which H(b)
a is the Hankel function of kind b and order a [110]. In cases of multiple

point sources, the Green’s functions follow the superposition principle. Thus, with
N point sources, the pressure amplitude satisfies the Helmholtz equation in Eq. (2.7)
as a linear combination [101], written as:

p(x, ω) =
N

∑
n=1

ŜnG(x|x0, ω), (2.19)

in which Ŝn is the source strength of the corresponding source n.

2.1.3 Reverberation time

At this point the relevant physics, equations, assumptions and boundary conditions
are introduced to derive the KHI, which is used to compute the reflected sound
field. However, with the objective of removing the reflections in an AAC, a measure
to indicate whether the reflections are being suppressed is necessary. One of the pos-
sibilities is to compute the reverberation time (RT). The RT defines the time required
for the SPL to decrease after the source of sound has stopped. Typically the RT is de-
noted by T60, which represents the time measure by which the SPL has decreased by
60 dB. The reflections increase the reverberation time, due to the sound waves that
keep bouncing between reflectors. So, by suppressing the reflections, the RT should
decrease. For an empty room, the RT is predictable using Sabine’s equation [101],
written as:

T60 =
0.161V
∑i αi Ai

, (2.20)

in which V is the volume of the room, Ai is the area of element i, characterized by
an absorption coefficient αi. The equation shows that the RT increases with the room
dimensions, and decreases with the amount and quality of the absorption. A method
to estimate the RT from a room’s impulse response is with the Schroeder integration
method [111], also known as reversed time integration.

With the RT to determine the effectiveness of suppressing the reflections, the rel-
evant physics to compute the reflected sound field and to measure the effectiveness
are described. The next section describes the algorithms and modelling strategies
for ANC, which is the basis for the algorithms derived in this thesis.

2.2 Algorithms for active noise control

Once the reflected sound field is known, the goal of the ANC system is to suppress
the low-frequency reflections that are present in an AAC. The ANC system should
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complement the passive absorption, which takes care of the medium to high fre-
quency range. The object to be studied in the AAC is represented by a set of primary
sources, which generate stationary and ergodic noise from the middle of the cham-
ber, anywhere in the indicated circle of Fig. 2.1. Although it is assumed that the
object to be studied generates noise with a spectral content of anywhere up to 20
kHz, the medium to high frequencies are taken care of by the passive absorption. As
found in literature, typical AAC’s have a cut off frequency at about 200 Hz [18,31,32].
Therefore, the ANC system should be able to take care of the lower frequency reflec-
tions of up to about 200 Hz. To ensure overlap in the frequency range between
the passive absorption and the ANC system, however, this upper frequency limit is
ideally increased to about 600 Hz. In order to obtain satisfactory performance, the
number of sources and sensors of the ANC system should be increased for smaller
wavelengths and larger geometries [47, 50, 76, 77]. However, with larger number of
sources and sensors, both the computational complexity and the memory consump-
tion increases, so algorithms with reduced computational complexity and memory
consumption to compute the set of filter coefficients for large systems are needed.
In this section the existing algorithms, properties and modelling strategies for ANC
are introduced; this is the basis for the derivation of the algorithms with reduced
computational complexity and memory consumption in this thesis.

The variables in the previous section were functions of a continuous time variable
t, while in this section the time variable is assumed to be discrete and to represent
the sampled version of the physical signals from the previous section. To design a
control system to suppress the reflections in an AAC, a mathematical model of every
transfer path involved is required. The object to be studied in the AAC is considered
as a combination of primary sources. In this case the transfer paths need to be mod-
elled, such as the primary path from the primary sources to the error sensors, the
secondary path from the secondary sources to the error sensors, the feedback path
from the secondary sources to the reference sensors, and the set of filter coefficients
that generate the control signals from the reference signals.

A general system can be written as a discrete-time state-space system [62], fol-
lowing

x(n + 1) = f (n, x(n), u(n)),
y(n) = h(n, x(n), u(n)),

(2.21)

in which n denotes the sample moment, u(n) ∈ RM×1 is the vector of M input
signals, y(n) ∈ RL×1 is the vector of L output signals and x(n) ∈ RS×1 is a vector
with the S states of the system. Two examples are given to describe the primary
and secondary paths. In the case of the primary path, u(n) are the driving signals of
the primary sources and y(n) are the disturbance signals measured at the error mi-
crophones. Similarly, in the case of the secondary path, u(n) are the driving signals
of the secondary sources and y(n) are the secondary signals measured at the error
microphones. In both cases x(n) are the state variables that describe the internal
dynamics.

The relations between these variables are described by the functions f and h,
which are dependent on the sample moment. By assuming time-invariant systems
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[62], this is written as

x(n + 1) = f (x(n), u(n)),
y(n) = h(x(n), u(n)),

(2.22)

so that the functions f and h are not a function of time. Then, by assuming that the
functions f and h are linear with respect to x(n) and u(n) [62, 67], the system obeys
the superposition principle [44], and can therefore be written as

x(n + 1) = Ax(n) + Bu(n),
y(n) = Cx(n) + Du(n).

(2.23)

This is a description of a linear time-invariant (LTI) system [112] in state-space form,
with A ∈ RS×S , B ∈ RS×M, C ∈ RL×S and D ∈ RL×M. Throughout this thesis
linearity and time-invariance are assumed for all the systems and signals involved.
While state-space models offer a powerful framework, a subspace model identifica-
tion method to obtain an accurate description of the model is required. This state-
space model can be difficult to obtain [53], especially for MIMO acoustic systems
which yield high-order models [113]. High-order models are more difficult to use
for control design [114] and also require more computational resources for real-time
applications [115]. Besides the state-space formulation, an LTI system can be repre-
sented in different forms [114]. The first part of Eq. (2.23) can be written as

x(n + 1) = qx(n) = Ax(n) + Bu(n), (2.24)

in which q is the forward shift operator1. If the operator [qI − A] is boundedly
invertible [62], then the previous equation can be written as

x(n) = (qI − A)−1Bu(n), (2.25)

where I ∈ RS×S is an identity matrix. By expanding Eq. (2.25) into an infinite series
as shown in [62], the digital filter

y(n) =
∞

∑
i=0

h(i)u(n − i), (2.26)

is obtained, where h ∈ RL×M is the matrix of impulse responses of the system
[62, 67], denoted by

h(n) =


0, n < 0,
D, n = 0,
CAn−1B, n > 0,

(2.27)

which could also be found by applying impulse inputs to Eq. (2.23) following [67].
The impulse response of the digital filter is causal, because h(n) = 0 for n < 0. If the
impulse response decays to zero within finite time, the system is called a finite im-
pulse response (FIR) system, otherwise it is called an infinite impulse response (IIR)

1q denotes the forward shift operator. The operator q−1 corresponds to the delay of 1 sample, which
can be written as q−1x(n) = x(n − 1).
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system. In digital signal processing, the recursive IIR filter and the non-recursive FIR
filter are common modelling approaches [44,116]. IIR filters are most appropriate for
lightly damped structural systems due to their efficiency with fewer coefficients [44].
However, they can suffer from parasitic oscillations, although these can be mitigated
by using wave digital filters [117] and certain state-space structures [118]. On the
other hand, FIR filters have poles only at zero [44], ensuring stability as long as the
coefficients are bounded [60]. Furthermore, in practice, FIR filter coefficients can be
easier to identify than those of IIR filters [44]. However, FIR filters typically require
higher orders than IIR filters to achieve the same level of accuracy. Despite this,
high-order FIR filters can be efficiently implemented using the fast fourier trans-
form (FFT) [118]. In general, the number of coefficients in an FIR filter decrease with
an increase in the amount of damping in the system [44]. Nevertheless, as found in
the works of [119, 120] an FIR model can be just as accurate as an IIR model with
a similar number of coefficients in three-dimensional enclosures. This holds true
even when the enclosure is not well damped [44]. Furthermore, FIR filters can be
efficiently estimated, are robust against noise [114, 121], and typically the FIR filter
design formulation is a convex problem [122]. While a Kautz filter [123] is presented
as a different modelling approach in situations with for example long reverberation
times, in which the use of a FIR filter requires a lot of coefficients, the Kautz filter
comes with a higher computational complexity. Therefore, the systems involved in
the algorithms derived throughout this thesis are modelled with FIR filters, and the
next section gives the description of an FIR filter.

2.2.1 Finite Impulse Response

In order to compute the output of the digital filter in finite time, the expansion in
Eq. (2.26) is truncated to I samples, so that the digital filter is written as

y(n) =
I−1

∑
i=0

hix(n − i), (2.28)

i.e. a digital filter with a FIR of length I, which is a tapped delay line. The impulse
response of the filter is calculated by setting x(n) = δ(n), a Kronecker impulse exci-
tation, to obtain:

y(n) =

{
hn, 0 ≤ n ≤ I − 1,
0, otherwise,

(2.29)

in which y(n) is the impulse response at n. The output of the digital system can be
written as

y(n) = H(z)x(n), (2.30)

in which
H(z) = h0 + h1z−1 + h2z−2+, . . . ,+hI−1z−I+1, (2.31)

is the transfer function which relates the z-transform1 of the output sequence to the
z-transform of the input sequence. Previously, the operator q was introduced as the

1The two-sided z-transform of a sequence h(n) is defined as H(z) = ∑∞
n=−∞ h(n)z−n [60]. The fre-

quency response is obtained by substitution of z = ejωT , in which j =
√
−1 and ωT is the normalized

angular frequency [44].
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Figure 2.2: Block diagram of a general fixed-gain MIMO feedforward system.

forward shift operator. However, following [44], in the remaining text the operator z
denotes the forward shift operator in the time domain signals so as to be consistent
with the literature. To accurately represent a system, the number of filter coefficients
I should be sufficient for the impulse response to have decayed.

2.2.2 Fixed-gain feedforward control

With the description of an FIR filter, (acoustic) systems can be modelled by measur-
ing the input and output signals of the system involved. Furthermore, an FIR filter
can also be specifically designed for certain objectives, which allows the implemen-
tation of an ANC system. It is assumed that the object to be studied is placed in
the middle of the AAC. This results in an advantageous distance to obtain an up-
stream reference signal. This reference signal could be obtained from microphones,
or acceleration/velocity sensors placed on the object. With an upstream reference
signal available, a feedforward control system can be employed. In Fig. 2.2 a block
diagram of a general MIMO fixed-gain feedforward control system is shown. In this
block diagram, the secondary path from the secondary sources to the error sensors
is modelled by an FIR filter G(z) ∈ RL×M, in which L denotes the number of er-
ror sensors and M denotes the number of secondary sources. The secondary path
FIR filter needs to be computed beforehand with an identification procedure using
the input and output signals [44]. The control coefficients can be modelled with an
FIR filter, denoted by W(z) ∈ RM×K, in which K denotes the number of reference
signals. Compared to a fixed-gain implementation, an adaptive configuration also
incorporates the control filter coefficients update step, which increases the real-time
computational complexity. Therefore, it is assumed that the control coefficients have
a fixed gain.

The set of control coefficients can be designed in many ways, but in general for
ANC, the objective is to suppress the error signal by finding a set of control coeffi-
cients which minimize a cost function. From this point, the term controller refers to
the control system (i.e. computer) instructed with the set of control coefficients W(z).
The objective of the controller is to minimize the error signal e(n) = d(n) + y(n), in
which e(n) ∈ RL×1, d(n) ∈ RL×1 denotes the disturbance signal and y(n) ∈ RL×1

denotes the secondary signal. The secondary signal is the control output signal
u(n) ∈ RM×1 filtered by the secondary path G(z), following

y(n) = G(z)u(n). (2.32)

The control output signal u(n) is the reference signal x(n) ∈ RK×1, filtered by the
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set of control coefficients W(z), written as

u(n) = W(z)x(n). (2.33)

As an illustration of ANC, the example given in Fig. 1.3 is used. The reference
signal x(n) is measured by the microphone (2) next to the engine. This reference
signal is fed to the controller (3), which computes the convolution of the set of filter
coefficients W(z) with the reference signal to result in the control output signal u(n).
The control output signal is driving the secondary source (4), which generates the
secondary signal y(n) at the microphone (6) located in the cabin. The secondary
signal cancels the disturbance signal d(n), so that the error signal e(n) measured at
the microphone (6) in the cabin is being suppressed.

Assuming that the disturbances in the AAC are stationary in time, a set of fixed-
gain control coefficients W(z) is used. However, they need to be re-computed if the
disturbance signal changes. Furthermore, it is assumed that a feedforward reference
signal is available in the AAC, which allows the implementation of a feedforward
controller. Therefore, the fixed-gain feedforward control setup shown in this section
can be applied to suppress the reflections in an AAC, with two challenges. First
of all, the reflected sound field needs to be known, in order to design a set of con-
trol coefficients W(z) that specifically tries to suppress the reflections. Furthermore,
as explained in the introduction, for effective control in larger geometries and with
shorter wavelengths, the number of sources and sensors increases quickly. There-
fore, obtaining the set of control coefficients W(z) for systems with a large number
of sources and sensors can become computationally expensive. The next sections
show the derivation of existing algorithms, which forms the basis for developing
the algorithms with reduced computational complexity and memory consumption
in this thesis.

To derive the existing algorithms, a feedforward system is assumed. The block
diagram in Fig. 2.2 is purely feedforward, which is possible only in cases without,
or with very little contamination of the reference signals, which might be possible if
acceleration, velocity or other types of sensors are used, because these might have
a weak acoustic coupling with the secondary sources. However, when reference
microphones are used, internal model control (IMC) [44] is typically applied to com-
pensate for the contamination of the reference signals due to the secondary sources.
The idea of IMC is explained in the next section.

2.2.3 Internal model control (IMC)

Depending on the system configuration, the secondary source signals can signifi-
cantly contaminate the reference signals. In general, this is the case if reference mi-
crophones are used, because the acoustic coupling with the secondary sources is typ-
ically strong. The coupling between the reference microphones and the secondary
sources is schematically shown in the block diagram depicted in Fig. 2.3, in which
one can see a feedback loop from the control signals u(n) driving the secondary
sources to the reference signals x(n) via the path modelled with Gs(z) ∈ RM×K. This
feedback signal can lead to a reduction in performance or instability of the noise con-
trol system, because a perfect feedforward model is assumed to compute the control
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Figure 2.3: Block diagram of a multichannel feedforward control system with feed-
back cancellation using internal model control.

coefficients W(z). A method to account for the feedback path is by having an inter-
nal model of the feedback path Ĝs(z) ∈ RM×K. Using this internal model, the feed-
back signals are predicted and subtracted from the measured reference signals [44].
The real feedback signals indicated with the filter Gs(z) are being added to the ref-
erence signals. Therefore, a model of the feedback path Ĝs(z) is used to predict and
subtract the feedback signals from the reference signals. If the model of the feedback
path is perfect, so that Gs(z) = Ĝs(z), then the block diagram becomes purely feed-
forward, which is assumed in Sec. 2.2.2. It is assumed that by implementing IMC a
feedforward configuration is obtained. The next section describes the derivation of
the optimal set of control coefficients in the time domain, by assuming a feedforward
configuration.

2.2.4 The optimal set of control coefficients in the time domain

By assuming that a (perfect) feedforward configuration is available, the set of op-
timal time domain control coefficients can be derived. As already explained, in
Eq. (2.33) the controller needs a set of instructions, named the control coefficients
W(z). The optimal causal set of control coefficients in the time domain is known as
the Wiener filter and shown in [44]. The derivation starts in index-form, but could
also be fully represented in a vector-form. With reference to the feedforward scheme
in Fig. 2.2, the error signal is defined as

el(n) = dl(n) +
M

∑
m=1

J−1

∑
j=0

glmjum(n − j), (2.34)

in which glmj represents the impulse response from the m-th secondary actuator to
the l-th error sensor with a J-th-order FIR filter. The signal driving the m-th sec-
ondary actuator is defined as

um(n) =
K

∑
k=1

I−1

∑
i=0

Wmkixk(n − i), (2.35)

in which Wmki represents the set of control filters from the k-th reference sensor to
the m-th secondary actuator, with an I-th-order FIR filter. Therefore, the error signal
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can be written as

el(n) = dl(n) +
M

∑
m=1

J−1

∑
j=0

K

∑
k=1

I−1

∑
i=0

glmjWmkixk(n − i − j). (2.36)

Assuming that the filters glmj and Wmki are time-invariant, which is valid for sta-
tionary and ergodic signals [44], the filters can be re-ordered. The filtered-reference
signals are defined as

rlmk(n) =
J−1

∑
j=0

glmjxk(n − j). (2.37)

This then leads to a new form of Eq. (2.36) written as:

el(n) = dl(n) +
M

∑
m=1

K

∑
k=1

I−1

∑
i=0

Wmkirlmk(n − i), (2.38)

or in a vector form as

el(n) = dl(n) +
I−1

∑
i=0

W T
i rl(n − i), (2.39)

in which
Wi = [W11i, W12i, . . . , W1Ki, W21i, . . . , WMKi]

T , (2.40)

and
rl(n) = [rl11(n), rl12(n), . . . , rl1K(n), rl21(n), . . . , rlMK(n)]T . (2.41)

The error signal can now be written as

e(n) = d(n) + R(n)W , (2.42)

in which

R(n) =


rT

1 (n) rT
1 (n − 1) . . . rT

1 (n − I + 1)
rT

2 (n) rT
2 (n − 1)

...
. . .

rT
L(n) rT

L(n − 1) . . . rL(n − I + 1)

 , (2.43)

with
W = [WT

0 , . . . , WT
I−1]

T , (2.44)

and
d(n) = [d1(n), . . . , dL(n)]T . (2.45)

With the error signal expressed in the matrix form, the optimal set of filter coeffi-
cients is computed by minimizing the cost function. The cost function is defined as
the expectation of the sum of the squared error signals, written as

J = E
[
eT(n)e(n)

]
,

= W TE
[

RT(n)R(n)
]

W + 2W TE
[

RT(n)d(n)
]
+ E

[
dT(n)d(n)

]
,

(2.46)
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in which E [·] denotes the expectation operator. The solution of the previous opti-
mization problem has a global minimum if E

[
RT(n)R(n)

]
is positive definite, which

is the case if the inputs are sufficiently persistently excited [44]. The global minimum
is found by setting the derivative of J with respect to the filter coefficients W equal
to zero, written as

∂J
∂W

= 2E
[

RT(n)R(n)
]

W + 2E
[

RT(n)d(n)
]
= 0, (2.47)

which further can be solved for the optimal set of filter coefficients

Wopt = −E
[

RT(n)R(n)
]−1

E
[

RT(n)d(n)
]

. (2.48)

The matrix E
[
RT(n)R(n)

]
is of size MKI-by-MKI, and has a Toeplitz-block struc-

ture [124]. Direct inversion is possible, but this operation is computationally expen-
sive with a complexity of O((MKI)3). Levinson-Durbin recursion [71] reduces the
complexity from O(I3) to O(I2) for SISO systems, although this can be extended
to MIMO systems [125]. This algorithm solves the equations recursively to avoid
resolving them for each sample number [126]. In [127] a recursive algorithm is
shown that utilizes the structural and displacement-rank properties of the Toeplitz
matrix. It is mentioned that the extension to Toeplitz-block systems is straightfor-
ward, but this is not shown. The numerical stability and propagation of roundoff
errors during calculations has not yet been investigated. In [128] an implementa-
tion of the generalized Schur algorithm for a real positive definite Toeplitz matrix
is suggested, but, an extension to Toeplitz-block systems has not been presented.
In [129] an algorithm is shown to compute Padé approximants and to solve Toeplitz
systems of equations. It is shown that the Padé tables and Toeplitz systems are in-
timately related. It is mentioned that the algorithm can be generalized to deal with
Toeplitz-block systems, in which matrix coefficients rather than scalar coefficients
should be considered. However, the question of numerical stability is not studied.
In [130] the Bareiss algorithm [131] is used to calculate the coefficients in the Levin-
son recurrence and then the solution is computed using the Levinson recursion.
An extension towards Toeplitz-block matrices is not studied. These presented algo-
rithms [127–130] are named fast Toeplitz solvers, which have a computational com-
plexity of O(MKI log2(MKI)). The concept of displacement structure [132] has been
used to solve problems connected with Toeplitz matrices, in which the displacement
rank is introduced as a measure of how ’close’ to Toeplitz a given matrix is. Sim-
ilar to the displacement structure, hierarchical techniques are proposed [133–135].
With these hierarchical techniques, the matrix is represented in a sequentially semi-
separable (SSS) or a hierarchically semi-separable (HSS) structure, which requires
O((MKI)2) computational complexity for the conversion. Once in the SSS or HSS
representation, matrix inversion is of O(k3MKI) complexity [136] in which k de-
notes the level of hierarchy. A superfast structured solver for Toeplitz systems via
randomized sampling is proposed in [137]. In this work, the use of displacement
equations to transform a Toeplitz matrix into a Cauchy-like matrix is proposed. Such
a Cauchy-like matrix has low-numerical-rank off-diagonal blocks, which allows for
a fast conversion to the HSS representation. However, it is unclear whether this gen-
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eralizes to Toeplitz-block matrices. Iterative methods based on the conjugate gra-
dient (CG) method are proposed to solve the system of linear equations involving
a Toeplitz-block matrix [138, 139]. Later, preconditioning techniques are proposed
to improve convergence speed [140], resulting in the preconditioned conjugate gra-
dient (PCG) algorithm with a computational complexity of O(MKI log(MKI)) for
SISO systems. Different preconditioners are proposed [141–144], which introduce
refinements that try to further reduce the condition number to improve convergence
speed. Besides the algorithms for classical computers, algorithms to solve Toeplitz
systems for quantum computing are presented in [145, 146].

Apart from computing or precomputing the optimal set of control filters in the
time domain, it is also possible to deploy an adaptive algorithm [44]. The next sec-
tions show the derivation of different adaptive algorithms, starting with the filtered-
reference least mean squares (FxLMS) algorithm [44], which is shown in the next
section, to allow a natural comparison with the filtered-error least mean squares
(FeLMS) algorithm [44].

2.2.5 The filtered-reference least mean squares algorithm (FxLMS)

A commonly used adaptive algorithm in active noise control is the FxLMS algo-
rithm, which assumes that the plant model G(z) is available. In contrast to Sec. 2.2.4,
in which the control filters are assumed to be time invariant, with this algorithm the
control filters are time-variant and are only varying slowly in comparison with the
timescales of the plant dynamics. In such a case, the vector of error signals is denoted
by

e(n) = d(n) + R(n)W(n). (2.49)

Because the control filter coefficients W(n) are time-dependent, an instantaneous
cost function given by the instantaneous sum of squared outputs of the error signals
can be introduced:

J = eT(n)e(n),

= W T(n)RT(n)R(n)W(n) + 2W T(n)RT(n)d(n) + dT(n)d(n),
(2.50)

which is different from the cost function of the optimal time domain filter in Eq. (2.46),
defined as the expectation of the sum of squared error signals. The derivative of this
cost function with respect to the filter coefficients W(n) then reads

∂J
∂W(n)

= 2[RT(n)R(n)W(n) + RT(n)d(n)], (2.51)

which is referred to as the gradient, and can be rewritten as

∂J
∂W(n)

= 2RT(n)e(n), (2.52)

by substitution of Eq. (2.49). The vector of derivatives of the instantaneous squared
errors is used to adapt the control filter coefficients, which is used as an estimate for
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Figure 2.4: Block diagram of the filtered-reference LMS algorithm.

the output of the expectation operator. This gives the update rule of the multichannel
FxLMS algorithm

W(n + 1) = W(n)− αRT(n)e(n), (2.53)

in which α is the convergence coefficient, resulting in the FxLMS block diagram as
shown in Fig. 2.4. The total number of operations of this algorithm per sample is (I +
J)KLM [44]. A different popular adaptive algorithm with a lower computational
complexity in the case of multiple reference signals is the FeLMS algorithm.

2.2.6 The filtered-error least mean squares algorithm (FeLMS)

Besides the FxLMS algorithm, the FeLMS algorithm is also popular in ANC appli-
cations. A multichannel form of the FeLMS algorithm can be obtained starting from
the error signal in Eq. (2.36), by dropping the dependence on the primary sources,
resulting in a matrix-vector formulation:

e(n) = d(n) +
J−1

∑
j=0

I−1

∑
i=0

GjWix(n − i − j). (2.54)

With this error signal, the cost function in Eq. (2.46) is used [60], of which the deriva-
tive with respect to the elements of the i-th matrix of controller coefficients can be
written as

∂J
∂Wi

= 2E

[
J−1

∑
j=0

GT
j e(n + j)xT(n − i)

]
, (2.55)

as shown in [44]. The vector of M filtered-error signals is defined as

f(n) =
J−1

∑
j=0

GT
j e(n + j), (2.56)

which upon substitution in Eq. (2.55) results in

∂J
∂Wi

= 2E
[
f(n)xT(n − i)

]
. (2.57)
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Figure 2.5: Block diagram of the filtered-error LMS algorithm.

The derivative contains the expectation operator, which in practice would need to
be realized by performing an average over time after each iteration of the algorithm
[60]. This is very time-consuming and therefore an instantaneous version of this
derivative is used, which is taken at a specific moment in time instead of an average
over time. Using the instantaneous version of this derivative to adapt the matrix of
the i-th control filter coefficients at the n-th time, the multichannel adaptive form of
the filtered-error LMS algorithm reads as:

Wi(n + 1) = Wi(n)− αf(n)xT(n − i), (2.58)

which is known as the adjoint LMS algorithm, because the error is filtered through
an adjoint filter of the error channel [147]. However, Eq. (2.56) requires time-advanced
error signals, which are not available in causal systems. To mitigate the causality
problem, a delay of both the filtered-error signals and the reference signals by J − 1
samples is introduced, such that the update equation becomes

Wi(n + 1) = Wi(n)− αf(n − J + 1)xT(n − i − J + 1). (2.59)

This results in the FeLMS algorithm of which the block diagram is shown in Fig. 2.5.
The figure shows that the error signal is filtered causally with the delayed, trans-
posed and time-reversed version of the secondary path (z−J+1)GT(z−1), resulting
in the filtered-error signal. Furthermore, the reference signal is delayed by the same
number of samples, resulting in the delayed reference signal. The outer product of
the filtered-error signals and the delayed reference signals is then used to update the
control coefficients.

The total number of operations of this algorithm per sample is (IK + JL)M [44],
which is lower than the number of operations of the FxLMS algorithm when mul-
tiple reference signals are used. However, the FeLMS algorithm may have a lower
convergence rate than the FxLMS algorithm due to the added delay to make the
algorithm causal [44].

2.2.7 A rapidly converging filtered-error algorithm

The FeLMS algorithm as derived in the previous section suffers from poor conver-
gence due to the correlated reference signals and the coupled plant response. There-
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fore, the preconditioned LMS algorithm is proposed in [44]. In this algorithm, pre-
conditioning and decoupling filters are added in the secondary path to reduce the
coupling in the plant response. Furthermore, a prewhitening filter is added which
decorrelates and whitens the reference signals. However, the preconditioned LMS
algorithm still needs the delay in the adaptation path to ensure causality, similar to
Eq. (2.59). This delay results in reduced convergence speed. Therefore, a modified
and preconditioned version of the FeLMS algorithm is proposed in [54]. The block
scheme of the proposed algorithm is shown in Fig. 2.6. The figure shows that the
adaptation loop with the LMS update is completely free from any delays, by intro-
ducing a copy of the filter coefficients. With an inner-outer factorization approach
a preconditioning filter Ḡ−1

o , which is the inverse of the minimum-phase part of the
secondary path Ḡ, is computed. Furthermore, with the inner-outer factorization, the
adjoint Ḡ∗

i of the all-pass part of Ḡ is computed. The use of the preconditioning
filter at the control output signals, together with the adjoint filter Ḡ∗

i at the error sig-
nals, diagonalizes the system, so that frequency dependence is reduced. Lastly, the
scheme incorporates regularization of the secondary path Ḡ, to reduce the controller
output at frequencies where the secondary path has low amplification values. This
results in a rapidly converging filtered-error algorithm.
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Figure 2.6: Block diagram of the regularized modified filtered-error adaptive control
scheme [54].

The inner-outer factorization approach requires a state-space model of the plant,
and has a computational complexity of 2(N + M)2, in which N is the number of
states of the state-space model. Furthermore, the computational complexity of each
control filter is 2IKM and the computational complexity of the filtering of the error
signals is 4JLM [54].

2.2.8 The optimal set of control coefficients in the frequency domain

Besides the time domain strategies, the equations of the optimal controller can also
be expressed in the frequency domain. This section shows the derivation of the
causally unconstrained controller in the frequency domain, following the approach
shown in [44]. Using the same convention as in the time domain case, the Fourier
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transform of the error signal in Eq. (2.36) can be written in a vector-form as

e(ejω) = d(ejω) + G(ejω)W(ejω)x(ejω), (2.60)

in which G(ejω) is the matrix of FRFs of the secondary path and W(ejω) is the set
of control filter FRFs. The trace operator is invariant under circular shifts, allowing
for the most convenient method of analysis [44]. Therefore, the cost function is de-
fined as the trace of the outer product of the error signal summed over the primary
sources, as follows:

J = E
[
eH(ejω)e(ejω)

]
= tr.E

[
e(ejω)eH(ejω)

]
, (2.61)

in which the superscript (·)H denotes the Hermitian transpose and tr.(·) denotes the
trace operator. For simplicity of notation, in further text the explicit dependence on
(ejω) is left out. In the unconstrained case the matrix of controller responses that
minimizes the cost function independently at each frequency is found, which means
that after transformation to the time domain the controller is not necessarily causal.
By writing the filter coefficients as

W(z) =
I−1

∑
n=0

w(n)z−n, (2.62)

the non-causality occurs if
w(n) ̸= 0, n < 0, (2.63)

which means that the filter has a nonzero response in negative time. Substitution of
Eq. (2.60) into Eq. (2.61) results in

J = tr.E
[

GWxxHW HGH + GWxdH + dxHW HGH + ddH
]

. (2.64)

Because the expectation needs to be taken only over the stochastic parts, which in-
volve x and d, it is convenient to define the K-by-K matrix of power and cross spec-
tral densities for the reference signals as

Sxx = E
[
xxH

]
. (2.65)

The L-by-K matrix of cross spectral densities between the disturbance and reference
signals is defined as

Sxd = E
[
dxH

]
, (2.66)

and the L-by-L matrix of power and cross spectral densities for the disturbance sig-
nals is defined as

Sdd = E
[
ddH

]
. (2.67)

Using these definitions, the cost function in Eq. (2.64) further reads as

J = tr.
[

GWSxxW HGH + GWSH
xd + SxdW HGH + Sdd

]
, (2.68)
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from which the optimal filter can be derived at each frequency, by differentiating
the cost function with respect to the real R(·) and imaginary I(·) parts of W and
equating this to zero

∂J
∂R(W)

+ j
∂J

∂I(W)
= 2(GHGWSxx + GHSxd) = 0. (2.69)

The matrix of unconstrained optimal filter coefficients is found by solving the previ-
ous equation to obtain:

wopt = −[GHG]−1GHSxdS−1
xx , (2.70)

for each frequency, provided both [GHG] and Sxx are positive definite such that the
cost function in Eq. (2.68) has a unique global minimum [44]. Computing the so-
lution of Eq. (2.70) for each frequency is computationally more attractive than the
computation of the time domain controller in Eq. (2.48). However, the filter obtained
using this frequency domain approach is not necessarily causal, which means that it
may require knowledge of the future as well as the past behaviour of the reference
signal [60], as shown in Eq. (2.63). Therefore, a non-causal controller cannot be im-
plemented in real-time systems, and a causal controller is a necessity for real-time
active control of stochastic disturbances [44].

2.2.9 Causally constraining the control coefficients

In the previous section the derivation of the optimal set of control coefficients in the
frequency domain is shown. However, the resulting set of control coefficients is not
necessarily causal. Therefore, this section shows the involved equations expressed
in the z-domain, to constrain the set of filter coefficients, to be causal. The approach
in this section follows the derivation shown in [44]. In the z-domain, this constraint
can be written as

{GT(z−1)Sxe(z)}+ = 0, (2.71)

in which
Sxe(z) = E

[
e(z)xT(z−1)

]
. (2.72)

Here, {·}+ denotes the causality constraint, which is defined as retaining the causal
part of the quantity inside the brackets. The matrix GT(z−1) represents the trans-
posed and time-reversed matrix of plant impulse responses. By expressing the error
signal in the z-domain, written as

e(z) = d(z) + G(z)W(z)x(z), (2.73)

the spectral density matrix is rewritten as

Sxe(z) = Sxd(z) + G(z)W(z)Sxx(z), (2.74)

in which
Sxd(z) = E

[
d(z)xT(z−1)

]
, (2.75)



2.2. ALGORITHMS FOR ACTIVE NOISE CONTROL 39

and
Sxx(z) = E

[
x(z)xT(z−1)

]
. (2.76)

The condition for the optimal matrix of causal filters can thus be written as

{GT(z−1)Sxd(z) + GT(z−1)G(z)W(z)Sxx(z)}+ = 0. (2.77)

In order to solve Eq. (2.77) for the filter coefficients W(z) and to evaluate the causal-
ity constraint, the poles and zeros of Sxx(z), Sxd(z) and G(z) are required [44]. If
these poles and zeros are not available, the problem can be expressed in the discrete
frequency domain to evaluate the causality constraint. For an arbitrary filter M(ξ)
the causality constraint can be evaluated [44] as

{M(ξ)}+ = F
[

h(n)F−1 (M(ξ))
]

, (2.78)

in which ξ is the discrete frequency bin number and h(n) is the unit step function
with h(n) = 1, n ≥ 0 and otherwise h(n) = 0. It should be noted that the number of
frequency bins N must be large enough for the causal part of the impulse response
F−1(M(ξ)) to have decayed to zero within N/2 samples. The approach of Eq. (2.78)
is applied in the algorithm presented in Sec. 4.4 to evaluate the causality constraint
in combination with conjugate gradient iterations in the frequency domain.





Chapter 3
Computing the reflected sound field

due to the primary sources

3.1 Introduction

To employ an ANC system to suppress the reflections in an AAC, the reflected sound
field must be known. This chapter describes an approach to compute the reflected
sound field, which is inherently a non-measurable quantity. The approach involves
the Kirchhoff-Helmholtz integral (KHI), which allows the computation of the re-
flected sound field from the measured acoustic pressure and the particle velocity on
an enclosed contour. Starting from the inhomogeneous Helmholtz equation, a solu-
tion for an unbounded medium is shown in Sec. 3.2. Under appropriate conditions,
the inhomogeneous Helmholtz equation reduces to the KHI, which is explained in
Sec. 3.3. The KHI for the three-dimensional case is derived in Sec. 3.4, which is
shown for completeness. Thereafter, the two-dimensional case is derived and dis-
cretized in Sec. 3.5 and Sec. 3.6, and is used throughout the thesis to compute the
reflected sound field due to the primary sources in numerical studies and in experi-
ments.

3.2 The solution of the inhomogeneous Helmholtz equation

The starting point of the derivation of the KHI is the inhomogeneous Helmholtz
equation. This section shows the derivation of the inhomogeneous Helmholtz equa-
tion with a solution in an unbounded medium, following the approach of [60]. The
object to be studied is positioned in the middle of the AAC. At this point it is as-
sumed that the object to be studied can be enclosed by an arbitrary surface S enclos-
ing the volume V containing the object, as depicted in Fig. 3.1, showing the cross-
section of the volume. The normal vector n is pointing into the volume V.

Parts of the method presented in this chapter are published and applied in [148], [149] and submitted
in [150].

41
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Figure 3.1: The volume V and its bounding surface S with its normal vector n.

The inhomogeneous Helmholtz equation is introduced in Eq. (2.13), which can
be rewritten as

∇2 p(x, ω) + k2 p(x, ω) = −Qvol(x, ω), (3.1)

in which Qvol(x, ω) can consist of a combination of different types of sources, for ex-
ample a point mass source or an external force on the fluid, as explained in Sec. 2.1.1.
Multiplication of Eq. (3.1) with G(x|x0, ω) results in

G(x|x0, ω)∇2 p(x, ω) + k2G(x|x0, ω)p(x, ω) = −G(x|x0, ω)Qvol(x, ω). (3.2)

Multiplication of Eq. (2.16) with p(x, ω), which is the Helmholtz equation expressed
with the Green’s function, followed by multiplication with the acoustic pressure,
yields

p(x, ω)(∇2 + k2)G(x|x0, ω) = −p(x, ω)δ(x − x0). (3.3)

Subtraction of Eq. (3.3) from Eq. (3.2) results in

G(x|x0, ω)∇2 p(x, ω)− p(x, ω)∇2G(x|x0, ω) =

−Qvol(x, ω)G(x|x0, ω) + p(x, ω)δ(x − x0).
(3.4)

The variables x and x0 are interchanged, the symmetry of δ(x − x0) and the reci-
procity property G(x|x0, ω) = G(x0|x, ω) are utilized [102], and both sides of the
equation are integrated over a volume V that is bounded by a surface S with respect
to the variables x0 [102], as depicted in Fig. 3.1, resulting in∫

x0∈V
G(x|x0, ω)∇2 p(x0, ω)− p(x0, ω)∇2G(x|x0, ω)dx0

+
∫

x0∈V
Qvol(x0, ω)G(x|x0, ω)dx0 =

{
p(x, ω), x within V,
0, x outside V,

(3.5)

by using the property of the Dirac delta function, written as

∫
x0∈V

f (x0)δ(x0 − x)dx0 =

{
f (x), x within V,
0, x outside V.

(3.6)



3.2. THE SOLUTION OF THE INHOMOGENEOUS HELMHOLTZ EQUATION 43

Lastly, Green’s theorem [151] is used to transform the volume integral V on the
upper part of Eq. (3.5) into an integral over the surface S, this gives [60, 102]

p(x, ω) =
∫

x0∈V
Qvol(x0, ω)G(x|x0, ω)dx0+∫

x0∈S
[G(x|x0, ω)∇p(x0, ω)− p(x0, ω)∇G(x|x0, ω)] · ndx0, (3.7)

in which x0 and x denote the source position and a position in the volume V, re-
spectively. Thus, the total pressure p(x, ω) consists of the contribution due to the
source distribution Qvol(x0, ω) in the volume V and the contribution of the surface
integral, which requires the acoustic pressure p(x0, ω) and its gradient ∇p(x0, ω)
to be known. To show what the volume integral in Eq. (3.7) represents, first the
situation of an unbounded medium is derived, although this is not used in this the-
sis. In an unbounded medium, the bounding surface S is at infinity. As shown
in [60, 102], by applying the Sommerfeld radiation condition (Eq. (2.14)), the two
terms in the surface integral of Eq. (3.7) add to zero at all points on the surface S as
the radial distance approaches infinity, which means that no energy is reflected back
from an infinite distance. In that case, the part of Eq. (3.7) containing the volume in-
tegral remains. The solution to the inhomogeneous wave equation in an unbounded
medium is therefore written as

p(x, ω) =
∫

x0∈V
Qvol(x0, ω)G(x|x0, ω)dx0. (3.8)

By substituting the free-space Green’s function, as introduced in Eq. (2.17), one ar-
rives at

p(x, ω) =
∫

x0∈V
Qvol(x0, ω)

e−jk|x−x0|

4π|x − x0|
dx0. (3.9)

Using the relation that the source term is a combined distribution of volume sources,
written as

Qvol(x0, ω) = jωρqvol(x0), (3.10)

followed by the introduction of a point monopole source at x0, written as qvol(x) =
qδ(x − x0), one arrives at

p(x, ω) =
∫

x0∈V
jωρqδ(x − x0)

e−jk|x−x0|

4π|x − x0|
dx0. (3.11)

Evaluation of the volume integral, results in

p(x, ω) = jωρq
e−jk|x−x0|

4π|x − x0|
, (3.12)

which is the expression for the complex pressure produced by a point monopole
source that is radiating into free-space without any bounds. This shows that the first
part of Eq. (3.7) describes the direct sound field, and therefore, the second part of
Eq. (3.7) describes the reflected sound field, which is shown in the next section.
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3.3 The Kirchhoff-Helmholtz integral

Conversely to the solution of the inhomogeneous wave equation in an unbounded
medium, this section shows the KHI, which is used to compute the reflected sound
field. With reference to Fig. 3.1, it is assumed that an object to be studied is posi-
tioned in the middle of the AAC, surrounded by a volume V, enclosed by a surface
S. The part of Eq. (3.7) that describes the direct sound field from a source inside V
to the outside of V is not modelled. Then, by choosing the free-field Green’s func-
tion, the solution to the inhomogeneous wave equation Eq. (3.7) reduces to the KHI
equation [60, 101], given by

p(x, ω) =
∫

x0∈S
(G(x|x0, ω)∇p(x0, ω)− p(x0, ω)∇G(x|x0, ω)) · ndx0, (3.13)

which computes the reflected sound field. Substitution of the inverse propagating
Green’s function results in the inverse KHI, while substitution of the forward propa-
gating Green’s function results in the forward KHI. By choosing to point the normal
vector n to the volume V, the forward KHI computes the sound field generated by a
source positioned outside the volume V [108]. Until now the general description has
been that the reflected sound field is required. However, at this point it is important
to make a distinction between the primary sources and the secondary sources. The
primary sources are located within the volume V, which represent the object to be
studied in the AAC. The secondary sources, which generate the secondary signal
are positioned outside of the volume V. The objective is to suppress the reflected
sound field due to the primary sources. Therefore, the forward propagating KHI
is suitable, with the configuration as shown in Fig. 3.2. This figure shows that it is
assumed that the source is located outside of the volume V, to compute the sound
field in the volume V, denoted by position x. With the forward KHI the reflected
sound field due to the primary sources is obtained, because only the sound field
originating from outside the volume V is modelled (i.e. the reflections), although
the source is located within the volume V. Furthermore, the output of the KHI due
to the secondary sources is the total sound field, because both the direct sound field
and the reflected sound field originate from outside the volume V. However, a trans-
formation of the position variables in Eq. (3.13) is required to model the sound from
sources outside of the volume V. Therefore, the substitution x0 → xs is made in
Eq. (3.13), which is allowed because the choice of symbols to denote position is only
a matter of definition [101]. This gives

p(x, ω) =
∫

xs∈S

(
G(x|xs, ω)

∂p(xs, ω)

∂n
− p(xs, ω)

∂G(x|xs, ω)

∂n

)
dxs, (3.14)

in which ∂(·)
∂n denotes taking the gradient in the direction normal to S [96], and xs

denotes the position on the surface S. The next sections are dedicated to the deriva-
tion of the forward KHI for both the three-dimensional and two-dimensional case,
in which the specific Green’s functions and its derivatives are shown.



3.4. THE THREE-DIMENSIONAL KIRCHHOFF-HELMHOLTZ INTEGRAL 45

Figure 3.2: Parameters used for the derivation of the Kirchhoff-Helmholtz integral
in the general case.

3.4 The three-dimensional Kirchhoff-Helmholtz integral

In this section the three-dimensional version of the forward KHI is derived. Al-
though the numerical studies and experimental tests are all two-dimensional, the
three-dimensional version is shown for completeness and future work. The KHI
as stated in Eq. (3.14) requires the Green’s function, the partial derivative of the
Green’s function with respect to the normal vector and the pressure and its gradient
on the surface. In three dimensions, the free-fields Green’s function, as introduced
in Eq. (2.17), is defined as

G(x|xs, ω) =
e−jk|x−xs |

4π|x − xs|
, (3.15)

and its partial derivative with respect to the normal vector n is written as

∂G(x|xs, ω)

∂n
=

∂G(x|xs, ω)

∂x
· n,

= −e−jk|x−xs | (1 + jk|x − xs|)
4π|x − xs|3

(x − xs) · n.
(3.16)

Following [108], the partial derivative of the pressure to the normal direction at
S can be written in terms of the particle normal velocity Vn at S as

∂p(xs, ω)

∂n
= jρckVn(xs, ω). (3.17)
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By substituting Eq. (3.15), Eq. (3.16) and Eq. (3.17) into Eq. (3.14) the three-dimensional
forward KHI is obtained, written as

p(3)(x, ω) =
1

4π

∫
xs∈S

e−jk|x−xs |

|x − xs|
(jρckVn(xs, ω)

+ p(xs, ω)
(1 + jk|x − xs|)

|x − xs|2
(x − xs) · n)dxs, (3.18)

in which the superscript (·)(3) is used to indicate that it is the three-dimensional
version. This version of the KHI is necessary in three-dimensional geometries, with
for example a spherical surface.

3.5 The two-dimensional Kirchhoff-Helmholtz integral

With respect to Fig. 3.2, in two dimensions the surface becomes a closed contour, in
this section denoted by S. The variable xs now denotes the position on the contour
S instead of on the surface as in the previous section. The KHI as stated in Eq. (3.14)
requires the Green’s function, the partial derivative of the Green’s function with
respect to the normal vector and the pressure and its gradient on the surface. The
two-dimensional free-field Green’s function, which is introduced in Eq. (2.18), is
defined as

G(x|xs, ω) = − j
4

H(2)
0 (k|x − xs|), (3.19)

in which H(2)
0 (·) is the second-order Hankel function, defined as

H(2)
0 (x) = J0(x)− jY0(x). (3.20)

Here, J0(·) is the Bessel function of the first kind and order 0, and Y0(·) is the Bessel
function of the second kind and order 0. The partial derivative of both Bessel func-
tions are

∂J0

∂x
= −J1(x), (3.21)

and
∂Y0

∂x
= −Y1(x), (3.22)

respectively. The partial derivative of the Hankel function then reads

∂H(2)
0 (x)
∂x

= −J1(x) + jY1(x),

= −H(2)
1 (x).

(3.23)

By using the previous equation, the partial derivative of the Green’s function in
Eq. (3.19) with respect to the normal vector n becomes

∂G(x|xs, ω)

∂n
=

∂G(x|xs, ω)

∂x
· n,

=
jk
4

H(2)
1 (k|x − xs|)

x − xs

|x − xs|
· n.

(3.24)
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Figure 3.3: Geometry used for the derivation of the Kirchhoff-Helmholtz integral in
case of a circular microphone array.

Similarly to the three-dimensional case, Eq. (3.17) can also be applied in two dimen-
sions. Therefore, substitution of Eq. (3.17), Eq. (3.19) and Eq. (3.24) into Eq. (3.14)
leads to the two-dimensional forward KHI, written as

p(2)(x, ω) =
−jk

4

∫
xs∈S

(
jρcVn(xs, ω)H(2)

0 (k|x − xs|) +

p(xs, ω)H(2)
1 (k|x − xs|)

x − xs

|x − xs|
· n
)

dxs, (3.25)

in which the superscript (·)(2) is used to indicate that the problem is two-dimensional.

3.6 Discretization and practical implementation of the
two-dimensional Kirchhoff-Helmholtz integral

The three-dimensional and two-dimensional KHI as presented in Sec. 3.4 and Sec. 3.5,
respectively, require discretization in order to be implemented in practice. This sec-
tion shows the discretization of the two-dimensional KHI, which is applied in the
numerical studies and the experiments throughout this thesis. Fig. 3.3 shows the
circular geometry, in which the black dots represent microphones. This geometry
is used to discretize the KHI equation. The middle microphone is defined by radii
R, the inner microphone is at R − h and the outer microphone is at R + h. The
angle between each microphone triplet is defined by ∆θ, assuming that the micro-
phone triplets are equidistantly distributed along the circle. Following the notation
of Fig. 3.3, the two-dimensional KHI is simplified using a circular geometry and
discretized following [152]. The discrete two-dimensional forward KHI is written as
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p(2)(x, ω) =
−jk

4

L

∑
i=1

(
jρcVn(xi

s, ω)H(2)
0 (k|x − xi

s|) +

p(xi
s, ω)H(2)

1 (k|x − xi
s|)

x − xi
s

|x − xi
s|
· n
)

R∆θ, (3.26)

in which L denotes the number of sensors on the contour and xi
s denotes the po-

sition of the sensor i on the contour. As can be seen from Eq. (3.26), the two-
dimensional forward KHI requires the acoustic pressure (p(xi

s, ω)) and the particle
velocity (Vn(xi

s, ω)) at the surface. The pressure can be measured using microphones,
and the particle velocity can be measured using acoustic vector sensors [98] or par-
ticle velocity sensors [99]. However, these sensors are expensive, and it is preferred
to use microphones. The use of a circular geometry allows the particle velocity to
be approximated with respect to the radial component by a pressure difference at
all locations on the contour, which enables the use of microphones. Therefore, in
two dimensions, the particle velocity in the radial outward direction is estimated
by a difference quotient between the sound pressure levels at ri

s−h =
∥∥xi

s
∥∥− h and

ri
s+h =

∥∥xi
s
∥∥+ h (in polar coordinates) and assuming that the centre of the circle is

positioned at (x, y) = (0, 0), written as

Vn(xi
s, ω) =

p(ri
s+h, ω)− p(ri

s−h, ω)

2jhωρ
, (3.27)

in which h is the distance between the sensors in radial direction as indicated in
Fig. 3.3. Eq. (3.27) holds as long as h is smaller than the smallest wavelength, such
that at least two samples per minimum wavelength are obtained at the Nyquist fre-
quency of the control system. On the other hand, the distance h should not become
too small, since this decreases the signal-to-noise ratio of the gradient estimate [30]
in Eq. (3.27).

3.7 Conclusion

In this chapter both the two-dimensional and three-dimensional Kirchhoff-Helmholtz
integral equations are derived. The evaluation of the forward Kirchhoff-Helmholtz
integral within the contour results in the reflected sound field due to a source posi-
tioned within the contour. Conversely, evaluation of the forward Kirchhoff-Helmholtz
integral within the contour with a source positioned outside the contour results in
the total sound field. Throughout this thesis two-dimensional applications are con-
sidered. Therefore, to allow practical implementation, the two-dimensional integral
is discretized for a circular geometry. To evaluate the integral, the acoustic pres-
sure and the particle velocity at the contour are required. The particle velocity is
estimated with a difference quotient between two closely spaced sound pressure
measurements, which is possible due to the circular geometry.



Chapter 4
Offline algorithms for active noise

control

4.1 Introduction

In the previous chapter the method to compute the reflected sound field due to the
primary sources is derived. Once the reflected sound field is known, the set of con-
trol filters can be computed with the objective of suppressing the reflections. As
explained in Ch. 1, for effective ANC in larger geometries and with shorter wave-
lengths, the number of sources and sensors increases quickly. The computation of
the set of filter coefficients for configurations with a large number of sources and
sensors becomes computationally expensive and memory-consuming with existing
algorithms. For this reason, this chapter is dedicated to the derivation of three dif-
ferent offline algorithms with reduced computational complexity and memory con-
sumption. The algorithms in this chapter compute a set of control filters that can
be implemented using the scheme as shown in Fig. 2.2, such that this set of con-
trol filters can be implemented with a fixed-gain feedforward configuration in an
AAC. The dependence on the primary sources is shown throughout the derivations,
for multiple primary sources in the AAC. With reference to Fig. 2.2, the signals as
introduced in Sec. 2.2 are written as x(n) ∈ RK×1, u(n) ∈ RM×1, y(n) ∈ RL×1,
d(n) ∈ RL×1 and e(n) ∈ RL×1, although dependence on a primary source is indi-
cated with subscript p throughout this chapter. The algorithms are derived using
error sensors indicated with L, to have consistency with the literature. However, if
the KHI is used with, for example, the application within an AAC, the error sensors
L are replaced by the performance sensors Lperf throughout the derivations in this
chapter. In this case the signal d(n) ∈ RLper f ×1 is the primary noise signal, which
is the output of the KHI with the primary sources active, y(n) ∈ R

Lperf×1 is the sec-
ondary signal, which is the output of the KHI with the secondary sources active and
e(n) ∈ R

Lperf×1 is the performance signal, measured at the performance sensors.
The layout of the chapter is as follows, in Sec. 4.2 a scheme is derived which applies
LMS iterations to update the set of control filters. In Sec. 4.3 a conjugate gradient
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scheme that applies block-circulant preconditioning in the time domain is derived.
In Sec. 4.4 a conjugate gradient scheme in the frequency domain is derived, which
applies causal control coefficient updates.

4.2 The regularized modified filtered-error scheme with filters
derived in the frequency domain

The rapidly converging filtered-error algorithm as described in Sec. 2.2.7 is based
on the FeLMS algorithm (Sec. 2.2.6) but as explained in Sec. 2.2.7, has increased
computational complexity for larger numbers of sources and sensors. The approach
presented in the present section is to derive the preconditioning, decoupling, and
prewhitening filter in the frequency domain, which reduces the computational com-
plexity. The multichannel LMS algorithms may suffer from the problem of slow
convergence due to [44,53]: 1) the auto-correlation properties of each of the random
reference signals, 2) the cross-correlation between the individual reference signals,
3) the dynamic response of each path in the plant response and 4) the cross-coupling
between the individual paths in the multichannel plant response. The prewhiten-
ing filter is applied to the reference signals to reduce the effects of possible coloring
and correlation, which improves convergence speed. The preconditioning and de-
coupling filters suppress the dynamic responses in the adaptation loop and remove
the cross-coupling between the individual paths, which also improves convergence
speed. The application of the prewhitening, preconditioning and decoupling filters
to the rapidly converging filtered-error algorithm as described in Sec. 2.2.7 results in
the regularized modified filtered-error scheme, abbreviated with FD-RMFE which
is further referred to in the remainder of the thesis. The block scheme of the FD-
RMFE algorithm is shown in Fig. 4.1, which is similar to the block scheme shown in
Sec. 2.2.7, but with different preconditioning and decoupling filters. Additionally, a
prewhitening filter is added. Although this results in an adaptive algorithm which
is typically used in an online approach, the idea is to record the involved signals
and pre-compute the set of filter coefficients offline. Using the adaptive algorithm
in an offline manner allows an artificial delay to be introduced in the noise signal,
which is needed to ensure the causality of the filters because of the delays. After
running the algorithm, the obtained filter coefficients can be implemented follow-
ing the configuration of Fig. 2.2. Although multiple primary sources are considered,
the FxLMS algorithm does not initially have knowledge of the spatial distribution
of the primary sound field, so it must acquire this information separately and incor-
porate it into the iterations [153]. The same applies to the FeLMS algorithms and
its extensions, such as the FD-RMFE algorithm derived in this section. The depen-
dence on the primary sources is dropped by summation, so that the total primary
field remains, assuming that the outputs of the reference sensors are correlated to
the outputs of the error sensors [44]. Therefore, with respect to Fig. 4.1, the reference
signal is computed as

x(n) = X(z)s(n), (4.1)

The algorithm derived in this section is published in [148].
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Figure 4.1: Block diagram of the FD-RMFE algorithm with frequency domain de-
rived preconditioning- and prewhitening-filters.

in which x(n) ∈ RK×1 is the reference signal, X(z) ∈ RK×P is the transfer function
matrix from the primary sources to the reference sensors, in which P denotes the
number of primary sources, and s(n) ∈ RP×1 is the driving signal of the primary
sources. Similarly, the disturbance signal is computed as

d(n) = P(z)s(n), (4.2)

in which d(n) ∈ RL×1 is the disturbance signal and P(z) ∈ RL×P is the transfer
function matrix from the primary sources to the error sensors.

The signal v(n) is obtained after filtering with the prewhitening filter ˆ̄Fw(z) ∈
RK×K. The secondary path G(z) is preconditioned by the filter ˆ̄Gmi(z) ∈ RM×M.
The error signal is filtered by the adjoint filter ˆ̄Gai(z) ∈ RM×(L+M) to obtain e′(n).
The signal v′(n) is a delayed version of v(n), written as

v′(n) = ∆ai(z)v(n), (4.3)

in which ∆ai(z) is the simulation delay operator corresponding to the delay of ∆ai

samples in the filter ˆ̄Gai(z) to ensure its causality. Similarly, the signal y′(n) is a
delayed version of the controller output, so that the delays are matched, written as

y′(n) = ∆ai(z)C(z)v(n). (4.4)

The secondary path G(ejω) is regularized to reduce the controller output at frequen-
cies where the secondary path has small values to prevent large amplifications, re-
sulting in the augmented filter Ḡ(z) ∈ R(L+M)×M. The update rule for the controller
is

Ci(n + 1) = Ci(n)− αe′′(n)v′T(n − i), i = 0, . . . , I − 1, (4.5)

in which i denotes the tap-delay of the FIR coefficients, assuming a FIR filter length
I and α is the convergence coefficient defined as

α =
α0

r̄
, (4.6)
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such that α is normalized by the input power and α0 should be ∼ 1. The normaliza-
tion factor r̄ is computed as the norm of the filtered-reference signal r(n) following

r̄ = ||Ḡ(z) ˆ̄Gmi(z) ˆ̄Fw(z)x(n)||2, (4.7)

The implementation of input normalization removes the requirement that the user
needs to input a convergence coefficient which, if chosen wrongly, may deteriorate
algorithm performance. After running the FD-RMFE algorithm, a controller C(z) is
obtained, which is converted to the desired controller W(z), similar to the precondi-
tioned LMS algorithm in [44], following

W(z) := ˆ̄Gmi(z)C(z) ˆ̄Fw(z). (4.8)

In this manner the control coefficients W(z) can be implemented following the feed-
forward configuration as shown in Fig. 2.2.

4.2.1 Frequency domain formulation of the prewhitening and
decorrelation filter

In Fig. 4.1 K discrete-time real-valued random reference signals are assumed to be
stationary. Otherwise the filter coefficients would be functions of time [44]. The
reference signals are possibly correlated, denoted by

x(n) = [x1p(n), . . . , xk(n)]T . (4.9)

The correlation matrix of the signal x(n) [53] can be written as

Rxx(m) = E[x(n + m)xT(n)], −∞ < m < ∞, (4.10)

which with the help of the discrete-time Fourier transform, gives the power spectral
density (PSD) [154] matrix

Sxx(ejω) =
∞

∑
m=−∞

Rxx(m)e-jωm. (4.11)

The PSD matrix Sxx(ejω) ∈ CK×K, which is off-diagonally complex, is a positive
semi-definite Hermitian matrix, and therefore an eigenvalue decomposition (EVD)
always exists [155], which can be computed for all frequencies following

Sxx(ejω) = Q(ejω)D(ejω)QH(ejω), (4.12)

in which D(ejω) is a diagonal matrix containing the real eigenvalues and Q(ejω)
contains the normalized eigenvectors. A prewhitening and decorrelation filter can
be written as

Fw(ejω) = D− 1
2 (ejω)QH(ejω), (4.13)

which is shown in [53] to diagonalize the PSD matrix of the filtered signal to:

Sww(ejω) = Fw(ejω)Sxx(ejω)FH
w (ejω). (4.14)
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Substitution of Eq. (4.12) and Eq. (4.13) into Eq. (4.14), results in

Sww(ejω) =D−1/2(ejω)QH(ejω)Q(ejω)

D(ejω)QH(ejω)Q(ejω)
[

D−1/2(ejω)
]H

,

=I.

(4.15)

The previous results were obtained following [53] and by using

QH(ejω)Q(ejω) = Q(ejω)QH(ejω) = I. (4.16)

The filtering of the reference signals with the prewhitening filter gives

v(ejω) = Fw(ejω)x(ejω), (4.17)

such that the signals xp(ejω) are whitened and decorrelated.

The matrix D− 1
2 (ejω) in Eq. (4.13) exists if the reference signals have non-zero

frequency contents within the control bandwidth [53]. To improve the conditioning
of the matrix D(ejω), regularization is applied

D̄(ejω) = D(ejω) + βFw IK, (4.18)

where IK ∈ RK×K is an identity matrix, with the regularization parameter βFw . The
regularization procedure decreases the condition number of the matrix. The regu-
larized filter is defined as

F̄w(ejω) = D̄− 1
2 (ejω)QH(ejω). (4.19)

At this point a regularized prewhitening filter is obtained which, when applied to
the reference signals, reduces the effects of colouring and correlation and therefore
improves the speed of convergence. However, the prewhitening filter is formulated
in the frequency domain, which for practical implementation needs to be converted
to the time domain. The procedure for this conversion is described in Sec. 4.2.3. The
next section describes the frequency domain formulation of the preconditioning and
decoupling filters, which also improves convergence speed.

4.2.2 Frequency domain formulation of the system’s preconditioning
and decoupling filters

To further improve the convergence speed of the algorithm, system preconditioning
and decoupling filters are applied. Because a system matrix is possibly non-square
and in general not Hermitian [53], a singular value decomposition (SVD) is used
instead of the EVD to decouple the system. Assuming that a stable MIMO linear
time-invariant system is described by the frequency response matrix G(ejω), this
matrix is extended with a regularized transfer function matrix [54], written as

Ḡ(ejω) =

[
G(ejω)

Greg(ejω)

]
∈ C(L+M)×M, (4.20)
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in which the regularizing transfer function is defined as

Greg(ejω) =
√

βG IM, (4.21)

and βG is the regularization parameter. The regularization with parameter βG pre-
vents high gains in ˆ̄Gmi that might occur due to the inverse operation, and therefore
prevents saturation of the control signal [54]. This parameter is usually chosen in
the range of expected reduction levels in dB.

Decoupling of the regularized system matrix in Eq. (4.20) by the SVD at each
frequency results in

Ḡ(ejω) = Ū(ejω)Σ̄(ejω)V̄ H(ejω), (4.22)

in which Ū(ejω) ∈ C(L+M)×M are the left singular vectors, Σ̄(ejω) ∈ CM×M is the
matrix containing the singular values and V̄ H(ejω) ∈ CM×M are the right singular
vectors.

The preconditioner is applied to the plant to improve convergence speed by com-
pensating for the dynamic response of the plant [156]. The preconditioner in the
direct path is written as

Ḡmi(ejω) = V̄(ejω)Σ̄−1(ejω), (4.23)

which results in the preconditioned direct path

Ḡ(ejω)Ḡmi(ejω) =

Ū(ejω)Σ̄(ejω)V̄ H(ejω)V̄(ejω)Σ̄−1(ejω) =

Ū(ejω). (4.24)

The decoupling of the regularized system Ḡ(ejω) is achieved by choosing

Ḡai(ejω) = ŪH(ejω), (4.25)

which, together with the preconditioning filter, results in

Ḡai(ejω)Ḡ(ejω)Ḡmi(ejω) = ŪH(ejω)Ū(ejω) = Ĩ. (4.26)

This shows that the system is diagonalized and thus decoupled. The benefit of the
decoupled system is that the cross-coupling between the individual paths in the
plant response is removed, which improves convergence speed [53].

4.2.3 Time domain formulation of the frequency domain filters

In order to causally implement the filters into the scheme of Fig. 4.1, the filters need
to be converted from the frequency domain to the time domain. The frequency re-
sponse matrices can be converted to impulse response matrices using the inverse
discrete-time Fourier transform. However, the discrete Fourier transform could in-
troduce wrap-around effects, and together with the truncation effects this might re-
sult in non-causality of the time domain filters. Therefore, causality of the filters
must be ensured by introducing appropriate delay and truncation procedures.
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The frequency response matrix of the prewhitening filter F̄w(ejω) is transformed
to the impulse response matrix F̄w(z), with reference to the symmetry property of
the frequency response matrix F̄w(e−jω) = F̄∗

w(ejω), in which the superscript (·)∗
denotes the complex conjugate. The obtained impulse response matrix F̄w(z) is not
necessarily causal, and therefore an appropriate number of sample delays denoted
by ∆F is added, to ensure that the non-causal part of the filter has been shifted to
positive time for all entries of the impulse response matrix. This results in the new
impulse response matrix ˜̄Fw(z). Lastly the non-causal part of ˜̄Fw(z) is truncated to
obtain the coefficients of FIR filters ˆ̄Fw(z) of length O.

A similar procedure is necessary for the preconditioning and decoupling filters.
The frequency response matrices Ḡmi(ejω) and Ḡai(ejω) are converted to the im-
pulse response matrices Ḡmi(z) and Ḡai(z) by taking the inverse discrete Fourier
transform, with reference to the symmetry property of the frequency response ma-
trices: Ḡmi(e−jω) = Ḡ∗

mi(e
jω) and Ḡai(e−jω) = Ḡ∗

ai(e
jω). To shift the non-causal part

of Ḡmi(e−jω) = Ḡ∗
mi(e

jω) to positive time, a delay of ∆mi samples is added to ob-
tain ˜̄Gmi(z). The delay ∆mi is incorporated in Ḡai(z) but time-reversed, since it is
based on the adjoint and on the Hermitian in the frequency domain of the product
Ḡ(ejω)Ḡmi(ejω). Thereafter, Ḡai(z) is delayed by ∆ai samples to shift its non-causal
part to positive time. Therefore, the procedure for both filters can be written as

˜̄Gmi(z) = ∆mi(z)Ḡmi(z),
˜̄Gai(z) = ∆ai(z)∆−

mi(z)Ḡai(z),
(4.27)

in which ∆−
mi(z) represents a negative delay. Lastly, the non-causal parts of ˜̄Gmi(z)

and ˜̄Gai(z) are truncated to obtain the coefficients of the FIR filters ˆ̄Gmi(z) and ˆ̄Gai(z)
of length J.

4.3 The conjugate gradient scheme with block-circulant
preconditioning in the time domain

The FD-RMFE algorithm in the previous section is equipped with filters computed
in the frequency domain. Delays are introduced in these filters to ensure their causal-
ity. However, this gives rise to a lot of adjustable parameters. Furthermore, owing
to the delays in the filters of the direct path, more time advance on the reference
signals may be required. In this section, an algorithm that applies CG updates is
derived with significantly less adjustable parameters and without artificial delays.
The algorithm presented in this section computes the set of optimal control filters
as described in Sec. 2.2.4, which is the starting point of the derivation of the al-
gorithm. The speed of convergence of the CG algorithm is improved by applying
a block-circulant preconditioning method which is given in [140], resulting in the
PCG algorithm. This section derives a modified version of the PCG algorithm in
which regularization is incorporated. The regularization is needed to maintain con-
trol stability in systems with IMC and therefore allows practical implementation in

The algorithm derived in this section is published in [149].
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an AAC to suppress the reflections. The result is the preconditioned block-circulant
conjugate gradient scheme, abbreviated PBC-CG, which is further referred to in the
remainder of the thesis. The derivation starts with the block diagram of a feedfor-
ward active noise control system which is shown in Fig. 2.2. To find the optimal
set of control filters, the cost function is written as the expectation of the sum of the
squared error signals

J =
P

∑
p=1

E
[
eT

p (n)ep(n)
]

, (4.28)

in which the subscript p denotes the dependence on a primary source. The optimal
set of control filters is found by taking the derivative of the cost function with respect
to the control filters, such that

∂J
∂W

= 2
P

∑
p=1

E
[

RT
p (n)Rp(n)

]
W + 2

P

∑
p=1

E
[

RT
p (n)dp(n)

]
= 0, (4.29)

holds. As described in Sec. 2.2.4, the previous equation can be solved by computing

Wopt = −
P

∑
p=1

E
[

RT
p (n)Rp(n)

]−1 P

∑
p=1

E
[

RT
p (n)dp(n)

]
, (4.30)

for multiple primary sources P. However, instead of computing the direct inverse
shown in the first term in Eq. (4.30), which is computationally expensive and mem-
ory consuming, following [139], an iterative procedure with regularization is used.
Let Wk be the approximation of W at iteration k, and let the residual be given as

Rk = b − TBWk, (4.31)

in which

TB =
P

∑
p=1

E
[

RT
p (n)Rp(n)

]
+ βI, (4.32)

b =
P

∑
p=1

E
[

RT
p (n)dp(n)

]
. (4.33)

Note that in Eq. (4.32) β has been introduced as an optional regularization param-
eter. The matrix in Eq. (4.32) has a Toeplitz-block structure [124] in the case of a
system with multiple secondary sources M and multiple reference sensors K [44].
This matrix is structured as

TB =


T11 T12 . . . T1N

T21
. . .

...
...

TN1 . . . . . . TNN

 , (4.34)

in which N = MK and each block Tij has size I-by-I. Typically, the matrix TB is
of dimensions MKI-by-MKI. However, each block Tij is fully defined by the first
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element of each row and column. Therefore, the matrix TB can be stored using (2I −
1)M2K2 elements. With the equation of the residual (Eq. (4.31)), the update of the
controller matrix Wk is defined by

Wk = Wk−1 + αk pk, (4.35)

in which αk is a scalar quantity that defines the orthogonal steepest-descent direc-
tions. These directions are written as [157]

αk =
RT

k−1zk−1

pT
k vk

, (4.36)

with
vk = TB pk. (4.37)

The last equation can be computed efficiently using a circulant representation. Any
Toeplitz matrix T ∈ Rn×n can be embedded into a 2n-by-2n circulant matrix follow-
ing [139], such that [

T ×
× T

]
︸ ︷︷ ︸

C

[
p
0

]
=

[
T p
†

]
, (4.38)

holds. Here C ∈ R2n×2n is a circulant matrix, that can be diagonalized by the Fourier
matrix F , following

C = FHΛF , (4.39)

in which Λ is the eigenvalue matrix of C [139]. This technique can also be applied
in the Toeplitz-block case. The matrix TB is embedded into a block circulant matrix
Cn ∈ R2N×2N , in which each block itself is a 2I-by-2I circulant matrix. The vector
pk is extended to a 4IN-vector by putting zeros in the appropriate places. Then the
solution can efficiently be obtained using FFTs [139]. Substitution of Eq. (4.35) into
Eq. (4.31) and using Eq. (4.37) leads to

Rk = Rk−1 − αkvk. (4.40)

The PCG directions are given by [157]

pk =

{
zk−1, k = 1,
zk−1 + βk pk, k > 1,

(4.41)

in which

βk =
RT

k−1zk−1

RT
k−2zk−2

, (4.42)

and zk is computed by solving

circ1(TB)zk = Rk, (4.43)
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in which circ1(TB) is the preconditioner, a block circulant approximation to each
individual block in the Toeplitz matrix [140]. This preconditioner is computed as the
solution to the following optimization problem:

min
C

∥C − A∥F, (4.44)

in which the subscript (·)F denotes the Frobenius norm, C denotes the precondition-
ing matrix and A denotes any general matrix. This minimization problem applies
to any general matrix A, but in the case of a Toeplitz matrix T , the entries of the
preconditioner are given by [140]

ci =
itm−i + (m − i)ti

m
, i = ±1, . . . ,±(m − 1), (4.45)

in which t denotes an entry of the Toeplitz matrix T and m denotes the size of the
Toeplitz matrix. This preconditioning technique is extended to the Toeplitz-block
case, in which the preconditioning approach is applied to each individual block in
the Toeplitz-block matrix. This then leads to

circ1(TB) =


circ(T11) circ(T12) . . . circ(T1N)

circ(T21)
. . .

...
...

circ(TN1) . . . . . . circ(TNN)

 , (4.46)

in which circ(·) denotes the circulant preconditioner as defined in Eq. (4.45). At each
iteration of the PCG, Eq. (4.43) must be solved. Similar to computing Eq. (4.37),
Eq. (4.43) can be solved efficiently using FFTs. Each block circ(Tij) is circulant, so
that

circ(Tij) = FHΛijF . (4.47)

Let F̃ = I ⊗F be a block diagonal matrix with the Fourier matrix F repeated along
the diagonal. By defining P as the permutation matrix that satisfies

(P∗TmnP)k,l;i,j = (Tmn)i,j;k,l , (4.48)

for 1 ≤ i, j ≤ n, 1 ≤ k, l ≤ m, and by defining the dense matrix Dm ∈ RN×N as

(Dm)ij =
(
Λij
)

m , (4.49)

then Eq. (4.43) is solved by computing [140]

zk = F̃H
{

PT
[
diag(D−1

1 , . . . , D−1
I )

(
P
(
F̃Rk

))]}
. (4.50)

The algorithm is terminated as soon as the maximum number of iterations is reached,
or if the relative tolerance is achieved, written as∣∣∣∣∣RT

k Rk

RT
0 R0

∣∣∣∣∣ < ϵ, (4.51)
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in which ϵ is the relative tolerance parameter.
The algorithm has a before-solving cost of (MK)2 I +(MK)2 · FFT(I)+ (MK)3 I/3,

with a per-iteration cost of (MK)2 I + 2MK · FFT(I), and FFT(I) being the cost of a
Fourier transform applied on a vector of length I. It should be noted that another
level of preconditioning (circ2

F(TB)) could be applied to reduce the before solving
cost to (MK)2 I + (MK)2 · FFT(I) + MKI + I · FFT(MK) and the per-iteration cost
to MKI + 2I · FFT(MK) + 2MK · FFT(I). However, after application of the first
level of the preconditioner, the block matrices in matrix circ1

F(TB) are generally not
Toeplitz, and circulant approximations which are defined only for Toeplitz matrices
cannot be used for the second level of approximation [140]. Therefore a circulant
approximation of the block matrices in matrix circ1

F(TB) is required. Because of the
two levels of approximation, using circ2

F(TB) may require more iterations than using
circ1

F(TB) [140].

4.4 The causally constrained conjugate gradient scheme in the
frequency domain

In the previous section the PBC-CG algorithm which applies CG updates in the time
domain is derived. However, this algorithm still has a relatively high computa-
tional complexity and memory consumption. In this section, an algorithm is de-
rived that also applies CG updates to adapt the filter coefficients, but in this case
in the frequency domain. This significantly reduces the computational complexity
and memory consumption. Because of the frequency domain computations, a causal
constraint is applied to the control filter coefficient updates to ensure a causal set of
filter coefficients. The derivation in this section uses the equations and the defini-
tion of the causality brackets as introduced in Sec. 2.2.8, but the frequency domain
is used instead of the z-domain. The computational complexity is significantly re-
duced with the frequency domain computations, while causal time domain control
coefficients are obtained by using the causality constraint in the control coefficients
update. This results in the causally constrained conjugate gradient frequency do-
main scheme, abbreviated CC-CG in the remainder of the thesis.

The derivation starts from the block diagram of a time domain fixed-gain feed-
forward control scheme as shown in Fig. 2.2. The objective is to design a fixed-gain
controller W(z) by minimizing the cost function with respect to the control coef-
ficients. The cost function, which is defined as the expectation of the sum of the
squared error signals, is written as

J =
P

∑
p=1

tr.E
[
ep(n)eT

p (n)
]

. (4.52)

Similar to [44], the derivative of the cost function with respect to the i-th matrix of
control filter coefficients Wi is written as

∇i =
∂J
∂Wi

= 2
J−1

∑
j=0

GT
j Rxe(i + j), (4.53)

The algorithm derived in this section is submitted in [150].
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in which

Rxe(m) =
P

∑
p=1

E
[
ep(n + m)xT

p (n)
]

, (4.54)

is the matrix of cross-correlation functions between each error signal and each ref-
erence signal. In [44] it is shown that the gradient in Eq. (4.53) can be evaluated in
the frequency domain, taking causality into account. In the frequency domain, the
causal gradient becomes{

∇(ejω)
}
+
=

{
∂J

∂R(W(ejω))
+ j

∂J
∂I(W(ejω))

}
+

,

= 2
{

GH(ejω)Sxe(ejω)
}
+

,
(4.55)

in which Sxe(ejω) is the spectral density matrix between the error signals and refer-
ence signals, written as

Sxe(ejω) =
P

∑
p=1

E
[
Ep(ejω)XH

p (e
jω)
]

. (4.56)

The use of the causality brackets in the frequency domain implies that a transforma-
tion to the time domain has been made, which allows truncation of the non-causal
part, followed by a transformation back to the frequency domain.

An iterative CG scheme similar to that of [158] is assumed to minimize J , in
which Ep(ejω) ∈ CL×1 is approximated by Ek,p(ejω) ∈ CL×1 at iteration k. The fre-
quency domain representation of Eq. (2.73) [44] with primary source dependence p
at iteration k is written as

Ek,p(e
jω) = Dp(ejω) + G(ejω)Wk(e

jω)Xp(ejω), (4.57)

in which Wk(ejω) is the set of control coefficients at iteration k. The cost function Jk
at iteration k is evaluated as an integral in the frequency domain:

Jk = tr.
∫ P

∑
p=1

E
[
Ek,p(e

jω)EH
k,p(e

jω)
]

dω. (4.58)

The update of the controller coefficients is written as

Wk(e
jω) = Wk−1(e

jω) + ηkCk(e
jω), (4.59)

in which ηk is a variational parameter and Ck(ejω) are the search directions. Substi-
tution of Eq. (4.59) into Eq. (4.57) results in

Ek,p(e
jω) = Ek−1,p(e

jω)− ηkrk,p(e
jω), (4.60)

in which
rk,p(e

jω) = −G(ejω)Ck(e
jω)Xp(ejω). (4.61)
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Upon substitution of Eq. (4.60) into Eq. (4.58), the cost function Jk is written as

Jk = tr.
∫ P

∑
p=1

E
[
(Ek−1,p(e

jω)− ηkrk,p(e
jω))(Ek−1,p(e

jω)− ηkrk,p(e
jω))H

]
dω,

(4.62)
which is rewritten as

Jk = Jk−1 − 2ℜ
(

ηktr.
∫ P

∑
p=1

E
[
rk,p(e

jω)EH
k−1,p(e

jω)
]

dω

)
+

|ηk|2tr.
∫ P

∑
p=1

E
[
rk,p(e

jω)rH
k,p(e

jω)
]

dω. (4.63)

The previous equation can be written as

Jk = Jk−1 − 2ℜ(ηk Ak) + |ηk|2Bk, (4.64)

in which

Bk = tr.
∫ P

∑
p=1

E
[
rk,p(e

jω)rH
k,p(e

jω)
]

dω, (4.65)

and

Ak = tr.
∫ P

∑
p=1

E
[
rk,p(e

jω)EH
k−1,p(e

jω)
]

dω. (4.66)

For the search directions, the CG directions are taken [157], written as

Ck(e
jω) =

{
−
{
∇k−1(ejω)

}
+ , k = 1,

−
{
∇k−1(ejω)

}
+ + Ak

Ak−1
Ck−1(ejω), k > 1,

(4.67)

in which {
∇k(e

jω)
}
+
= 2

{
GH(ejω)Sxe,k(e

jω)
}
+

, (4.68)

and

Sxe,k(e
jω) =

P

∑
p=1

E
[
Ek,p(e

jω)XH
p (e

jω)
]

. (4.69)

By following [158] and [153], with substitution of Eq. (4.67) and Eq. (4.61), the scalar
Ak, can be rewritten as

Ak = tr.
∫ {

∇k−1(e
jω)
}
+

[{
∇k−1(e

jω)
}
+

]H
dω, (4.70)

using the cyclic property of the trace operator. Because of the inner product in
Eq. (4.70), Ak is always real, thus the cost function can be rewritten as

Jk = Jk−1 −
|Ak|2

Bk
+

∣∣∣∣ηk −
Ak
Bk

∣∣∣∣2 Bk, (4.71)



62 CHAPTER 4. OFFLINE ALGORITHMS

which, as a function of ηk, has a minimum at

ηk =
Ak
Bk

. (4.72)

The advantage of this scheme is that all MIMO convolutions are computed as
matrix multiplications in the frequency domain, which can be computed very ef-
ficiently, while causality is enforced through a constraint applied to the gradient.
The causality constraint is computed with forward and inverse FFTs, which are rela-
tively efficient. Therefore, the CC-CG scheme is completely causal, as can be seen in
Eq. (4.67), because every control coefficient update is a combination of the previous
causal updates and the causal part of the gradient. Alternatively, the update equa-
tion for the control coefficients (Eq. (4.59)) and the CG directions (Eq. (4.67)) can also
be computed in the time domain.

4.5 Comparing the algorithms

In this section, the algorithms that are derived in this chapter are compared. First
a table with the computational complexities and memory consumption is shown in
Table. 4.1. A graph of the computational complexity with respect to the number of
sources and sensors K = L = M = P is shown in Fig. 4.2. It should be noted that
for the PBC-CG algorithm, just one level of preconditioning is considered. By using
two levels of preconditioning the before solving and per-iteration cost are reduced,
but may require more iterations, as described in Sec. 4.3. From the figure can be
seen that in general the CC-CG algorithm has the lowest computational complexity.
However, from about K = L = M = P = 500 the FD-RMFE algorithm is preferred
to the CC-CG algorithm in terms of computational complexity.

Table 4.1: Overview of the computational complexities and memory consumption of
the algorithms derived in this chapter. The variable Nfreq corresponds to the number
of frequency bins in the frequency response matrices. The cost of a Fourier Trans-
form applied on a vector of length n is denoted as FFT(n).

FD-RMFE PBC-CG1 CC-CG
Before solv-
ing cost

FFT(Nfreq)(K2 + 3M2 +

2LM) + FFT(n)K2 +
Nfreq(K2 + 3K3 + 2M2 +

3M3 + LM + LM2)

(MK)2 I + (MK)2 · FFT(I) +
(MK)3 I/3

None

Per-
iteration
cost

OK2 + 3MKI + JM2 + 2J(L +
M)M

(MK)2 I + 2MK · FFT(I) Nfreq(8KM + 4LP + KLM +

KLP + KMP + LMP) +
KM · FFT(2Nfreq) + 2KM ·
FFT(Nfreq)

Memory
consump-
tion

OK2 + MKI + JM2 + 2J(L +
M)M

(2I − 1)(MK)2 + KMLI Nfreq(4MK + 2LP)

A graph of the memory consumption is shown in Fig. 4.3. This figure shows
that the memory consumption of the FD-RMFE and CC-CG algorithms is similar.

1The cost of this algorithm is shown by assuming that TB and b as described in Sec. 4.3 are already
available.
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Figure 4.2: Computational complexity of the FD-RMFE algorithm (circles) compared
to the PBC-CG algorithm (squares) and the CC-CG algorithm (diamonds). It is as-
sumed that the solution is obtained within nFD-RMFE = 4e4, nPBC-CG = 100 and
nCC-CG = 100 iterations. Furthermore, it is assumed that Nfreq = 512, I = J = O =
Nfreq/2 and an FFT cost of n log(n).

However, it can be seen that the PBC-CG algorithm has higher memory consump-
tion than the other two algorithms. This is due mainly to the fact that the PBC-CG
algorithm is computed in the time domain.

The computational complexity and memory consumption of the algorithms are,
among other things, expressed in terms of the number of error sensors L, to have
consistency with the literature. However, if the KHI is used, the number of error
sensors L should be substituted by the number of performance sensors Lperf.

In general, the algorithm that is the easiest to work with is the PBC-CG algorithm.
Although this is not the most efficient algorithm in terms of computational complex-
ity and memory consumption, the fact that it is fully computed in the time domain
relaxes some requirements in comparison with the algorithms that apply frequency
domain computations. The FD-RMFE and the CC-CG algorithms compute at least
a few operations in the frequency domain. Although this is favourable in terms of
computational complexity and often also memory consumption, filters computed in
the frequency domain may contain non-causal parts or frequency domain effects,
due to wrap-around effects, truncation effects or ringing artifacts. Several factors
influence the severity of these effects, for example the use of low-and high-pass fil-
ters including their corresponding order, the length of the impulse responses or the
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Figure 4.3: Memory consumption of the FD-RMFE algorithm (circles) compared to
the PBC-CG algorithm (squares) and the CC-CG algorithm (diamonds).

amount of regularization [44]. Furthermore, especially the FD-RMFE algorithm re-
quires some user-defined parameters such as the delays for each frequency domain
derived filter. Therefore, the use of these two algorithms might not be as trivial as
the PBC-CG algorithm.

4.6 Summary

This chapter describes three different algorithms with the objective of computing a
set of control filters with a reduced computational complexity. In Sec. 4.2 the regular-
ized modified filtered-error scheme (FD-RMFE) is derived, in which preconditioning
and prewhitening filters are applied that are computed in the frequency domain. In
Sec. 4.3 a regularized time domain conjugate gradient algorithm (PBC-CG) is de-
rived in which block-circulant preconditioning is applied. In Sec. 4.4 a frequency
domain conjugate gradient algorithm (CC-CG) is derived, which computes causal
control coefficient updates. Lastly, in Sec. 4.5 the algorithms are compared in terms
of computational complexity and memory consumption.



Chapter 5
Numerical results

5.1 Introduction

This chapter shows the numerical results of the developed methods as described in
previous chapters. In Sec. 5.2 the KHI is verified for different source positions, the
influence of the particle velocity approximation is studied and the effect of noise at
the microphone is shown. The procedure for computing the reflected sound field
with the finite element method (FEM) is shown, with an example, in Appendix A.1.
In Sec. 5.3 a small-scale numerical study is shown in which the KHI is used to com-
pute the reflected sound field, and the FD-RMFE algorithm (Sec. 4.2) is used to com-
pute the control filter coefficients. Lastly, in Sec. 5.4 a large-scale numerical study
is shown in which the KHI is used to compute the reflected sound field, and the
CC-CG algorithm (Sec. 4.4) is used to compute the control filter coefficients.

5.2 Verification of the Kirchhoff-Helmholtz integral

In this section the results of the Kirchhoff-Helmholtz integral are verified. A com-
parison is made with the results computed with the FEM on two examples, one
with a source within the contour and the other with a source outside the contour.
Thereafter, an indication of the error introduced by the particle velocity estimation
is given. Lastly, the effect of noise at the microphones on the contour is shown.

5.2.1 The Kirchhoff-Helmholtz integral with a source inside the contour

In this section the output of the KHI is compared with the reflected sound field
computed with the FEM while an acoustic source is present within the contour. A
two-dimensional configuration of dimensions 0.84-by-0.84 m2 is used, to represent
a small-scale AAC. The walls have an impedance of z = 10ρc, with ρ = 1.2 kg/m3

and c = 343 m/s. The monopole point source is located at (x, y) = (0.05,−0.05). As
described in Ch. 3, with a source located within the contour, the output of the KHI
is the reflected sound field due to this source. The output of the KHI is therefore
compared with the reflected sound field computed with the FEM. An example of

65
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Figure 5.1: Real part of the output of
the KHI at 201 Hz for a source inside
the circle. The location of the source is
indicated by the black dot. The result
is valid only within the contour.
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Figure 5.2: Real part of the reflected
sound field computed with the FEM
at 201 Hz. The location of the source
is indicated by the black dot. The con-
tour is shown for reference.

how to compute the reflected sound field with the FEM is shown in Appendix A.1.
The reflected sound field is computed with the FEM, using a perfectly matched layer
with a thickness of 0.33 m at the edges of the acoustic domain. The results of the
FEM are obtained in COMSOL 6.2 with the Acoustics Module, using at least four
quadratic elements per wavelength. The KHI is computed with Eq. (3.26), using the
acoustic pressure and particle velocity computed with the FEM at 100 points on the
circle with r = 0.24 m at the corresponding frequency.

The output of the KHI at 201 Hz is shown in Fig. 5.1. The result of the reflected
sound field computed with the FEM at 201 Hz is shown in Fig. 5.2. Both figures
show the acoustic pressure in Pa. It can be seen from these figures that within the
contour the sound fields match, while outside the contour the sound fields differ, as
the KHI is not valid outside the contour. The error between the output of the KHI
and the reflected sound field computed with the FEM is computed as

E(x, ω) = 20 log10

(
|p(2)KHI(x, ω)− pFEM(x, ω)|

|p(2)KHI(x, ω)|

)
, (5.1)

in which p(2)KHI(x, ω) is the output of the KHI, according to Eq. (3.26), and pFEM(x, ω)
is the result computed with the FEM. The error at 201 Hz in dB between the output
of the KHI and the reflected sound field as computed with the FEM is shown in
Fig. 5.3. This figure shows the error, which is between about −80 to −60 dB through
the whole region within the contour. The error figure also shows that the error does
not change with position, but remains at the same level anywhere within the contour,
although an increase in error close to the source is noticeable. Small artifacts that are
visible are due to the coarseness of the sampling grid.

Similarly, the results at 501 Hz have been computed with the KHI method, shown
in Fig. 5.4 and with the FEM, shown in Fig. 5.5. It can be concluded from these
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Figure 5.3: Error at 201 Hz between the output of the KHI (Fig. 5.1) and the reflected
sound field computed with the FEM (Fig. 5.2) within the contour. Although Fig. 5.1
and Fig. 5.2 do not show the imaginary parts but only the real parts, the error shown
in this figure is computed using both the real and imaginary parts. The error outside
the contour is not shown. The location of the source is indicated by the black dot.
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Figure 5.4: Real part of the output of
the KHI at 501 Hz for a source inside
the circle. The location of the source is
indicated by the black dot. The result
is valid only within the contour.
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Figure 5.5: Real part of the reflected
sound field computed with the FEM
at 501 Hz. The location of the source
is indicated by the black dot. The con-
tour is shown for reference.

figures that the KHI method and the reflected sound field computed with the FEM
are in agreement within the contour.

Using Eq. (5.1), the error between the output of the KHI and the reflected sound
field computed with the FEM is computed at 501 Hz and shown in Fig. 5.6. This
figure shows that the error is about −50 dB through the whole region within the
contour, although an increase in error close to the source is noticeable. In general, an
increase in error compared with the results at 201 Hz is noticeable, which might be
due to the shorter wavelengths while maintaining the same sampling grid.
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Figure 5.6: Error at 501 Hz between the output of the KHI (Fig. 5.4) and the reflected
sound field computed with the FEM (Fig. 5.5) within the contour. Although Fig. 5.4
and Fig. 5.5 do not show the imaginary parts, but only the real parts, the error shown
in this figure is computed using both the real and imaginary parts. The error outside
the contour is not shown. The location of the source is indicated by the black dot.
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Figure 5.7: Real part of the output of
the KHI at 201 Hz for a source outside
the circle. The location of the source is
indicated by the black dot. The result
is valid only within the contour.
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Figure 5.8: Real part of the total sound
field computed with the FEM at 201
Hz. The location of the source is indi-
cated by the black dot. The contour is
shown for reference.

5.2.2 The Kirchhoff-Helmholtz integral with a source outside the
contour

A similar comparison is made for the situation where the source is located outside
the contour. The same model with identical parameters as presented in the previous
section (Sec. 5.2.1) is used, but in this case the monopole point source is placed at
(x, y) = (0.25,−0.34). As described in Ch. 3, with a source located outside the con-
tour, the output of the KHI is the total sound field due to this source. Therefore, the
output of the KHI is compared with the total sound field computed with the FEM.
The result of the KHI at 201 Hz is shown in Fig. 5.7 and the result computed with
the FEM is shown in Fig. 5.8. Both figures show the acoustic pressure in Pa.

Similar to the results in Sec. 5.2.1, the output of the KHI and the total sound field
computed with the FEM are in agreement within the contour. Outside the contour
the KHI is not valid, and in the situation of a source being outside the contour, its
output is around zero. The error at 201 Hz in dB between the output of the KHI and
the reflected sound field as computed with the FEM is computed with Eq. (5.1) and
shown in Fig. 5.9. This figure shows the error within the contour, which is between
−100 to −80 dB through the whole region.

The results at 501 Hz have been computed with the KHI method, shown in
Fig. 5.10, and with the FEM, shown in Fig. 5.11. Both figures show the acoustic pres-
sure in Pa. It can be concluded from the figures that the result of the KHI method
and the total sound field computed with the FEM are in agreement within the con-
tour. The error at 501 Hz in dB between the output of the KHI and the total sound
field as computed with the FEM is computed with Eq. (5.1) and shown in Fig. 5.12.
This figure shows the error within the contour, which is between approximately −80
and −60 dB through the whole region. Again, the error seems to increase with the
frequency, as was found in Sec. 5.2.1.
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Figure 5.9: Error at 201 Hz between the output of the KHI (Fig. 5.7) and the total
sound field computed with the FEM (Fig. 5.8) within the contour. Although Fig. 5.7
and Fig. 5.8 do not show the imaginary parts but only the real parts, the error shown
in this figure is computed using both the real and imaginary parts. The error outside
the contour is not shown. The location of the source is indicated by the black dot.
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Figure 5.10: Real part of the output of
the KHI at 501 Hz for a source outside
the circle. The location of the source is
indicated by the black dot. The result
is valid only within the contour.
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Figure 5.11: Real part of the total
sound field computed with the FEM
at 501 Hz. The location of the source
is indicated by the black dot. The con-
tour is shown for reference.
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Figure 5.12: Error at 501 Hz between the output of the KHI (Fig. 5.10) and the to-
tal sound field computed with the FEM (Fig. 5.11) within the contour. Although
Fig. 5.10 and Fig. 5.11 do not show the imaginary parts, but only the real parts, the
error shown in this figure is computed using both the real and imaginary parts. The
error outside the contour is not shown. The location of the source is indicated by the
black dot.
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5.2.3 Error introduced by particle velocity estimation

In Sec. 5.2.1 and Sec. 5.2.2 the particle velocity is computed directly with the FEM.
However, in reality it must either be measured or approximated. As introduced
in Eq. (3.27), the particle velocity in the radial outward direction can be obtained
by a difference quotient between the sound pressure levels at the inner and outer
microphones. Using the same model as described in Sec. 5.2.1, a comparison is made
between the output of the KHI using particle velocity measurements computed with
the FEM, and the output of the KHI in which the particle velocity is approximated
using Eq. (3.27). The error is computed as

E(x, ω) = 20 log10

(
|p(2)(x, ω)− p̂(2)(x, ω)|

|p(2)(x, ω)|

)
, (5.2)

in which p(2)(x, ω) is the result of the KHI with the particle velocity computed with
the FEM, and p̂(2)(x, ω) is the result of the KHI with the approximated normal par-
ticle velocity computed with Eq. (3.27) using h = 1.6 cm.

The error is shown in Fig. 5.13 at 201 Hz, which shows that the largest error is
about −45 dB. Similarly, the error at 501 Hz is shown in Fig. 5.14, the largest error
being about −10 dB. As can be seen, the error is not constant through the domain,
but varies with position at both frequencies. Therefore, Fig. 5.15 and Fig. 5.16 show
the magnitude of p(2)(x, ω) at 201 Hz and 501 Hz, respectively. By comparing the
figures, at both frequencies the largest error is found at the locations with the small-
est magnitude. This indicates that the error is among other things dependent on the
magnitude of the output of the KHI through the domain. Furthermore, the error
increases with the frequency, which has been noted in the previous sections as well.
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Figure 5.13: Error plot of the KHI re-
sults at 201 Hz with the true particle
velocity and with the approximated
particle velocity, using both the real
and imaginary parts. The location of
the source is indicated by the black
dot.
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Figure 5.14: Error plot of the KHI re-
sults at 501 Hz with the true particle
velocity and with the approximated
particle velocity, using both the real
and imaginary parts. The location of
the source is indicated by the black
dot.
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Figure 5.15: Magnitude plot of
|p(2)(x, ω)| computed using both the
real and imaginary parts at 201 Hz.
The location of the source is indicated
by the black dot.
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Figure 5.16: Magnitude plot of
|p(2)(x, ω)| computed using both the
real and imaginary parts at 501 Hz.
The location of the source is indicated
by the black dot.
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5.2.4 Noise at the microphones

THe KHI method requires multiple microphones on a contour. As the number of
microphones increases, the likelihood of inaccurate measurements rises. Inaccura-
cies might be due to calibration issues, external noise influences, instrument drift or
sensitivity degradation due to wear and tear, hardware malfunction, etc. This sec-
tion shows the error of the KHI in the event that some microphones are measuring
inaccurate pressure levels. To see the effect on the output of the KHI, the measured
pressure at some microphones is altered. The error is computed using

E(x, ω) = 20 log10

(
| p̂(2)(x, ω)− p̃(2)(x, ω)|

| p̂(2)(x, ω)|

)
, (5.3)

in which p̂(2)(x, ω) is the result of the KHI with the estimated particle velocity using
Eq. (3.27) with h = 1.6 cm, and p̃(2)(x, ω) is the result of the KHI with the estimated
particle velocity using Eq. (3.27) with h = 1.6 cm, while the measured pressure of
selected microphones at the surface is modelled as

p̃(xs, ω) = (1 + ηκ)p(xs, ω), (5.4)

in which κ is a scaling factor and η is the noise, defined as

η = a + jb, (5.5)

in which a ∼ U(−1,1), b ∼ U(−1,1) and U(a,b) denotes a uniform distribution with an
interval between a and b.

Starting with κ = 10% and every 10th sensor triplet, with a sensor triplet referring
to a set of three microphones in radial direction that have noisy measurements, the
error is shown at 201 Hz in Fig. 5.17 and at 501 Hz in Fig. 5.18. For simplicity, a single
dot on the measuring surface is shown, but three microphones in radial direction
are used. The microphone triplets that have added noise are indicated with the red
enlarged squares. All the results through this section are obtained by averaging over
five realizations.

The maximum error at 201 Hz is about −20 dB, while the maximum error at
501 Hz is about 10 dB, although the average error is −40.5 dB. Using the same ap-
proach, but now with the first 25 microphone triplets measuring altered pressures
with κ = 10%, Fig. 5.19 shows the error at 201 Hz, and Fig. 5.20 shows the error at 501
Hz. At 201 Hz the maximum error is about −20 dB, while at 501 Hz the maximum
error is about 20 dB, although the average error is −34.4 dB. Again, for increasing
frequencies the error increases as well, which was found in previous sections.

Lastly, the error is shown for the situation in which all the microphones measure
altered pressures using κ = 10%, at 201 Hz in Fig. 5.21 and at 501 Hz in Fig. 5.22.
The maximum error at 201 Hz is about −20 dB and the maximum error at 501 Hz
is about 20 dB, although the average error is −24.8 dB. The results show that an in-
crease in the number of microphones with altered pressure measurements results in
an increase of the error at both frequencies. Furthermore, the error also increases
with higher frequencies, which can be seen with any number of microphones with
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Figure 5.17: Error plot of the KHI re-
sults at 201 Hz averaged over five re-
alizations, while noise is added to the
microphones indicated by the red en-
larged squares, using both the real
and imaginary parts. The average er-
ror is −40.7 dB. The location of the
source is indicated by the black dot.
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Figure 5.18: Error plot of the KHI re-
sults at 501 Hz averaged over five re-
alizations, while noise is added to the
microphones indicated by the red en-
larged squares, using both the real
and imaginary parts. The average er-
ror is −40.5 dB. The location of the
source is indicated by the black dot.
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Figure 5.19: Error plot of the KHI re-
sults at 201 Hz averaged over five re-
alizations, while noise is added to the
microphones indicated by the red en-
larged squares, using both the real
and imaginary parts. The average er-
ror is −34.9 dB. The location of the
source is indicated by the black dot.
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Figure 5.20: Error plot of the KHI re-
sults at 501 Hz averaged over five re-
alizations, while noise is added to the
microphones indicated by the red en-
larged squares, using both the real
and imaginary parts. The average er-
ror is −34.4 dB. The location of the
source is indicated by the black dot.

altered pressure measurements. With increasing frequencies, the wavelengths de-
crease and the sound field becomes more complex, which may be a reason why the
error increases. In order for the error at 501 Hz to have a maximum of 0 dB, with
altered measurements at every 10th sensor triplet, the noise scaling factor must be
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reduced to κ = 2%. Similarly, with altered measurements at all microphones, the
noise scaling factor must be reduced to κ = 1% to have a maximum error of 0 dB
at 501 Hz. In general, the error is not the largest close to the sensors with altered
pressure measurements. Although the maximum error at 501 Hz is larger than the
maximum error at 201 Hz, the average errors at both frequencies are very similar
in each situation. Fig. 5.23 and Fig. 5.24 show the magnitude of p̂(2)(x, ω) at 201 Hz
and 501 Hz, respectively. Similar to the results of Sec. 5.2.3, in general the error tends
to be the largest at the locations of the smallest magnitudes, especially at 501 Hz.
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Figure 5.21: Error plot of the KHI re-
sults at 201 Hz averaged over five re-
alizations, while noise is added to the
microphones indicated by the red en-
larged squares, using both the real
and imaginary parts. The average er-
ror is −25.3 dB. The location of the
source is indicated by the black dot.
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Figure 5.22: Error plot of the KHI re-
sults at 501 Hz averaged over five re-
alizations, while noise is added to the
microphones indicated by the red en-
larged squares, using both the real
and imaginary parts. The average er-
ror is −24.8 dB. The location of the
source is indicated by the black dot.
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Figure 5.23: Magnitude plot of
| p̂(2)(x, ω)| computed using both the
real and imaginary parts at 201 Hz.
The location of the source is indicated
by the black dot.
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Figure 5.24: Magnitude plot of
| p̂(2)(x, ω)| computed using both the
real and imaginary parts at 501 Hz.
The location of the source is indicated
by the black dot.
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5.3 The suppression of the reflected sound field in a small-scale
two-dimensional configuration

A numerical study is performed for a multichannel system in which K = L = M =
P = 12, where all sources are independent. The control coefficients are computed
with the FD-RMFE algorithm, as presented in Sec. 4.2. The choice was made to use
an equal number of sources and sensors, but the numbers do not need to be equal.
The number of performance sensors is Lperf = 37, which are spatially distributed
within the microphone contour with a distance of 0.06 m from each other, starting
from the origin. The configuration of the system is shown in Fig. 5.25, with the
objective of attenuating the reflected sound field. Because this numerical study and,
especially, this algorithm involve the use of a lot of parameters, a summary of the
involved parameters is given in Table 5.1. The dimensions of the chamber and the
number of sources and sensors in this numerical study are based on a small-scale
active anechoic chamber which is shown in Sec. 6.2. If, instead of using reference
microphones, it is possible to place sensors directly on a sound radiating object in
the room, this is favourable in terms of time-advantage and probably results in a
stronger correlation with the noise signal.
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Figure 5.25: Two-dimensional system configuration of the 12-channel active noise
control setup to attenuate acoustic reflections from the walls.

Following Fig. 5.25, a feedforward control system is implemented according to
the procedure described in Sec. 2.2.2, to suppress the reflections. Each of the 12 error
sensors is equipped with three microphones aligned in radial direction, which are
the input of the KHI; the middle microphone is shown in Fig. 5.25. The middle error
microphones and the reference microphones occupy the same positions, and could
function as a single microphones in real-time. With reference to Fig. 2.2, the primary

The results presented in this section are published in [148].
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noise signal is then the output of the KHI with the primary sources active measured
at the performance sensors, denoted by d(n). The objective of the system is to min-
imize e(n) = d(n) + y(n), in which e(n) is the performance signal measured at the
performance sensors and y(n) is the secondary signal which is the output of the KHI
due to the secondary sources measured at the performance sensors.
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Figure 5.26: The decoupled plant impulse response matrix ˆ̄Gai(z)Ḡ(z) ˆ̄Gmi(z). The
other channels are similar and thus omitted.

The speed of sound is c = 343 m/s and the density of the air is ρ = 1.21 kg/m3.
The walls have the dimensions of 0.84 m square, modelled using an impedance of
Z = 10ρc. The primary and secondary sources are modelled by monopole sources.
The distance between the secondary sources is 0.21 m and the primary sources is
0.075 m. The secondary sources are placed with a spacing of 0.05 m from the walls.
The primary sources are placed at 0.12 m from the origin. The sensors are placed
on a circle around the origin with a radius of r = 0.24 m. The reference sensors
measure the pressure at the reference sensor locations. The performance sensors are
the locations at which the KHI is evaluated, resulting in the performance signals. In
order to prevent spatial aliasing, according to the Nyquist sampling [159] criterion,
the maximal distance between any of the microphones is dmax = c

2 fmax
= 343

1200 =

0.286 m. This condition is satisfied for the performance sensors with a distance of
0.06 m and the error and reference sensors with a distance of 0.126 m. Furthermore,
for accurate reconstruction of the secondary sound field, the secondary sources need
to satisfy this condition as well [50, 92], which they do with a distance of 0.21 m.

The transfer functions between the source-sensor pairs are computed with the
FEM in COMSOL 6.0 with the Acoustics module, using at least four quadratic ele-
ments per wavelength. The reference sensor transfer function matrix X(ejω) is ob-
tained by sampling in the frequency domain from 1 Hz to 600 Hz with a frequency
resolution of 1 Hz, using vanishing frequency bins at 0 Hz and the Nyquist fre-
quency of 600 Hz. The acoustic pressure at the error sensors is obtained by sampling
in the frequency domain from 1 Hz to 600 Hz with a frequency resolution of 1 Hz, us-
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Table 5.1: Summary of the parameters.

Parameter Quantity Unit Description
K = L = M = P 12 - Number of sources and sensors
Lperf 37 - Number of performance sensors
c 343 m/s Speed of sound
ρ 1.21 kg/m3 Density of air
Room size 0.84 x 0.84 m Length x width
Z 10ρc pa·s/m Impedance at the walls
dss 0.21 m distance between secondary sources
dps 0.075 m distance between primary sources
dss-wall 0.05 m distance between secondary sources and the wall
rsens 0.24 m Radius of the circle on the origin at which the sensors

are placed
fstart 0 Hz Start of range for frequency domain sampling
fstep 1 Hz Frequency resolution
fend 600 Hz End of range for frequency domain sampling
fs 1200 Hz Sampling rate√

βG 20 dB Regularization factor for secondary path
J 256 samples Length of plant model
NFFT 512 samples Number of samples used in the Fourier transform
∆mi 200 samples Delay in the ˆ̄Gmi(z) filter
∆−

mi -200 samples Delay in the ˆ̄Gai(z) filter
∆ai 240 samples Delay in the ˆ̄Gai(z) filter
niter 2e4 samples Number of iterations in the algorithm√

βF 60 dB Regularization factor of the prewhitening filter
∆F 257 samples Delay in the ˆ̄Fw(z) filter
∆art 50 samples Delay of the noise signal
I 64 samples Control filter length
O 512 samples Length of the prewhitening filter
α0 4 - Step size of the algorithm
npwf 2e4 - Length of the reference signals to compute ˆ̄Fw(z)
nwindow 80 - Length of the Hamming window to compute ˆ̄Fw(z)
noverlap 50% - Overlap between windows to compute ˆ̄Fw(z)
fclp 480 Hz Cutoff frequency of the low-pass filter applied to P(ejω)

and G(ejω).
fchp 120 Hz Cutoff frequency of the high-pass filter applied to

P(ejω) and G(ejω).
h 0.01 m Distance between microphones in radial direction.

ing vanishing frequency bins at 0 Hz and the Nyquist frequency of 600 Hz, resulting
in a sampling frequency of fs = 1200 Hz. Following Eq. (3.27), the normal particle
velocity is computed at the error sensors using h = 0.01 m. Using the acoustic pres-
sure and the normal particle velocity at the error sensors, the Kirchhoff-Helmholtz
integral is computed, from which the primary- and secondary-path transfer function
matrices P(ejω) and G(ejω) are computed. The matrix P(ejω) is the transfer function
matrix from the primary sources to the performance sensors, and the matrix G(ejω)
is the transfer function matrix from the secondary sources to the performance sen-
sors. Both P(ejω) and G(ejω) are filtered with 1) a second-order low-pass filter [160]
having a cut off frequency at 480 Hz and 2) a second-order high-pass filter [160]
having a cut off frequency at 120 Hz. These two filters are applied to minimize fre-
quency domain artifacts that occur when transforming a pass-band with sharp cut
offs from the frequency domain to the time domain. The primary path transfer func-
tion matrix is converted from the frequency domain to the time domain using the
Fourier transform resulting in the matrix of impulse responses P(z).

The secondary path is regularized using βG = 3.48 × 104, such that
√

βG is at 20
dB below the largest frequency domain peak of G(ejω), and truncated after J = 256



5.3. SMALL-SCALE SUPPRESSION OF REFLECTIONS 81

samples such that Ḡ(z) is obtained. The preconditioning and decoupling filters
are computed using NFFT = 512 Fourier Transform samples, resulting in Ḡmi(z)
and Ḡai(z). Adding a delay of ∆mi = 200 samples to Ḡmi(z) results in ˜̄Gmi(z),
which, after truncation to length J, results in ˆ̄Gmi(z). Similarly, Ḡai(z) is delayed
by ∆−

mi = −200 samples, followed by a delay of ∆ai = 240 samples, resulting in
˜̄Gai(z). Truncation of ˜̄Gai(z) to length J results in ˆ̄Gai(z). The decoupling of the plant
is shown in Fig. 5.26, from which it can be seen that the plant is effectively decou-
pled, having a diagonal response with a pure delay that corresponds to ∆ai delay
samples. The delays ∆mi and ∆ai correspond to the length of the secondary path
impulse response J. In general, choosing ∆mi ≈ 0.8J and ∆ai ≈ 0.95J seems to be a
good starting point, but this is dependent on the application. If those numbers differ
too greatly from what they should be, the decoupling of the system is reduced.

The prewhitening and decorrelation filter is shown in Fig. 5.27. The filter is com-
puted from the reference signals of length n = 20000 using Welch’s method [161]
with a Hamming window length of 80 samples having an overlap of 50%. A regu-
larization using βF = 3.1× 102 is applied, such that

√
βF is at 60dB below the largest

eigenvalue of D(ejω) in the frequency domain, resulting in F̄w(z). Because the PSD
matrix is positive semi-definite symmetric, a delay of ∆F = 512

2 + 1 = 257 samples is
added, resulting in ˜̄Fw(z), followed by truncation to a length of 512 samples, result-
ing in ˆ̄Fw(z).
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Figure 5.27: Prewhitening filter ˆ̄Fw(z) corresponding to the inputs 1, 2 and outputs
1, 2. The other channels are similar and thus omitted.

The coherence between the reference signals is shown in Fig. 5.28, showing that
the signals are properly decorrelated after filtering with the prewhitening filter.

The noise signal is a Gaussian white noise signal convolved with the primary
path, which is filtered with an anti-aliasing filter having a cut off frequency at fNyq =
600 Hz. Upon running the FD-RMFE algorithm, the noise signal is delayed by
∆d = ∆F + ∆mi + ∆art samples, with ∆art = 50 artificial delay samples. The choice
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Figure 5.28: Coherence between a selected subset of reference signals. Blue shows
the original reference signals. Red shows the reference signals after filtering with
ˆ̄Fw(z). Left upper figure: reference sensors 1 and 3. Right upper figure: reference
sensors 2 and 3. Left lower figure: reference sensors 1 and 4. Right lower figure:
reference sensors 2 and 4. The other channels show similar results and are therefore
omitted.

of the number of ∆art samples should be large enough that the reference signal has
sufficient time-advance compared to the disturbance signal. However, increasing
∆art also increases computational complexity, because while running the algorithm,
the length of the filter coefficients is extended with ∆art samples. The system is
simulated using n = 2e4 time samples, with a desired filter length of I = 64 sam-
ples, requiring 12.2 seconds on a laptop with an Intel Core i7-10750H @ 2.60 GHz
CPU and 16 GB of RAM. The FD-RMFE algorithm converged to a reduction of 12.8
dB, averaged over all performance sensors, as is shown in Fig. 5.29. A step-size of
α0 = 4 is used, which is the maximum allowable value for which the algorithm con-
verges, found in a heuristic manner. Using the same settings, the normalized FeLMS
algorithm converged to 3.3 dB averaged over all sensors. The normalized FeLMS
algorithm required over 2e5 iterations to obtain the same performance of 12.8 dB re-
duction averaged over all performance sensors, as was the case with the FD-RMFE
algorithm. This shows that the preconditioning filters, changes in the adaptation
loop and regularization reduce the number of iterations by about a factor 10 for this
numerical study with these parameters. Exporting the particle velocity directly from
the FEM, without approximation using Eq. (3.27), allows for higher reduction levels.
This shows that the approximation of Eq. (3.27) introduces a small error (as shown
in Sec. 5.2.3), but allows the use of microphones.

After running the FD-RMFE algorithm, the last updated set of filter coefficients
C(z) is converted to W∆(z) using Eq. (4.8), where subscript ∆ is used to indicate that
this controller includes a delay. The delays ∆mi and ∆F are truncated from the filter
coefficients and are shown in Fig. 5.30, still having a delay corresponding to ∆art.
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Figure 5.29: Convergence at the first four performance sensors with the FD-RMFE
algorithm and the normalized FeLMS algorithm. The average reduction of the FD-
RMFE algorithm is 12.8 dB, while the average reduction of the normalized FeLMS
algorithm is 3.3 dB. The signals are averaged using a window of 500 samples.

For the system to be applicable in the real world, ∆art is truncated from the set of
filter coefficients W∆(z), resulting in the desired set of filter coefficients W(z) with
length I, which is shown in Fig. 5.31.

Both sets of control filter coefficients W∆(z) and W(z) are simulated with the con-
figuration shown in Fig. 2.2. The primary noise signal is the output of the KHI with
the primary sources active, which is denoted by d(n). The objective of the system is
to minimize e(n) = d(n) + y(n), in which e(n) is the output of the KHI, named the
performance signal, and y(n) is the secondary signal which is the output of the KHI
due to the secondary sources. The frequency domain spectral densities are shown in
Fig. 5.32. Running the controller with the set of filter coefficients W∆(z) with a pri-
mary noise signal that is delayed by ∆art samples shows an average performance of
15.4 dB. Running the controller with the set of filter coefficients W(z) with a primary
noise signal without any delay shows an average performance of 13.8 dB. Removal
of the delay from the filter coefficients shows an average loss in reduction of 1.6 dB
averaged at the performance sensors.

The Kirchhoff-Helmholtz integral is computed throughout the domain, and the
results are shown at f = 56.2 Hz (Fig. 5.33 till Fig. 5.35), f = 161.7 Hz (Fig. 5.36
till Fig. 5.38) and f = 396.1 Hz (Fig. 5.39 till Fig. 5.41). It can be seen that at these
frequencies the sound field due to the secondary sources approaches the inverse
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Figure 5.30: Delayed controller filter coefficients W∆(z) of length Ī = ∆art + I which
correspond to reference sensors 1, 2 and secondary sources 1, 2. The other channels
show a similar delay, although the response could be different. The other channels
are omitted for the sake of readability.

of the reflected sound field due to the primary sources, such that the sum of both
fields is minimized by the controller. These figures also show that global control is
achieved within the microphone area, which can be seen from the acoustic pressure
in the field surrounded by the microphones. It should be noted that the results of
the Kirchhoff-Helmholtz integral are not valid outside of the contour, but the full
domain is shown for completeness.
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Figure 5.31: Controller filter coefficients W(z) truncated to length I which corre-
spond to reference sensors 1, 2 and secondary sources 1, 2. The other channels are
omitted for the sake of readability.
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Figure 5.32: Spectral densities of the first four performance sensors. These results
are obtained after running the configuration as shown in Fig. 2.2 using the delayed
controller W∆(z) with the noise signal that is delayed by ∆art samples, as opposed
to the controller W(z) which has a noise signal that is not delayed. The average
reduction over all performance sensors is 15.4 dB, using the filter coefficients W∆(z).
The average reduction over all performance sensors with the filter coefficients W(z)
is 13.8 dB. The signals are averaged using a window of 500 samples.
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Figure 5.33: Real part of the output of the Kirchhoff-Helmholtz integral at 56.2 Hz,
with the primary sources active, which are located at the black dots. The result is
valid only inside the contour.
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Figure 5.34: As Fig. 5.33, but with the secondary sources active.
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Figure 5.35: Sum of Fig. 5.33 and Fig. 5.34.
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Figure 5.36: As Fig. 5.33, but at 161.7 Hz.
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Figure 5.37: As Fig. 5.33, but with the secondary sources active, at 161.7 Hz.
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Figure 5.38: Sum of Fig. 5.36 and Fig. 5.37.
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Figure 5.39: As Fig. 5.33, but at 396.1 Hz.
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Figure 5.40: As Fig. 5.33, but with the secondary sources active, at 396.1 Hz.
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Figure 5.41: Sum of Fig. 5.39 and Fig. 5.40.
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5.4 The suppression of the reflected sound field in a large-scale
two-dimensional configuration

The numerical study of a two-dimensional multichannel system in which K = L =
M = P = 200, where all sources are independent is shown in this section. For
convenience, the choice was made to use an equal number of sources and sensors,
but the numbers do not need to be equal. The configuration of the system is shown
in Fig. 5.42, with the objective of suppressing the reflected sound field.
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Figure 5.42: Two-dimensional system configuration of the active noise control setup
with 200 sources, 200 reference sensors and 225 performance sensors to suppress
acoustic reflections from the walls. The reference sensors and the error sensors have
the same positions

With reference to Fig. 5.42, a feedforward control system is implemented accord-
ing to the procedure described in Sec. 2.2.2, to suppress the reflections. In this case,
each of the 200 error sensors is equipped with three microphones aligned in radial
direction, which is the input of the KHI. With reference to Fig. 2.2, the primary noise
signal is then the output of the KHI with the primary sources active measured at the
performance sensors, denoted by d(n). The objective of the system is to minimize
e(n) = d(n) + y(n), in which e(n) is the performance signal measured at the perfor-
mance sensors and y(n) is the secondary signal which is the output of the KHI due
to the secondary sources measured at the performance sensors.

The room is of dimensions 5-by-5 m2, with the walls having an impedance of
Z = 10ρc, in which c = 343 m/s denotes the speed of sound and ρ = 1.21 kg/m3 is
the density of the air. The primary and secondary sources are modelled as monopole
sources. The distance between the secondary sources is 0.098 m, with a spacing
from the wall of 0.1 m. The distance between the primary sources is 0.031 m, with

The results presented in this section are submitted in [150].
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a spacing from the centre of the room of 0.8 m. The reference sensors are placed at
the coordinates (xr, yr) = (rs cos θr, rs sin θr), in which rs = 1.4 m and θr = 2πi, i =
0, . . . , K − 1. The reference sensors measure the acoustic pressure at the reference
sensor locations. Each error sensor is equipped with three pressure microphones
in radial direction. The error microphones are placed at the coordinates (xe, ye) =
({rs, rs ± h} cos θe, {rs, rs ± h} sin θe), in which θe = 2πi, i = 0, . . . , L− 1 and h = 0.01
m. Using the inner and outer error microphones at rs ± h, the particle velocity is
estimated, following Eq. (3.27). With the middle error microphones at rs, the acoustic
pressure is measured. With the particle velocity and acoustic pressure, the KHI is
computed, resulting in the performance sensors within the circle. The performance
sensors are spatially distributed within the microphone surface with a distance of
0.1482 m from each other, starting from the centre of the room.
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Figure 5.43: Convergence of the cost function while running the CG algorithm. Total
elapsed time is 317 seconds.

The transfer functions between all the source-sensor pairs are computed with
the FEM in COMSOL 6.0 with the Acoustics module, using at least four quadratic
elements per wavelength. A frequency domain study from 5 Hz to 595 Hz with a
frequency resolution of 5 Hz is computed, using vanishing frequency bins at 0 Hz
and the Nyquist frequency of 600 Hz, resulting in a sampling frequency of fs = 1200
Hz. The transfer function matrix from the primary sources to the reference sensors
X(ejω) is exported. Similarly, the transfer function matrices from the primary and
secondary sources to the error sensors are obtained. With these transfer functions,
the KHI is evaluated at Lperf = 225 performance sensor locations, resulting in the
transfer function matrices from the primary and the secondary sources to the per-
formance sensors P(ejω) and G(ejω), respectively. Both transfer function matrices
P(ejω) and G(ejω) are filtered with 1) a second-order high-pass filter having a cut off
frequency at 20 Hz, and 2) a second-order low-pass filter having a cut off frequency
at 590 Hz. These filters are applied to prevent aliasing and to minimize time domain
artifacts that occur when transforming from the frequency domain to the time do-
main. The reference path, secondary path and primary path are modelled by FIR
filters of 512 samples.
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Figure 5.44: Control filter coefficients W(z), obtained after running the proposed
algorithm. The filter coefficients correspond to reference sensors 1,2 and secondary
sources 1,2. The other channels are omitted.

The CC-CG algorithm is used to find a set of control coefficients, within a max-
imum of 50 iterations, using a regularization parameter of β = 1 × 10−2 as shown
in [162], and NFFT = 1024 Fourier Transform samples. The algorithm takes 317
seconds to do the 50 iterations on a laptop with an Intel Core i7 − 10750H CPU @
2.60 GHz with 16 GB of RAM. The convergence of the cost function is shown in
Fig. 5.43. The algorithm computes the control filter coefficients W(z) with a length
of I = NFFT/2 + 1. However, if desired, the coefficients can be truncated. The filter
coefficients corresponding to the first two reference sensors and the first two sec-
ondary sources are shown in Fig. 5.44.

The control coefficients W(z) are used to simulate the performance of the system
following the configuration as shown in Fig. 2.2. The first sample of the driving
signals of all primary sources is set to 1, to approximate a Dirac delta impulse. The
spectral density of the first four performance signals is shown in Fig. 5.45, showing
an average reduction of 13.4 dB.

5.5 Conclusion

In this chapter the numerical studies of the developed methods are shown. The KHI
is verified with the FEM, which results in the reflected sound field if the source is
located within the contour, and results in the total sound field if the source is lo-
cated outside the contour. The error introduced by the particle velocity estimation
is shown to be related to the pressure amplitude. The influence of noise at the mi-
crophones is shown for several situations. It is found that an increase in the number
of microphones with altered pressure measurements results in an increase in the er-
ror. In all cases, the error is found to be proportional to the frequency. In addition
to the studies to verify the KHI, a small-scale two-dimensional numerical study is
shown of a control system with the objective of suppressing the reflections from the
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Figure 5.45: Spectral densities of the first four performance sensors using the control
coefficients W(z) with the feedforward scheme of Fig. 2.2. The reduction levels are
13.0, 13.6, 13.6 and 13.4 dB, respectively, from top to bottom.

walls. The reflected sound field is computed with the KHI and the control system,
in which the filter coefficients are computed with the FD-RMFE algorithm, and is
able to effectively attenuate the reflections. Lastly, a large-scale two-dimensional
numerical study is shown of a control system with the objective of suppressing the
reflections from the walls. Similarly, the KHI is used to compute the reflected sound
field, which is suppressed using a control system in which the control coefficients
have been computed with the CC-CG algorithm. This numerical study shows that
the CC-CG algorithm is effective to obtain the control coefficients with a large num-
ber of sources and sensors. With the small-scale and large-scale numerical studies is
shown that the reflections are effectively suppressed.





Chapter 6
Experimental results

6.1 Introduction

In the previous chapter numerical studies are shown in which the developed meth-
ods are implemented. Although numerical studies allow for scaled-up versions of
the system in terms of sources and sensors, this is under ideal circumstances with-
out sensor noise, hardware constraints or environmental influences. Therefore, this
chapter shows the real-time experiments using the developed methods as described
in previous chapters. In Sec. 6.2 the experimental setup and its configuration are
elaborated. In Sec. 6.3 a real-time experiment is shown in which the reflected sound
field is computed with the KHI, and a control system is used to suppress the reflected
sound field. The control coefficients in this experiment are computed using the PBC-
CG algorithm (Sec. 4.3). Lastly, in Sec. 6.4 a similar real-time experiment is shown,
but now the control coefficients are computed with the CC-CG algorithm (Sec. 4.4).
Relevant additional material is shown in the Appendices A.2 till A.4. A real-time ex-
periment in which the control coefficients have been computed with the FD-RMFE
algorithm (Sec. 4.2) is not shown, because it was found that this algorithm requires
additional time advance on the reference signals due to the delays in the precondi-
tioning filters of the direct path. The additional time advance is not available due to
the smaller dimensions of the setup.

6.2 The experimental setup

The experimental setup being used is shown in Fig. 6.1. The general idea of the setup
is that the primary noise signal is generated in the middle of the setup, surrounded
by a ring of microphones. This allows computation of the reflected sound field due
to the primary sources within the ring of microphones. On the edges of the setup
the secondary sources are located, which generate the secondary signal, to cancel the
reflected sound field due to the primary sources. The height of the setup is limited
to 20 cm, so the sound field is considered two-dimensional up to about 850 Hz,
which is above the frequency range of interest. Both the width and the length are

95
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0.92 m. The setup is equipped with twelve independent secondary sources (Visaton
W130X) placed at the edges. Each side has three secondary sources, with a spacing
of 0.3 m in which the middle one is centred. The top of the setup is covered by a
plate of glass with a thickness of 1.2 cm. The setup is equipped with twelve external
independent primary sources (Visaton W130X). Each primary source is placed in a
box with outer-dimensions of (w, l, h) = (0.24, 0.24, 0, 29) m, being its width, length
and height, respectively. Each primary source box is connected to the centre of the
setup with a tube of length 1 m, as shown in Fig. 6.2.

Figure 6.1: Top view showing the sensor configuration and the secondary sources of
the experimental setup.

Figure 6.2: The external primary sources connected to the bottom of the experimen-
tal setup using tubes.

To obtain the desired enclosure volume for each driver, an analysis with the use
of Thiele/Small parameters for the source enclosures is made. By assuming 1) a
low-frequency range in which the driver acts as a piston and 2) small signals so that
the driver is considered linear, a speaker analysis can be made using basic system
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parameters following [163, 164]. This method allows computation of the system re-
sponse function, diaphragm displacement function and transient responses. In an
open enclosure, the driver response function [163] is given by

G(s) =
s2T2

o

s2T2
o + sTo

QTS
+ 1

, (6.1)

in which T2
o = 1

ω2
o

with fo = ω0
2π as the resonance frequency of the driver in Hz. The

variables To, fo are named Ts and fs respectively in literature, but those variables
are already in use in this thesis. The parameter QTS is defined as the total Q of the
system at fo, given by

QTS =
QMSQES

QMS + QES
, (6.2)

in which QMS is the Q of the driver at fo considering driver non-electronical resis-
tances only and QES is the Q of the driver at fo considering electrical resistances only.
The displacement function is given by

X(s) =
1

s2T2
o + sTo

QTS
+ 1

, (6.3)

which behaves like a second-order low-pass filter.
If the driver is placed in a completely closed and air-tight box, the air in the box

will act like a spring, and affect the system response. The system compliance ratio
is given by α = VAS

VAB
in which VAS = ρc2CAS is the equivalent air volume of the

driver suspension and VAB = ρc2CAB equals the net air volume in the enclosure if
the enclosure is not filled with any absorption material. With the system compliance
ratio, the new resonance frequency is computed as

fc = fo(α + 1)1/2, (6.4)

the electrical quality factor is written as

QEC = QES(α + 1)1/2, (6.5)

and the mechanical quality factor is written as

QMC = QMS(α + 1)1/2, (6.6)

so that the total Q is written as

QTC = QTS(α + 1)1/2. (6.7)

The system response function is given by [164]

G(s) =
s2T2

c

s2T2
c + sTc

QTC
+ 1

, (6.8)
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in which T2
c = 1

ω2
c
= 1

(2π fc)2 . Using the parameters of the Visaton W130X speaker
from the manufacturer with fo = 40 Hz, QMS = 4.39, QES = 0.41 and VAS = 5.64
l the transfer function without and with enclosure having a volume of VAB = 7.1
l is shown in Fig. 6.3. It can be seen from this figure that the resonance frequency
increased, being approximately −5 dB, so this still is a critically-damped system.
The cone displacement function is given by

X(s) =
1

s2T2
c + sTc

QTC
+ 1

. (6.9)

The cone displacement functions are shown in Fig. 6.4. A benefit of the extra
stiffness of the air within the enclosure is that it keeps the diaphragm closer to its
rest position, offering protection from exceeding the maximum cone displacement.
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Figure 6.3: Frequency response functions of the Visaton W130X driver estimated
with Thiele/Small parameters

.

The volume VAB = 7.1 l has been applied at the primary sources; the volume
VAB = 7.6 l has been applied at the secondary sources. With respect to the enclo-
sure volume, a description of the design approach of the primary source enclosure,
the influence of the tube length and the addition of absorption to flatten the fre-
quency spectrum are studied. The experimental setup is designed to allow up to
twelve independent primary sources. Due to spatial limitations, external sources
are used which are connected via tubes. Ideally, the SPL obtained from the primary
sources is as high as possible within the experimental setup, mainly because this
improves the signal to noise ratio, which is beneficial for the identification of the
transfer functions. Furthermore, a flat frequency response is desired, to allow for
broadband experiments. In order to connect the external primary sources via tubes
to the experimental setup, each driver is placed in an enclosure.
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Two driver enclosures have been tested, to see the effect of the volume size in
front of the driver, not to be confused with the volume behind the driver, which is
computed with the Thiele/Small parameters. The first design is shown in Fig. 6.5
and the second design is shown in Fig. 6.6. For this comparison the volume behind
the driver would ideally have been kept constant, but has been changed due to a
design update.
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Figure 6.5: Primary source enclosure
design 1, in which the tube and driver
locations have been indicated in red.
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Figure 6.6: Primary source enclosure
design 2, in which the tube and driver
locations have been indicated in red.

In design 1, the volume in front of the driver is about 3.0 l, while in design 2 the
volume in front of the driver is about 0.1 l. The FRF of both enclosures is shown in
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Fig. 6.7. This measurement is conducted with a tube of 1 m connected to the enclo-
sures, while a microphone is placed at the other end of the tube. The figure shows
that design 2, with a small volume in front of the driver, achieves a higher SPL. Fur-
thermore, it can be seen that the FRF of design 1 contains more noise, especially at
the lower amplitudes. Due to the higher SPLs and better signal to noise ratio, design
2 has been chosen.
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Figure 6.7: The frequency response functions of both primary source enclosures,
connected to a tube of 1 m.

Now that the design with the highest sound pressure levels has been chosen,
a flat frequency spectrum is required. Therefore, several measurements have been
conducted with absorption material (melamine foam Basotect) at the end of the tube.
The results of the measurements are shown in Fig. 6.8. A measurement without a
tube is shown, of which the configuration is given in Fig. 6.9; a measurement with
a tube but without any absorption is shown and measurements with the tube in
combination with different absorption thickness added to the end of the tube are
shown, an example of which is given in Fig. 6.10. A comparison of the measurement
without a tube and the measurement with the tube without absorption shows the
effect of the tube on the FRF. Furthermore, the figure shows that the addition of
the absorption results in a flatter frequency spectrum. However, with increasing
absorption thickness, the SPL decreases. Therefore, the absorption thickness of 1 cm
is used in the experimental setup.

The locations of the tubes connected to the setup are shown in Fig. 6.11. The
setup is equipped with a total of 39 KECG2240PBJ condenser microphones, of which
K = 12 reference sensors, which are located at the coordinates (xr, yr) = ({rs −
h} cos θr, {rs − h} sin θr), in which rs = 0.24 m, θr = 2πi/K, i = 0, . . . , K − 1 and
h = 1.6 cm. The 36 error microphones are placed at the coordinates (xe, ye) =
({rs, rs ± h} cos θe, {rs, rs ± h} sin θe), in which θe = 2πi/L, i = 0, . . . , L − 1, result-
ing in L = 12 error sensors on a circle with each three microphones aligned in radial
direction. The inner error sensors and the reference sensors are the same physical mi-
crophones. With all the inner and outer microphones at the circle, the particle veloc-
ity is estimated using Eq. (3.27). With the middle microphones the acoustic pressure
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Figure 6.8: The frequency response functions of design 2 with a tube of length 1 m
in combination with different absorption thickness at the end of the tube.

Figure 6.9: Primary source enclo-
sure design 2, without a tube con-
nected.

Figure 6.10: Primary source enclosure de-
sign 2, with a tube connected having 1 cm
thick melamine foam at its end.

is measured. The particle velocity and acoustic pressure at the circle are the input
for the KHI, with ρ = 1.21 kg/m3 and c = 343 m/s, to compute the primary path
P(z) and the secondary path G(z) at Lperf = 21 performance sensor locations, which
are equally distributed within the ring of microphones with a distance of 0.0865 m
from each other, as shown in Fig. 6.11. Similar to the configuration in Sec. 5.3, in or-
der to prevent spatial aliasing, according to the Nyquist sampling [159] criterion, the
maximal distance between any of the microphones is dmax = c

2 fmax
= 343

1200 = 0.286
m. This condition is satisfied for the performance sensors with a distance of 0.087
m and the error and reference sensors with a distance of 0.126 m. Furthermore, for
accurate reconstruction of the secondary sound field, the secondary sources need to
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satisfy this condition as well [50, 92], which is not perfectly met with a distance of
0.3 m owing to spatial limitations of the physical loudspeakers. Therefore, the maxi-
mum frequency for accurate secondary sound field generation lies at 570 Hz, rather
than 600 Hz. However, it should be noted that the secondary sound field must be
accurate within the circle, while it does not necessarily need to be accurate outside of
the circle. This relaxes the spatial requirement, so that with dmax = 0.286 m, six sec-
ondary sources would already be able to accurately generate the secondary sound
field within the contour.
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Figure 6.11: Two-dimensional schematic view of the experimental setup.

Out of the 39 microphones, the last three are the verification sensors, at (x, y) =
(−0.15, 0) m, (0, 0) m and (0,−0.17) m for sensors 1 to 3, respectively. The placement
of the verification sensors is indicated in Fig. 6.11. The verification sensors measure
the total acoustic pressure and are used to estimate the reverberation time (RT). All
the physical microphones are individually calibrated using an Acoustical Calibrator
B&K Type 4231, at 1 kHz with 94 dB sound pressure level re 20µPa. The calibration
procedure is described in Appendix A.2. An overview of the system configuration is
shown in Fig. 6.12, in which the 12 microphones at the inner ring are also used as ref-
erence microphones to measure the reference signals. The control system is a Speed-
goat real-time target machine with an Intel Xeon 6-core CPU at 4 GHz and 128 GB
of RAM. The machine is equipped with multiple IO135 modules, interconnected via
their digital ports for synchronization. The microphones are connected to custom-
made pre-amplifiers, of which the electrical scheme is shown in Appendix A.3, and
which are connected to the control system. All the primary sources are connected
to a Dayton Audio MA1240a multizone amplifier, which is connected to the control
system. Similarly, all the secondary sources are connected to a second Dayton Audio
MA1240a multizone amplifier, which is connected to the control system.

The Simulink scheme used for identification purposes is shown in Fig. 6.13. One
after another, each source, both primary and secondary, is excited with a frequency



6.2. THE EXPERIMENTAL SETUP 103

Figure 6.12: Active noise control system overview.

sweep. The details of the identification procedures are specified with each exper-
iment in Sec. 6.3 and Sec. 6.4, because they differ per experiment. The excitation
signals (inputs) and the measured acoustic pressures at all the microphones (out-
puts) are saved. With the recorded time history of both the inputs and outputs the
impulse responses are computed. After the identification procedure, the KHI is eval-
uated. This results in the primary noise signal d(n) ∈ R

Lperf×P, which is the output
of the KHI with the primary sources active and the secondary signal y(n) ∈ R

Lperf×P,
which is the output of the KHI with the secondary sources active. With these signals,
the control coefficients are computed following the configuration of Fig. 2.2.

The scheme used to do real-time control is shown in Fig. 6.16. The control co-
efficients are the input of block w, and the feedback path is modelled with block
f , which was used to apply IMC. The subsystem ’Controller output’ is shown in
Fig. 6.19 and the subsystem ’Feedback path’ is shown in Fig. 6.20. As can be seen, a
delay of 1 sample has been added in the ’Feedback path’, so as to prevent an alge-
braic loop. In order to compensate for this delay, the first sample of the FIR filter f
has been removed, so this filter is time-advanced by 1 sample.
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Figure 6.13: Simulink scheme of the system identification procedure. A zoom of the
left side is shown in Fig. 6.14, a zoom of the right side is shown in Fig. 6.15.
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Figure 6.14: Zoom in on the left side of Fig. 6.13.
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Figure 6.16: Simulink scheme of the real-time control. A zoom of the left side is
shown in Fig. 6.17, a zoom of the right side is shown in Fig. 6.18. The subsystem
’Controller output’ is shown in Fig. 6.19 and the subsystem ’Feedback path’ is shown
in Fig. 6.20.
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Figure 6.17: Zoom in on the left side of Fig. 6.16.
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Figure 6.19: Subsystem ’Controller output’ of the real-time control scheme.
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Figure 6.20: Subsystem ’Feedback path’ of the real-time control scheme.
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6.3 Real-time suppression of the reflected sound field with the
PBC-CG algorithm

In this real-time experiment, the system runs at a sampling frequency of fs = 5 kHz.
The reference signals are filtered by a third-order high-pass filter having a cutoff
frequency at 20 Hz. The error signals and verification signals are filtered by a third-
order low-pass filter having a cutoff frequency at 600 Hz and a third-order high-pass
filter with a cutoff frequency at 60 Hz. All individual sources generate a logarithmic
sweep from 20 to 600 Hz for a duration of 10 s to identify the system. The impulse
responses of the system are shown in Fig. 6.21. The left figure shows the primary
path, from the primary sources to the error sensors, truncated to P = 1024 samples.
The middle figure shows the secondary path, from the secondary sources to the error
sensors, truncated to J = 400 samples. The right figure shows the feedback path,
from the secondary sources to the reference sensors, truncated to F = 700 samples.
The feedback path is used to apply IMC [44], the principle of which is explained
in Sec. 2.2.3. The obtained impulse responses are transformed to the FRFs with the
Fourier transform, which are shown in Appendix A.4.
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Figure 6.21: Impulse responses of the system. The left figure shows the impulse
response of the primary path, from the first primary source to the first performance
sensor. The middle figure shows the impulse response of the secondary path, from
the first secondary source to the first performance sensor. The right figure shows the
feedback path, from the first secondary source to the first reference sensor.

A set of control filter coefficients of length I = 250 samples is obtained after
running the PBC-CG algorithm with 148 iterations, using a relative tolerance of
ϵ = 1 × 10−6, with the regularization parameter β = 1 × 10−1, which was found
to be the smallest value for which the system remained stable. By setting the regu-
larization parameter at this value, a stable system is maintained in combination with
IMC. The regularization parameter was found in a heuristic manner. A physical in-
terpretation of the regularization procedure is that uncorrelated white noise signals
of mean-square value β are added to each of the reference signals [44]. Therefore,

The results presented in this section are published in [149].



112 CHAPTER 6. EXPERIMENTAL RESULTS

increasing the regularization parameter reduces the performance. However, if the
regularization parameter is not large enough in combination with IMC, the system
is not stable because of the imperfections of the internal model. The PBC-CG algo-
rithm required 102.5 s on a desktop computer with an Intel core i7 − 8700 @ 3.20
GHz CPU and 64 GB of RAM. The obtained filter coefficients are shown in Fig. 6.22,
which shows that the filter coefficients have decayed after I samples.
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Figure 6.22: The control filter coefficients W(z) of length I = 250 samples. The
filter coefficients correspond to reference sensors 1, 2 and secondary sources 1, 2. The
other channels are omitted for the sake of readability.

During real-time control, each primary source generates an independent loga-
rithmic sweep from 20 to 600 Hz, which is randomly varied in duration and starting
time for each primary source.

The spectral density of the first four performance signals measured at the perfor-
mance sensor locations is shown in Fig. 6.23. This shows that the controller reduces
the signals, as computed by the KHI up to about 600 Hz, by an average of 9.6 dB.
The spectral density of the signals measured by the verification sensors is shown in
Fig. 6.24, which shows that the spectral density becomes increasingly flat. The im-
pulse response from the primary sources to the verification sensors with and without
control is shown in Fig. 6.25. The figures show that the amplitude of the impulse re-
sponse is reduced with the controller turned on, although the active control system
increases the noise floor, as can be seen when the impulse response has decayed.

The RT is estimated using the envelope of the impulse response, after which a
moving average filter is applied using a window of ten samples, followed by the
Schroeder integration method [111], using a time limit of 500 samples. To obtain
the decay rate T10, which describes the time it takes for the sound pressure level
to reduce by 10 dB [165], a linear regression is made from −5 dB to −15 dB. The
regression starts at −5 dB in order to avoid the influence of direct sound or strong
early reflections [166]. The decay rate T10 is shown in Fig. 6.26. Using the slope (A)
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Figure 6.23: Spectral densities of the signals at the first four performance sensors.
The reduction levels from top to bottom are 8.9, 10.2, 9.7 and 9.7 dB, respectively.

of the regression line, the RT is estimated following

RT =
−60

A
. (6.10)

The RT has been reduced from 0.036 s to 0.022 s, 0.037 s to 0.016 s and 0.036 s to 0.020
s at verification sensors 1 to 3, respectively. The result of the KHI at f = 215 Hz is
shown in Fig. 6.27 with the primary sources active and Fig. 6.28 with the secondary
sources active, and the sum of both is shown in Fig. 6.29. From the sum of both
fields it can be seen that global control of the area within the circle of microphones
is achieved. It should be noted that the results of the KHI are not valid outside the
contour, but the full domain is shown for completeness.
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Figure 6.24: Spectral density of the signals measured by the verification sensors.
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Figure 6.25: The impulse response from the primary sources to the verification sen-
sors with the controller turned off and with the controller turned on.
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Figure 6.26: An estimation of the RT (T10) using a smoothed envelope of the impulse
response. The left figure is the first verification sensor; without control the RT is 0.036
s and with control the RT is 0.022 s. The middle figure is the second verification
sensor; without control the RT is 0.037 s and with control the RT is 0.016 s. The
right figure is the third verification sensor; without control the RT is 0.036 s and with
control the RT is 0.020 s.
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Figure 6.27: Real part of the output of the KHI at 215 Hz, with the primary sources
active, located at the black dots. The result is valid only inside the contour.
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Figure 6.28: Real part of the output of the KHI at 215 Hz, with the secondary sources
active, located at the black dots. The result is valid only inside the contour.
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Figure 6.29: Sum of Figs. 6.27 and 6.28.
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6.4 Real-time suppression of the reflected sound field with the
CC-CG algorithm

In this real-time experiment the system runs at a sampling frequency of fs = 4 kHz.
The reference signals are filtered by a first-order high-pass filter with a cutoff fre-
quency at 60 Hz. The performance signals and verification signals are filtered by a
first-order low-pass filter with a cutoff frequency at 600 Hz and a first-order high-
pass filter with a cutoff frequency at 60 Hz. During identification, all sources indi-
vidually generate a logarithmic sweep from 60 to 2000 Hz for a duration of 10 s. The
feedback path, secondary path and primary path are modelled with FIR filters, hav-
ing lengths of 700, 1200 and 2000 samples, respectively. The model of the feedback
path is used to apply internal model control [44].

With the CC-CG algorithm, using a regularization parameter β = 1 × 10−2 as
shown in [162], and NFFT = 2048 Fourier Transform samples, the set of control filters
W(z) is computed, which is subsequently truncated to a length of I = 500 samples.
The algorithm required 45 seconds on a desktop computer with an Intel Core i7 −
8700 @ 3.20 GHz CPU and 64 GB of RAM, to do 300 iterations. The convergence of
the cost function is shown in Fig. 6.30.
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Figure 6.30: Convergence of the cost function while running the CG algorithm. Total
elapsed time is 45 seconds.

During real-time control, each primary source generates an independent loga-
rithmic sweep from 60 to 600 Hz, which is randomly varied in duration and starting
time for each primary source. The spectral densities of the first four performance
signals are shown in Fig. 6.31, which shows an average reduction of 9.4 dB.

The spectral densities of the signals measured by the verification sensors is shown
in Fig. 6.32, which shows that resonances have been suppressed, resulting in a flatter
spectrum.

The impulse response from the primary sources to the verification sensors with-
and without control is shown in Fig. 6.33. The figures show that with the controller

The results presented in this section are submitted in [150].
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Figure 6.31: Spectral densities of the signals at the first four performance sensors.
From top to bottom, the reduction levels are 9.7, 9.6, 9.3 and 9.0 dB, respectively.
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Figure 6.32: Spectral densities of the signals measured by the verification sensors.

turned on, the amplitude of the impulse response is reduced and the speed of decay
is increased. Using the envelope of the impulse response, the RT is estimated. A
moving average (MA) filter with a window of 20 samples is applied, followed by
the Schroeder integration (SI) method [111], using a time limit of 500 samples. A
first-order fit is made from −5 dB to −15 dB, resulting in an estimation of T10, as
shown in Fig. 6.34. Similar to the procedure in Sec. 6.3, by using Eq. (6.10), the RT
is estimated. The RT has been reduced from 0.037 s to 0.026 s, 0.036 s to 0.017 s and
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0.036 s to 0.023 s at verification sensors 1 to 3, respectively.
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Figure 6.33: The impulse response from the primary sources to the verification sen-
sors.

0 0.05 0.1
-60

-40

-20

0

0 0.05 0.1 0 0.05 0.1

Control off, MA, SI

Control on, MA, SI

Control off, linear fit

Control on, linear fit

Time (s)

L
e
v
e
l 
(d

B
)

Figure 6.34: An estimation of the RT (T10) using a smoothed envelope of the impulse
response. The left figure is the first verification sensor; without control the RT is 0.037
s and with control the RT is 0.026 s. The middle figure is the second verification
sensor; without control the RT is 0.036 s and with control the RT is 0.017 s. The
right figure is the third verification sensor; without control the RT is 0.036 s and with
control the RT is 0.023 s.

6.5 Conclusion

In this chapter the real-time experiments of the developed methods are shown. First,
the design process of the two-dimensional experimental setup is shown. There-
after, the results of real-time control to suppress the reflections from the walls are
shown. The reflected sound field due to the primary sources is computed with the
KHI method, using microphones on a circle. The control coefficients have been com-
puted with the PBC-CG algorithm and with the CC-CG algorithm. Despite small
differences between the procedures used with each of the algorithms, it has been
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shown that the reverberation time has effectively been reduced using the control
coefficients computed with each of the algorithms.



Chapter 7
Conclusion

The primary goal of this work is to extend the operable frequency range of an acous-
tic anechoic chamber using an active control system that takes care of the lower
frequency reflections. To achieve this, the first research objective is to develop a
technique to compute the reflected sound field, a quantity that is not directly mea-
surable. Given the geometric positioning of objects in a typical acoustic anechoic
chamber, the Kirchhoff-Helmholtz integral is found to be the solution to the com-
putation of the reflected sound field. This integral computes the sound field within
a surface from measurements on that surface. If the sound-generating object is po-
sitioned inside this surface, the integral yields the reflected sound field, while for
sources positioned outside the surface, it computes the total sound field. This prop-
erty makes the Kirchhoff-Helmholtz integral well-suited for integration with typical
feedforward control systems.

As the dimensions of the acoustic anechoic chamber increase and the wave-
lengths shorten, the number of sources and sensors required for effective active noise
control grows rapidly. This results in an increase in computational complexity and
memory consumption to compute the set of control filter coefficients. Therefore, the
second research objective is to develop a method to compute a set of causal FIR con-
trol coefficients with reduced computational complexity and memory requirements.
In this thesis three different algorithms are derived with a focus on reducing compu-
tational complexity and memory requirements. Each of these three algorithms have
their pros and cons, listed as:

• The FD-RMFE algorithm applies -offline- least mean squares updates to con-
verge to a set of control filters. To improve convergence speed, prewhitening,
preconditioning and decoupling filters are applied. These filters are computed
in the frequency domain and subsequently transformed to the time domain.
However, the resulting filters are not necessarily causal, so a delay is required.
Every filter is delayed by an appropriate number of samples, to ensure its
causality. Although the delays can be truncated from the filter coefficients,
it was found that this algorithm requires more time advance on the reference
signals than the other two algorithms.
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• The PBC-CG algorithm is a preconditioned conjugate gradient scheme, which
applies block-circulant preconditioning to improve convergence speed. The
algorithm is computed in the time domain, such that causality and frequency
domain artifacts do not play a role. In comparison with the other two algo-
rithms, this relaxes some conditions on the identification and implementation
of the involved systems. However, this algorithm has been shown to have the
highest computational complexity and memory requirements.

• The CC-CG algorithm is computed in the frequency domain, but causally con-
strained such that a set of causal control coefficients is obtained. Conjugate
gradient iterations are applied, and in each iteration, the causal part of the gra-
dient is preserved to update the set of control filter coefficients. This results in
an algorithm with low computational complexity, without any artificial delays
as compared with the FD-RMFE algorithm.

The third research objective is to conduct numerical studies to evaluate the effec-
tiveness of the developed methods. The Kirchhoff-Helmholtz integral and the algo-
rithms are used in numerical studies, in which the objective of the control system is
to suppress the reflections from the walls. A small-scale numerical study with the
FD-RMFE algorithm and a large-scale numerical study with the CC-CG algorithm
are shown, in which the control system has been shown to effectively suppress the
reflected sound field as computed with the Kirchhoff-Helmholtz integral.

The fourth and final research objective is to implement the developed techniques
on an experimental setup so that real-time tests can be conducted. A small-scale
experimental setup is built to test the developed methods in a two-dimensional con-
figuration. Two separate real-time experiments are conducted in which the PBC-CG
and CC-CG algorithms have been used to compute the control coefficients, with the
objective of suppressing the reflections from the walls. The reflected sound field is
computed with the Kirchhoff-Helmholtz integral, using a set of sensors on a circle.
Each sensor is equipped with three microphones in radial direction. The outer two
microphones are used to approximate the particle velocity. The results show that the
reverberation time has been reduced significantly in both experiments.

While significant progress has been made, the journey towards a fully functional
active acoustic anechoic chamber is not finished. The thesis is entitled ’Towards
an active acoustic anechoic chamber’, which reflects the substantial advancements
made, but further work is necessary. To do so, future research could be oriented to
the following non-exhaustive list of topics:

• The most important point is the extension towards real-time applications in
three dimensions, to allow implementation in full-scale existing acoustic ane-
choic chambers. The three-dimensional Kirchhoff-Helmholtz integral equation
is given in Sec. 3.4, which should be discretized to allow practical implemen-
tation.

• The effect of the presence of the secondary sources in the higher frequency
range is not studied in this work. Because the control system is operating in
the low frequency range, the presence of the secondary sources may lead to
increased reflections at higher frequencies.
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• In this work only microphones are considered. Therefore a particle velocity
approximation method is required and used in this work. However, particle
velocity sensors [99] and acoustic vector sensors [98] are commercially avail-
able, which may allow for more accurate low-frequency measurements and
may allow the lower frequency limit to be decreased even further.

• The optimal source and sensor placement [167] is not considered in this work.
In most applications, sources and sensors have an optimal placement which
might allow the number of required sources and sensors to be reduced without
any reduction in performance.

• Related to the previous point, in this work a procedure to minimize the number
of sources and sensors [168] is not considered. In general, a minimal number
of sources and sensors is required based on the wavelength, dimensions, etc.
However, in some cases a smaller number of sources and sensors can be used,
for example if they are placed at optimal positions. The benefit of this is that
by reducing the number of sources and sensors the real-time computational
complexity is reduced as well.

• The algorithms derived in this thesis are designed to compute a set of control
filters for centralized architectures. However, a distributed control approach
[47] may be worth exploring to reduce the number of connections, as shown
in [162].

• It might be interesting to consider the application of virtual sensors [169, 170]
in situations where the placement of a physical microphone is not possible or
is not desired. If, for example, it is not possible to place physical microphones
on a surface within the chamber, virtual sensors might be a solution to deter-
mining the particle velocity and the acoustic pressure at the desired locations.

• Instead of using the Kirchhoff-Helmholtz integral to compute the reflected
sound field due to the primary sources, it might be possible to apply a mul-
tidimensional deconvolution method [80] to compute the Green’s function of
the reflected sound field. However, this Green’s function may need to be re-
computed when changing or repositioning the object to be studied.

• Optimizing the stability and performance trade-off, in particular regarding un-
certainty and the feedback loop.

Finally, improvements to the algorithms might broaden their applicability, which
could be in the following directions:

• The FD-RMFE algorithm uses prewhitening and preconditioning filters that
are derived in the frequency domain. Currently, a delay is introduced in each
filter to ensure its causality, which is possible in offline applications, because
the noise signal can be delayed by an arbitrary number of samples. However, if
a causal constraint is applied on the filters or on the control coefficient updates,
delays might be unnecessary. In that case, the algorithm might be applicable
in an online approach.
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• The algorithms in this thesis have been applied with the objective of suppress-
ing reflections from the walls. However, the algorithms could be used in a
broader application range. An interesting direction might be the implemen-
tation of disturbance dependent weighting [153], which could be relevant in
certain applications such as room acoustics.



Appendix A
Appendices

A.1 Computing the reflected sound field with the finite element
method

This part of the appendix shows an example of how the reflected sound field is
computed with the finite element method (FEM). The results of the FEM are obtained
in COMSOL 6.2 with the Acoustics Module, using at least four quadratic elements
per wavelength. The reflected sound field pscat(x, ω) due to an acoustic source in the
domain is computed with the FEM as

pscat(x, ω) = ptot(x, ω)− pdir(x, ω), (A.1)

in which ptot(x, ω) is the total acoustic pressure and pdir(x, ω) is the acoustic pres-
sure due to the direct field at radial frequency ω. An example of computing pscat(x, ω)
is shown with the following figures. Fig. A.1 shows the total sound field, Fig. A.2
shows the direct sound field, which is computed with a perfectly matched layer at
the edges of the domain, and Fig. A.3 is pscat(x, ω), computed following Eq. (A.1).
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Figure A.1: Real part of the total sound field (ptot(x, ω)) computed with the FEM at
301 Hz.

Figure A.2: Real part of the direct sound field (pdir(x, ω)) computed with the FEM at
301 Hz.

Figure A.3: Real part of the reflected sound field (pscat(x, ω)) computed with the
FEM at 301 Hz.
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A.2 Calibration procedure for the microphones

The calibration of the microphones in the experimental setup has been done indi-
vidually for each microphone. A guide is used which places the calibration device
(Acoustical Calibrator B&K Type 4231) on a single microphone, as shown in Fig. A.4.
The microphone is calibrated at 1000 Hz at 94 dB sound pressure level re 20µPa. This
procedure is repeated for each microphone.

Figure A.4: Calibration procedure for all individual microphones.

The microphones are connected to a desktop running Sound and Vibration Mea-
surement System v4.2 (see Fig. A.5), which determines the calibration values in
mV/Pa.

Figure A.5: Software used to determine the calibration values.
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A.3 Custom microphone pre-amplifiers

This section shows the electrical scheme of the microphone pre-amplifiers in Fig. A.6.
Each pre-amplifier allows up to three microphones to be connected, which together
form one sensor on the contour to compute the KHI. Every sensor on the contour in
the setup therefore has its own pre-amplifier.
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Figure A.6: Electrical scheme of the microphone pre-amplifiers.

A picture of all pre-amplifiers connected to the setup is shown in Fig. A.7, for a
total of 12 pre-amplifiers, connected to 12 sensors on the contour, with each sensor
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having 3 microphones in radial direction.

Figure A.7: The microphone pre-amplifier printed circuit boards.
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A.4 Frequency response functions of the experimental setup

After the system identification procedure in Sec. 6.3, the frequency response func-
tions (FRFs) of the setup are computed, which are shown in this section of the ap-
pendix. The FRF of the first primary source to the microphones at the first sen-
sor is shown in Fig. A.8. In this figure, p1 is the inner microphone at {x, y} =
(rs − h){cos 0, sin 0}, p2 is the middle microphone at {x, y} = rs{cos 0, sin 0} and
p3 is the outer microphone at {x, y} = (rs + h){cos 0, sin 0}, in which rs = 0.24 m
and h = 1.6 cm.
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Figure A.8: Frequency response functions of the first primary source to the micro-
phones at the first sensor.

With the pressure at all 36 microphones on the circle, the Kirchhoff-Helmholtz
integral (KHI) is computed at the performance sensors. The FRF of the first primary
source to the first performance sensor is shown in Fig. A.9.

Similarly, the FRF of the first secondary source to the microphones at the first
sensor is shown in Fig. A.10. In this figure, p1 is the inner microphone at {x, y} =
(rs − h){cos 0, sin 0}, p2 is the middle microphone at {x, y} = rs{cos 0, sin 0} and p3
is the outer microphone at {x, y} = (rs + h){cos 0, sin 0}.

With the pressure at all 36 microphones on the circle, the KHI is computed at the
performance sensors. The FRF of the first secondary source to the first performance
sensor is shown in Fig. A.11.

The FRF of the first primary and first secondary source to the first reference sen-
sor located at {x, y} = (rs − h){cos 0, sin 0} is shown in Fig. A.12.

Lastly, the FRF of the first primary source to the first verification sensor located
at (x, y) = (−0.15, 0) is shown in Fig. A.13.
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Figure A.9: Frequency response function of the first primary source to the first per-
formance sensor.
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Figure A.10: Frequency response functions of the first secondary source to the mi-
crophones at the first sensor.
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Figure A.11: Frequency response function of the first secondary source to the first
performance sensor.
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Figure A.12: Frequency response functions of the first primary and secondary source
to the first reference sensor.
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Figure A.13: Frequency response function of the first primary source to the first
verification sensor.





Nomenclature

Abbreviations
dB Decibel
AAC Acoustic anechoic chamber
ANC Active noise control
CC-CG Causally constrained conjugate gradient algorithm
CG Conjugate gradient
CNN Convolutional neural network
EVD Eigenvalue decomposition
FeLMS Filtered-error least mean squares
FxLMS Filtered-reference least mean squares
FD-RMFE Frequency domain regularized modified filtered-error al-

gorithm
FEM Finite element method
FFT Fast Fourier transform
FIR Finite impulse response
FRF Frequency response function
Hz Hertz
IBC Immersive boundary condition
IIR Infinite impulse response
IMC Internal model control
KHI Kirchhoff-Helmholtz integral
LMS Least mean squares
LTI Linear time-invariant
MDD Multidimensional deconvolution
MIMO Multiple-input, multiple-output
PBC-CG Preconditioned block-circulant conjugate gradient algo-

rithm
PCG Preconditioned conjugate gradient
PSD Power spectral density
RLS Recursive least squares

135
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RT Reverberation time
SISO Single-input, single-output
SPL Sound pressure level
SVD Singular value decomposition

Mathematical notations
C Set of complex numbers
E [·] Expectation operator
F (·) Fourier transform
F−1(·) Inverse Fourier transform
I(·) Imaginary part of (·)
J Cost function
Jk Cost function at iteration k
R(·) Real part of (·)
R Set of real numbers
tr. Trace operator
U(a,b) Uniform distribution on the interval (a, b)
x Scalar
x Vector
x, X Matrix
∇ Gradient operator: ∇ = ∂

∂x i + ∂
∂y j + ∂

∂z k

∇2 Laplace operator: ∇2 = ∂2

∂x2 +
∂2

∂y2 +
∂2

∂z2

diag(x1, x2, . . . , xn) An n-by-n diagonal matrix with the elements x1, x2, . . . , xn
on its diagonal

∞ Infinity
∂ Partial derivative
∈ Belongs to
· Inner product
(·)−1 Matrix inverse
(·)T Matrix transpose
(·)∗ Complex conjugate
(·)H Hermitian (complex conjugate) transpose
(·)F Frobenius norm
{·}+ Causality constraint

Latin Letters
c Speed of sound
d Disturbance signal
e Euler’s number
e Error signal
f Frequency
fc Driver resonance frequency within an enclosure
fo Driver resonance frequency
fs Sampling frequency
h Distance between two microphones in radial direction
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j Imaginary constant j =
√
−1

k Wave number
n Sample moment
n Normal vector
p Acoustic pressure
pk Conjugate gradient directions at iteration k in PBC-CG al-

gorithm
r Filtered reference signal
t Time
u Control output signal
v Particle velocity
x Reference signal
y Secondary signal
z forward shift operator
F Prewhitening filter
G Green’s function
G Secondary path transfer function matrix
H(b)

a Hankel function of kind b and order a
I Number of FIR coefficients in the controller matrix
I Identity matrix
J Number of FIR coefficients in secondary path matrix
Ja Bessel function of the first kind of order a
K Number of reference sensors
L Number of error sensors
Lperf Number of performance sensors
M Number of secondary sources
O Number of FIR coefficients in the prewhitening filter ma-

trix
P Number of primary sources
P Primary path transfer function matrix
R Radius
R(n) Matrix of filtered reference signals at sample moment n
Rk Residual at iteration k in the PBC-CG algorithm
S Spectral density matrix
T Toeplitz matrix
TB Toeplitz-block matrix
U Left singular vector matrix
V Volume
Vn Particle velocity in normal direction
V Right singular vector matrix
W Matrix of control coefficients
X Reference path transfer function matrix
Ya Bessel function of the second kind of order a

Greek letters
α Step size in FD-RMFE algorithm



138 NOMENCLATURE

αk Steepest descent direction at iteration k in the PBC-CG al-
gorithm

β Regularization coefficient
δ Dirac delta function
∆ Delay operator
ϵ Tolerance parameter
η Noise parameter
ηk Variational parameter at iteration k in the CC-CG algorithm
κ Noise scaling factor
ξ Discrete frequency bin number
π Pi
ρ Density of the acoustic medium
ω Angular frequency
Σ Singular values matrix

Remark: The above list of most important symbols and letters is non-exhaustive.
Throughout this thesis the meaning of newly introduced symbols is always given.
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