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ABSTRACT

Ultrasound transducers (UTs) are extensively used in several applications across a multitude of disciplines. A new type of UTs namely integrated
photonic ultrasound transducers (IPUTSs) possess superior performance due to the presence of optical interrogation systems, avoiding electric crosstalk
and thermal electronic noise of the sensor. However, a major component of the IPUT’s noise floor is its thermal acoustic noise. Several studies have
been proposed to characterize IPUTS’ behavior; nevertheless, these are either incomplete (model only the thermal noise) or targeted to characterize
specific responses such as static behavior, in which the modeled receive transfer function (RTF) is about two orders lower than the experiments. In
this study, we develop semi-analytical models based on time-domain finite element analysis and analytical expressions to characterize the RTF and
thermal noise-induced noise equivalent pressure of IPUTs. We validate the models by comparing them with the literature, where we obtain a close
match between them.

1. Introduction

Ultrasound sensors are extensively used in various applications, such as medical diagnostics [1], non-destructive evaluation [2],
flow measurement [3], distance measurement [4], and food processing [5], among others. Since these sensors do not apply ionizing
radiation, are often real-time, and are relatively inexpensive, ultrasonic imaging is used as a common medical imaging modality.
The global market size for diagnostic medical ultrasound was US$6.7 billion in 2020 and is expected to grow to US$9.3 billion in
2027 [6,7]. Ultrasound sources used in medical imaging have limited transmitted signal strength due to the safety limit. Additionally,
the attenuation rate inside the human tissue is high, which drastically decreases the signal strength during deep-tissue imaging. Thus,
the receivers need to possess a high signal-to-noise ratio (SNR), for which a significant transfer function (the output response due to
the incoming pressure) and low noise floor are required.

Conventional ultrasound transducers are based on piezoelectric systems that convert acoustic pulses to electrical signals and vice
versa [8]. Additionally, micro-electronic mechanical systems (MEMS)-based transducers are also being used for medical imaging.
These transducers are divided into capacitive micromachined ultrasonic transducers (CMUTs) [9] and piezoelectric micromachined
ultrasonic transducers (PMUTs) [10] depending on the physical signal conversion principle. CMUTs rely on capacitive changes while
PMUTs use thin-film piezoelectric layers to convert the membrane deformation to electrical pulses. The noise equivalent pressure
(NEP)—the pressure value for which the SNR is unity—for the aforementioned devices operating around 1 MHz with 80 % —6 dB
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bandwidth (BW) is comparable to the standard piezoelectric-based ultrasound transducers, which is around 0.5 Pa [9,11,12]. Addi-
tionally, their transmit transfer functions are also in the same order, while their noise floor is limited by the thermal electric noise,
which is much higher than their thermal acoustic noise (due to their limited size). A novel type of ultrasound transducers - integrated
photonic ultrasound transducers (IPUTs) may sidestep the traditional transducer design trade-offs and limitations as they are based
on different physical principles.

IPUTs consist of a mechanical resonator combined with an optical integrated photonic circuit. The transfer function of the optical
circuit is modified by the incoming pressure wave, which excites the mechanical resonator. This change in the optical transfer function
can be measured using optical read-out concepts, for example using a laser [13]. Depending on the IPUT design and the intended read-
out chain, they are generally classified as interferometer-based, such as a Mach-Zehnder interferometer (MZI) [14], and whispering
gallery mode-based as in the case of a ring resonator (RR) [15]. MZIs comprise a sensing optical waveguide (attached to the mechanical
resonator) and a reference optical waveguide. An optical probe signal emitted by a laser is distributed over the sensing- and reference
waveguides. The signals from both arms interfere in a combiner, the output signals of which depend on the phase difference between
the two paths. When the incoming acoustic pressure impinges on the IPUT, the sample waveguide deforms more than the reference
waveguide because the former is on top of the mechanical resonator at or close to resonance. The deformation induces a length
change and an effective refractive index change, leading to a phase shift between the reference and sensing signals. This phase shift
is detected as an intensity variation at the interferometer outputs, which can be used to measure the incoming pressure. On the other
hand, RR-based IPUTs feature a ring-shaped optical waveguide directly connected to the mechanical resonator. This ring-shaped
waveguide forms a high-Q factor optical resonator with a series of resonance wavelengths having equidistant spacing in terms of
optical frequency. Again, an acoustical pressure wave deforms the IPUT mechanical resonator, affecting both the length and effective
refractive index of the optical resonator. This results in a shift of the optical resonance wavelengths. By applying a laser on the
steep flank of one such resonance, the aforementioned wavelength shift can be measured as an optical intensity change at the laser
wavelength. The relation between the IPUT’s measured quantity (e.g., optical phase shift) and the incident field (acoustic pressure)
is described as its receive transfer function (RTF).

Several studies have been conducted to model the transfer function of IPUTs and similar optomechanical pressure sensors [16-19].
It is noteworthy that low-frequency opto-mechanical sensors are classified as pressure sensors. On the other hand, optomechanical
sensors capable of detecting pressure pulses on or above ultrasound frequencies (i.e. above 20kHz) are deemed as IPUTs. Jansen et
al. proposed an MZI-based optomechanical pressure sensor with high measurement accuracy, where a theoretical model based on the
static response of the membrane is used [16]. Since the static model will not be able to predict the dynamic behavior of the IPUTs, Zunic
et al. [18] used an acousto-mechanical finite element model with analytical equations to design an IPUT consisting of a silicon nitride
MZI placed on a silicon dioxide (SiO,) membrane for photoacoustic imaging. Rochus et al. modeled the optomechanical pressure
sensors with the presence of residual stress using the finite element method (FEM) [17]. They also proposed an analytical procedure
to design micro-opto-mechanical pressure sensors incorporating mechanical nonlinearities [19]. They further extended the MZI-based
optomechanical devices to use as accelerometers where the modeling was carried out using FEM and analytical expressions [20].
Gao et al. developed equivalent circuit models for characterizing the behavior of optomechanical microphones that are also based
on MZIs [21]. By following a similar modeling approach (FEM and analytical methods), Westerveld et al. studied the dynamic
behavior of RR-based optomechanical devices with buckled acoustic membranes [22]. FEM and analytical modeling were further
used to characterize other similar devices such as IPUTs with slotted RRs [23,24] and Fabry-Perot resonators [25,26]. However, all
aforementioned analytical models either assume a static response of the membrane/plate or are based on the modal behavior of the
membrane (considering the first mode). Additionally, all the FEM models listed here consider a harmonic response of the IPUT while
also assuming that the membrane is the source, which in principle is not correct. In other words, instead of acoustic pulses arriving
from the fluid medium to the IPUT (then radiating back to the fluid), the models assume that the membrane oscillates in the presence
of fluid and emits acoustic signals to the fluid medium. Thus, to accurately characterize the IPUT’s response, the model should capture
a more realistic behavior.

To maximize the IPUT’s sensitivity whilst maintaining a frequency bandwidth sufficient for medical imaging, we need to optimize
its RTF. Next to this, it is desirable for a medical ultrasound system to have a low NEP. Hence it is important to understand, model, and
predict the various noise contributions in an IPUT-based system. The main noise sources in an IPUT include the thermo-mechanical
(otherwise called thermal) noise [27] and optical shot noise [28]. The noise generated during the interrogation includes back action
noise [29], detector noise [30], laser wavelength jitter noise [31], and the laser relative intensity noise [32]. Additionally, depending
on the environment of operation, the surrounding medium (e.g., air or water) can also induce thermal noise due to the Brownian
motion of the molecules in the liquid or gas impinging the membrane [33]. The influence of the thermal noise on the sensitivity
has been investigated extensively for various types of optomechanical devices because in strain, phase, and ultrasound measurement
applications the thermal noise dominates the rest of the noise contributions [34-36]. On the contrary, in the case of optomechanical
accelerometers, the optical shot noise dominates the other noises [37,38]. This is because these accelerometers operate at very high
mechanical and optical Q-factors resulting in a reduced thermal noise. To accurately evaluate the contributions of these noises in the
output signal of the IPUT, they need to be precisely characterized. Additionally, the thermal noise is intrinsic to the IPUT, i.e., it is
related to the RTF. Thus, to predict the thermal noise correctly, we need to obtain accurate values for the IPUT’s RTF as well. Moreover,
to understand the influence of various parameter changes on different noise contributions and the RTF, we need to relate them to a
parametric space. To that end, a detailed parametric model is needed. To the best of our knowledge, no accurate models exist that can
characterize the actual wave propagation behavior of the IPUTs incorporating the acoustic radiation in the fluid medium. In addition,
there are no models available that relate relevant IPUT parameters with the RTF, different noise types, and their interrelations.
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Fig. 1. Schematic representation of an IPUT constituting an optical waveguide (blue ring) and a mechanical membrane (gray disc).
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Fig. 2. Transfer function and noise contribution representation in IPUT. M and O, respectively, describe the mechanical and optical components of the IPUT. 6 P, éu,
80, 61, and én, respectively, represent the changes in pressure, membrane displacement (axial), stresses in the membrane, waveguide’s length change, and its refractive
index change. P is the pressure due to the thermal displacement noise at the membrane.

In this work, we present novel semi-analytical models to predict the RTF and noise contribution from the thermal noise of an IPUT
in contact with a fluid (water) domain. The model is validated by comparing it to measurement results reported in the literature.

2. Definition and operation of an IPUT sensor

The majority of IPUTs integrate an RR or an MZI on their mechanical resonator. Often the mechanical resonator is a membrane.
The modeling approach we employ here is generic to both cases; however, we focus on an RR-based IPUT design for clarity. An RR
comprises an optical waveguide looped back to itself. Light from a straight waveguide is coupled to the RR when kept close due to
the evanescent field effect. Therefore, an optical resonance with a high Q factor (10* to 10°) occurs when the resonator’s optical
path length is precisely a whole number of the wavelength. An incoming ultrasound pulse excites the membrane at (or close by)
its mechanical resonance. The shift in the wavelength of the optical resonance as a function of the membrane deformation is then
monitored. An optical detector placed at the output reads the optical intensity variation and provides the electrical measurements.

In this study, we define the IPUT, as shown in Fig. 1, which is composed of a mechanical resonator (membrane/disc) with an optical
waveguide on top. We focus on modeling the deformation of the membrane and the induced changes in the transfer function of the
optical waveguide located on top of the membrane. The optical transfer function is affected by the induced changes in length, shape,
and refractive index of the waveguide [39]. As our IPUT only includes the membrane and optical waveguide, the noise contributions
from the interrogation system, detectors, and other electronic components cannot be evaluated with this IPUT model. Additionally,
the optical losses at the couplings from the optical fiber to the IPUT and the effects of the substrate-membrane boundary that can act
as an elastic boundary are also neglected here for convenience. The operation of the IPUT is further elaborated next.

The relation between the incoming pressure and the optical intensity—the only optical quantity we can measure using a detector—
can be described via the flow diagram shown in Fig. 2. Here, the IPUT is separated into purely mechanical (IPUT (M)) and purely
optical (IPUT (O)) components, and their interaction is represented using their independent parameters. The incoming ultrasound
pulse from the fluid exerts a pressure load (P) on the IPUT (M) that dynamically deforms the membrane resulting in the displacement
of the membrane (u) and the development of stresses (o) and strains (€). The membrane’s displacement further changes the total
length of the attached waveguide (6/ in IPUT (O)), thus shifting the wavelength corresponding to the waveguide’s optical resonant
peak. The deformation also alters the cross-sectional area and shape of the waveguide, which influences the effective refractive index
of the waveguide (6n). Additionally, the induced stress changes n (effective refractive index) via the photoelastic effect [40], which
further modifies the optical path length. This optical resonance shift is converted to intensity variation of the interrogating laser,
which is recorded using an optical detector.

The output voltage at the detector further contains noise from several sources. Fig. 2 also shows the noise path, where the
thermomechanical noise of the sensor, Py p, transmits through the IPUT circuit. Noteworthy, the diagram only shows the transmission
of Prp, while other noises, such as the shot noise, are present in the optical and electric domains and are omitted from further
discussion. As apparent from the figure, Py, is treated as a measurement quantity by the IPUT and hence is multiplied by the RTF
when it reaches the detector. Thus, to characterize Py, and to obtain the RTF, we investigate the acoustic/elastic wave propagation
through the IPUT.

3. Acoustic/elastic wave propagation through the IPUT sensor

Since the IPUT shown in Fig. 1 is excited by an incoming pressure pulse from a fluid medium, its wave propagation is governed by
acoustic and elastic wave equations. As time-domain analysis of the IPUT in 3D at high frequencies (MHz) is computationally intensive
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Fig. 3. Axisymmetric representation of wave propagation through IPUT when the incoming ultrasound signal is coming from water (light green region). P(l,f)
represents the plane Gaussian pressure pulse applied on the top edge of the water domain I marked using a brown dashed line. Radiation BCs are provided to the
boundaries of the water domain to limit the reflections.

when using standard computational tools such as the finite element method (FEM), we perform the analysis in 2D axisymmetric setting.
Later, we also conduct a 3D time-dependent finite element analysis of the IPUT for verification. The acoustic wave equation takes
the form [41]

Ap:pf](ﬁ, szpri), (1)
where p(r,t) and v(r,t), respectively, represent the acoustic pressure and velocity fields at the spatial coordinate r and time ¢. x is

2
the compressibility of the fluid and p is its mass density. A = 57 + % a% is the Laplacian in a 2D axisymmetric system. Similarly, the
elastic wave equation in the solid domain in the absence of damping and external source term takes the form [42],

psi=V-o, 2

where u = {u, v, w} is the displacement with u, v, w, respectively, representing the displacement towards r, 6, and z directions, while
p, represents the density of the solid. o is the Cauchy stress tensor in the solid material, whereas V- is the vector divergence operator.
For small perturbations (linear behavior) the stresses and strains within the solid domains are related by the following constitutive
equation,

c=C:y, 3)

where y is the strain tensor (both o and y are rank 2), while C is the rank 4 elasticity tensor. Since field variables are different in
water and IPUT domains, we couple them using a kinematic interface condition, which ensures the continuity of normal velocity
across the interface as follows,

n-Vp=—p.n-i, 4

where V is the gradient operator and n is the unit outward normal vector along the interface. Additionally, we need a dynamic
interface condition to ensure the continuity of the traction,

du
—pn =, S+ (A + )V - wpn. ©)

The details of these interface conditions can be found in [43]. To solve this boundary value problem (BVP), it still needs necessary
boundary conditions (BCs). We provide a Dirichlet BC (prescribed pressure) along the top boundary of the fluid domain as marked
using a brown dashed line in Fig. 3, which takes the following form:

P(l,t)= Py(t), appliedat r=I, 6)

where P is the constant pressure amplitude multiplied by the function y(¢) that determines the time response. The time and frequency
responses of y(7) are shown above the water domain in Fig. 3. In actual practice, the water domain is very large compared to the
IPUT. To mimic this effect, we supply a plane wave radiation BC on all remaining boundaries of the fluid domain as shown in the
same figure. Using Equations (1) to (6) (wave equations, interface, and boundary conditions), we can perform a time-dependent
analysis of the IPUT (M) system, which provides us with instantaneous values for the independent variables (pressure, velocity, and
displacement). In the next section, we describe how these variables are used to determine the RTF.
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Fig. 4. Deformation of the membrane resulting in the displacement and stress of the waveguide. (a) Membrane deformed in its fundamental mode, (b) the axial
displacement experienced by the waveguide due to bending of the membrane, (c) and (d), respectively, are the free body diagrams showing the normal and shear
stresses in r, z and 6, z planes.

4. Receive transfer function calculation of the IPUT sensor

As shown in Fig. 2, RTF relates the incoming pressure to the wavelength/phase of the IPUT. The time-domain analysis of the
IPUT (M) provides us with the displacements (u) and stresses (o) of the waveguide. These parameters are then used to determine the
IPUT’s optical behavior. To that end, the following assumptions are made:

+ Both the membrane and waveguide are considered thin structures, i.e., the effects of rotary inertia and shear deformation are
neglected;
+ Both waveguide and membrane follow linear dynamics.

Fig. 4(a) shows the behavior of the membrane-waveguide system under the influence of applied pressure. Due to the bending of the
membrane, the waveguide displaces in radial and axial directions. However, since the waveguide is considered a perfect ring, to obtain
its circumferential change (total length), we only need the radial displacement as marked in Fig. 4(b). In linear dynamics, the radial
displacement u is directly proportional to the slope of the membrane aa—bf; thus, a higher slope yields a larger radial displacement.
Figs. 4(c) and 4(d), respectively, show the stresses of the waveguide in r, z and 0, z planes due to the applied pressure. We can calculate
all these displacement and stress values from the time-domain analysis discussed in the previous section. The relation between the
displacements and stresses on the optical behavior is discussed next.

4.1. Wavelength change of the IPUT

The wavelength of the light traveling through the waveguide can be related to its physical length by the following expression [44]:

L
A= —ngg, 7
mneff ()]

where 4 is the optical wavelength, m is the optical mode number, L is the total length of the waveguide, and n. is the waveguide’s
effective refractive index, which is related to the optical wavefield. The change in the wavelength can be decomposed into changes
in the refractive index and the total length as:

e L 0neff
di=-=dL+=(d di), 8

m et ( ettt 55 > ®
where dn. is the change in the effective index of refraction due to changes of the geometry and material properties of the waveguide,
but excluding the effects due to a change of wavelength. The waveguide’s effective index is determined by different factors, such as
the width w and height & of the waveguide, the refractive index of the material ., and the optical resonant wavelength. We can
further expand Eq. (8) as follows:

_ Lone
m 04

di

Neg L 0neff dneff 0neff
di=-dL+= dw+ dh+ d s 9
m m < ow w oh 21: 0N i Mmat, i ©



S.V. Valappil, P. Harmsma, M. van der Heiden et al.
Applied Mathematical Modelling 150 (2026) 116381

~1 5L
z
- Ay
| A
k _) X
Fig. 5. Coordinate transformation between the polar and Cartesian coordinates.
substituting n, = (neﬁ -1 o;;“ ), where n, is the group index in the above equation,
A dL aneff ane(‘f aneff
dA=—| neg— + dw+ dh+ dng.e i )- (10)
ng < LT ow oh Z M1 70!

Eq. (10) can be used to obtain the transfer function due to the radial displacement change, as follows:

Anged L
<d/1) - Mef an
e

dPJ)e n,LdP’
where d L = 2zu (u is the radial component of the displacement) is the length change due to d P, which is the change in the applied
pressure. ny and n, are obtained by the eigenvalue analysis of the optical waveguide. The influence of neg on the wavelength is more
complicated since it is influenced by the geometry and material properties as shown in Eq. (10). The width and height changes are
related to Poisson’s effect, which can be estimated from the displacement of the waveguide using the time-domain analysis. However,
the change in n.g due to the change in n,, is related to the photoelastic effect, which determines the effect of the induced stress
(due to the incoming pressure pulse) on the refractive index of the material [45]. Since stresses are evaluated locally, we need to
transform the coordinate system from polar to Cartesian to determine the photoelastic tensor.

4.2. Coordinate transformation

A ring waveguide sitting on a circular membrane in the polar coordinate system is shown in the left part of Fig. 5. When analyzing
the system locally, for an infinitesimal angle 66, the waveguide element can be approached as a straight waveguide with infinitesimal
length 6 L in Cartesian coordinates, as shown on the right side of the same figure. This allows us to make the following assumptions.
The stresses and strains in the r direction (¢, and ¢,) can be approximated by those in the x direction (o, and €,). Simultaneously,
oy and ¢, are equivalent to o, and €, while o, and ¢, are same in both coordinate systems. With these assumptions, we proceed to
evaluate the photoelastic effect as described below.

4.3. Photoelastic effect of the IPUT

Light propagating through an optical waveguide is governed by Maxwell’s equations. With the absence of a source term, the
equations take the form [46]:
VXEZ—ME, VxH=e=—, 12)
at ot
where E and H, respectively, are the electric and magnetic fields, 4 is the permeability and e is the permittivity of the medium. The
permittivity or dielectric tensor in 3D takes the following form [47]:

n2 }’l2 n2
AR U
€=My My Mz | (13)
2 n2 2
xz vz zz

where n;; for i, j € {x,y,z} are refractive indices. Due to loading (internally or externally), stresses develop within the waveguide
resulting in changes in these refractive indices, which phenomenon is known as the photoelastic effect. Photoelastic coefficients for
silicon and other common materials have been calculated in literature [48]; however, they are still incomplete, and we do not have
all components of the anisotropic photoelastic tensor. The literature only reports the values for strain-optics constants p;; and p;,.
Thus, the relation between the refractive index, n, and strain y for an isotropic point group is used, which can be expressed as [49]
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where py, = %(pll — p1p) and ny is the isotropic refractive index. This relation can be expressed in terms of stresses by using the
constitutive relations:

n;=ny—-C,0;, (15)
where C,, for m € {1,2,3} are the stress-optic constants whose values can be obtained by the following expressions,
Cy =g (p1y —2vp1) [2E Cy=n} [p1a=v (P11 — P12)] /2E C3 =nm3pss/2G (16)

where E is the Young’s modulus, v is the Poisson’s ratio, and G is the shear modulus.

The stress values from the time-domain acoustic analysis can be used in Eq. (15) to obtain the variations in the refractive index
of the waveguide material(s). This new refractive index can then be used to solve the Maxwell equations (Eq. (12)) to derive the ngg
of the waveguide for the supplied geometry. The variations in the n.4 produce a wavelength shift of the waveguide as per Eq. (10).
The resulting transfer function can be expressed as follows:

(dA) _ A dneg a7

d_P ref_ng dP ’

Thus, the IPUT’s RTF due to the incoming pressure wave is the combination of the RTF due to elongation and photoelastic effect,
which can be expressed as:

di ) ( di ) ( di ) A dL | dneg
— = — +( — = — — + L . 18
(77)= (77 o \a@P )wt " nL \"Tap " " aP (a8
Notably, wavelength changes brought on by variations in the cross-sectional geometry of the waveguide and the vacuum wave-
length have far less of an impact and are not taken into account in the model [50].

5. Noise equivalent pressure of the IPUT sensor

The NEP of the IPUT (or any transducer) can be generally defined using the following expression:

NEP=pN/RTF, 19)

where p is the measured noise pressure. The NEP corresponds to the minimum detectable pressure where the pressure amplitude is
lo (o standard deviation) noise level. In the following, we derive the expression for the noise equivalent pressure generated by the
thermal noise (N E Pp).

Thermal noise is generated by losses in the sensor and Brownian motion in the surrounding medium [51]. The thermal noise
contribution in the output response is derived as Nyquist noise [52], while also incorporating complex geometric features and multiple
materials. The following assumptions are used in addition to the ones discussed in Section 4:

« The excitation of the membrane is only via the thermal displacement of the membrane, i.e., no other source term is present in
the system;
+ The motion of the membrane is assumed to follow the behavior of a weakly damped single harmonic oscillator (see Fig. 6(b));

The following considerations are also made to incorporate the influence of the surrounding fluid medium on the IPUT:

+ The inertia effect of the fluid load is incorporated in the effective mass of the resonator;
+ The resonator’s damping factor includes the dissipation due to the acoustic radiation to the fluid;
« The resonator’s effective stiffness incorporates the fluid’s influence on the resonance frequency.

According to the equipartition theorem, the energy is shared equally amongst all energetically accessible degrees of freedom (DOFs),
and each quadratic DOF will, on average, possess an energy of %k T, where kp is the Boltzmann’s constant whose value in SI unit is

1.38 x 10723 J/K and T is the absolute temperature in Kelvin. In the case of the micro-mechanical resonator, we use a displacement
DOF, U to represent its motion, which in a linear regime can be expressed as the product of spatial and temporal functions.

Ux,n) = p(na(x), (20)
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Fig. 6. IPUT with the surrounding fluid represented as a single harmonic oscillator (a) Membrane deformation (with the fluid on top) dominated by its fundamental
mode, (b) Motion of the IPUT in the presence of surrounding fluid medium represented as a weakly damped single harmonic oscillator with K stiffness, C damping
factor, and m. the effective mass of the oscillator. The thermal displacement from the fluid acts as the source term for the membrane.

where @ is the mode shape corresponding to the desired motion of the membrane, while ¢ is the time-dependent function describing
the membrane’s motion. The mode shape can be computed by the eigenvalue analysis of the membrane, which, depending on the
complexity of the geometry, can be performed analytically or numerically. ¢(¢) can be obtained by solving the differential equation
of motion (DEOM) of the membrane. For simplicity, we represent the IPUT membrane as a single harmonic oscillator with stiffness
K, damping factor C, and the effective mass m as shown in Fig. 6. The DEOM then can be represented as follows:

Moz + Ch+ Kp = F(t). 1)

Here mg incorporates the influence of the fluid and can be expressed as follows [53]:

Mege = (1 4 f)my (22)

PXrs

where m, is the mass of the sensor and § = 0.65381 is the fluid mass contribution factor [54]. F(¢) is the applied force, which

can be expressed as the product of the applied pressu;e ;)(t) and the cross-sectional area A;. The N E Py for the resonator is the ratio
of the resonator’s spectral response due to the thermal Langevin force divided by the pressure sensitivity of the resonator [55]. The
Langevin force represents the fluctuating part of the Brownian motion, which acts as the source term for the resonator’s motion. Since
the generated thermal noise is a Gaussian white noise, it can be separated into different frequency components (spectral response).
The sensitivity of the resonator due to the applied pressure can be obtained by solving Eq. (21) in the frequency domain and dividing
it by the input pressure (also in the frequency domain) [56]:

Z(w) = P(w)/ P(w), (23)

where Z(w) is the sensitivity expressed in m/Pa. Here ®(w) and P(w), respectively, are Fourier transforms of the displacement, ¢(t),
and pressure p(7). To obtain the resonator’s response due to thermal force by the equipartition theorem, we need to express the mean-
square amplitude of motion in terms of the power spectral density (PSD). The PSD is obtained by squaring the frequency spectrum
of the resonator’s motion (®(w)) and dividing it by the resolution bandwidth (RBW—the frequency range of the resonator’s response
bounded by —6 dB signal amplitude). To obtain the PSD, an autocorrelation function R(¢) is used, which relates the signal amplitude
to itself at a later time [56].

Ty
R(z):T(l]im TL / o' +1)dt, 29
—00 0
0

where T, is the time window. The two-sided PSD, P(w), is the Fourier transform of the autocorrelation function [57]. Similarly, R(?)
is the inverse Fourier transform of P(w).

Pw)= / " R(t)dt R = i / e P(w)dw. (25)

In real situations, P(w) is an even function and thus can be expressed using the positive frequency range such that the single-sided
PSD, S(w) = 2P(w) [58]. The mean-square amplitude of the motion is defined as:

Ty
B0) = / [p(r) 2, 26)
0
0
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which is identical to R(¢) at zero time shift provided the signal is sampled for a sufficiently long time window. Using Eq. (25), (a2(?))
can be expressed in terms of the PSD [59].

#0) =5 / S(@)do. @7)
0

By taking the Fourier transform of Eq. (21), we can express S(w) in terms of Sr(®), which is the PSD due to the forcing function
F(1):

S@)=171*Sp(@), (28)
where y is the mechanical susceptibility obtained as [37]:
F(p(t 1
1) = 2D , 29)

F(F@®) meff(a)é — @? + iwwy/ Q)05

where w, and Q are the natural frequency and the Q-factor of the resonator (corresponding to the required mode). Since F(r) is
generated by the thermal noise, which is broadband, S (w) can be considered to be a constant thermal force S;. By using Equations
(27) to (29), we can write:

sTo7 sTQ
(@)= —= / — (30)
sz " (0% — a)2)2 + (a)a)o/Q)2 4a)(3)m§ff
Using the equipartition theorem, we represent the time-averaged potential energy U of the resonator as follows:
~ 1 1
(U) = S meneop (0 = SkpT. (31)
From Egs. (30) and (31), we get the expression of S; as:
4k gTwym
ST _ B 0" eff , (32)
F 0
and the resonator’s PSD as:
4k T o,
S(w) = B0 ) (33)

MmOl (w — wp)? + (wwy/Q)?]
As mentioned previously, to get the NEP, we also need to obtain the pressure sensitivity (X(w)) of the resonator. (w) can be
obtained by using the mechanical susceptibility (refer Eq. (29)) as follows [35]:
A

() = 2 , (34)
@ Mgl (@ — @2)? + (wwy/ Q)?103

where A, is the cross-sectional area of the sensor. Now, from Egs. (33) and (34), we obtain thermal-noise-induced pressure of the
sensor as follows:

_\/E_ 4k g T wymeg
Ps=75" % 0A2

(35)

As shown in Fig. 2 and Section 2, p, gets multiplied by the RTF (Eq. (18)) at the receiver. Hence, the equivalent of p, in wavelength
(N EP)) or phase (N EP¢) is used to represent the thermal noise as follows:

(36)

NEPM=(‘“) = A ( dL Ld"e“> kT oomess.

5 1 Ps= — | Neff 75 +
dP ngL dP " " dP YE

To minimize p, we need to maximize Q and A  while minimizing m.g, and w, of the membrane. In the case of medical ultrasound
imaging, the penetration depth decides the required central frequency, and the axial resolution of the image dictates the frequency
bandwidth; hence, these parameters cannot be modified to improve p,. The remaining parameters mq; and A are also not indepen-
dent; for instance, increasing A, (without changing the thickness) would increase mg, but also decreases w, and the bandwidth.
To study the sensor’s performance under various parameters, we investigate the influence of variations in geometry and material
properties on p,. These effects are incorporated via mgg.

5.1. Incorporating complex geometric and material behavior via the effective mass

The effective mass of each resonator mode can be obtained from its potential energy. For the n'" mode, each volume element dV/
will have a potential energy corresponding to the harmonic oscillator with a mass element dm = p(x)dV given by:
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Fig. 7. The IPUT design from [60] where (a) is the isometric view and (b) shows the side view of the IPUT only considering the racetrack waveguide (excluding
all ports) with the substrate backing. Here the waveguide width wy,; = 400nm, its height A, = 220nm, the diameter of the membrane d), = 124 pm, its height
hy; =2.5nm, and the height of the substrate hg = 250 um. The major radius of the racetrack is ’\l/vc. = 18 um while its minor radius is ’\ZNG = 5um. The input (laser
coming in), pass, and drop ports are also marked in (a).

~ 1
a0 = 2 px)w,| ¢, (Ou, () dV (37)
The total potential energy of the mode is given by integrating over the entire volume of the device, V.
.1 1
0= 21,0 [ potu,corav = Lois, 0 mey, (39
where mg is defined as:
mas= [ ool corav. ©9

Thus, with the normalized mode shape u,,(x), m.g can be calculated. We can numerically obtain the normalized mode for a complex
geometry (e.g., via FEM), which can be used to determine its effective mass. Additionally, the density, p is also a function of space;
thus, multiple layers can also be included in the membrane aiding us in exploring different possibilities to minimize N E Py.

Note that the expression of NEP (Equations (35)) is in terms of Pa/ \/E, which needed to be multiplied by the square root of
the operation bandwidth to obtain the NEP in Pa. The expressions of RTF and NEP complete the IPUT model, and we proceed to the
model validation.

6. Validation of RTF and NEP models

To validate the RTF and NEP models, we compare various properties of the IPUT namely, the resonance frequency, Q-factor, RTF,
and NEP, with the literature. To that end, we select the design discussed in [15,60], shown in Fig. 7. The membrane is composed
of SiO, with density p,, = 2200kg/m?, elastic modulus E,, = 70 GPa, and Poisson ratio 0.17, and has a diameter of 124 ym and
a thickness of 2 um. The racetrack waveguide is made of silicon with density pyg = 2329kg/m?, elastic modulus Eyg = 165 GPa,
and Poisson ratio 0.28, and has a width of 400 nm and a height of 220 nm. The waveguide is attached to the membrane, which has
the major radius of r\lNG = 18 um and minor radius of r‘zNG =5um. A SiO, cladding of 0.5 um is then provided on top to protect the
waveguide from the environment. Thus, the total thickness of the membrane is 2.5 pm.

6.1. Elasto-acoustic solver settings

The wave propagation analysis discussed in Section 3 is performed using a time-domain FEM solver provided by Comsol. Here
we have employed an implicit (backward Euler method) solver where time integration is carried out via generalized alpha [61]. This
method is the generalization of the Newmark method of time integration, which gives an optimized way of adding high-frequency
dissipation to a finite element transient dynamic simulation. In the model, the solid mechanics module is used for the IPUT domain,
while the water domain is modeled via the pressure acoustics time domain module. An acoustic-structure interaction interface ensures
the satisfaction of the interfacial conditions described in Equations (4) and (5). A plane pressure pulse of 10 kPa amplitude with a
central frequency of f, and 80 % —6 dB BW is applied on top of the fluid domain as described in Fig. 3. Since the size of the fluid
domain is much larger than the IPUT, the supplied pulse can be considered as a plane wave without focusing or diffraction effects.
The time-domain analysis for 40 cycles is performed with a time step of T/15. T is the period corresponding to fi.x =2f..

6.2. Time- and frequency-domain behavior of the IPUT
The surface displacement of the IPUT corresponding to the peak axial displacement (in time) is plotted in Fig. 8(a), whereas the
fundamental eigenmode of the IPUT (without the presence of fluid) with clamped BC is shown in Fig. 8(b). Comparing these two plots,

we can infer that the IPUT’s dynamic response is dominated by its fundamental mode, and our single-harmonic oscillator assumption
holds. We then study the time-domain response.

10
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Fig. 8. (a) The axial displacement profile of the IPUT corresponding to the peak displacement (in time). (b) The fundamental mode shape of the IPUT was obtained from
a standard eigenvalue analysis of the IPUT without water. The output displacement signal is represented as a function of (c) time and (d) frequency. The frequencies
that correspond to the peak displacement (f, = 0.615MHz), and the lower (f, = 0.59 MHz) and upper (f, = 0.642 MHz) bounds of —3 dB BW are also marked in (b).

The axial displacement of the membrane extracted at its center is plotted in Fig. 8(c), which behaves similarly to a damped
harmonic oscillator. The frequency response is obtained by transforming the time response to the frequency domain via the Fourier
transform (FFT) as shown in Fig. 8(d). Here the —3 dB bandwidth (BW), also called full-width half maximum (FWHM), is shown using
a gray-shaded box bounded by f; =0.59MHz and f, = 0.642 MHz. The frequency corresponding to the peak displacement provides
its resonant frequency, which is f, = 0.615 MHz. The experimentally obtained resonance frequency from [15] is 0.76 MHz, which is
about 19 % higher than the numerical predictions. This difference is due to the geometric variations during the fabrication (diameter
and thickness change due to over/under etching of the membrane) and the effect of prestress as discussed in [22]. We calculate the
Q-factor from this frequency response using the Lorentzian as follows:

fe
=
resulting in a —3 dB BW of 8.5 %. The Q-factor obtained experimentally is around 10 [60], which is 15 % lower than the model

prediction. We further estimate the output transfer function of the IPUT by using the displacement of the waveguide as discussed
next.

0=

=11.75, (40)

6.3. Receive transfer function of the IPUT

Since the exerted pressure deforms the waveguide along with the membrane, we calculate the RTF of the IPUT due to the wave-
length change and the photoelastic effect as discussed in Section 4. To obtain the wavelength change, we need to determine the
waveguide’s physical length change, which is influenced by its radial displacement. The radial displacement as a function of time
(similar to Fig. 8(c)) is extracted along the thickness of the waveguide (see the inset of Fig. 9). These time responses are then trans-
formed into the frequency domain (like Fig. 8(d)) from which the displacements corresponding to the resonant frequency f, are
selected and plotted against the distance from the bottom of the waveguide (through its height) as shown in Fig. 9. Using this radial
displacement, we obtain the RTF. To that end, n.s and n, are needed, while AP is the incoming pressure value corresponding to
the resonant frequency (taken from the input pulse) and 4 = 1550nm is the optical wavelength. n.s and n, are calculated using
FIMMWAVE [62] as discussed in the next section.

11
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Fig. 9. Radial displacement extracted along the thickness of the waveguide. The inset shows the schematic of the waveguide and membrane region where the arrow
goes through the center of the waveguide and represents the abscissa.

[ Water Il Si I SiO2
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Fig. 10. Optical mode shape calculation using FIMMWAVE from Photon Design. (a) The graphical interface where the cross-section of the optical waveguide (Si) and
cladding (SiO, and water) layers are defined. (b) Corresponding fundamental TE mode resulting in neq =2.228 and n, = 4.386.

6.4. Optical analysis

Optical analysis is performed using Photon Design’s FIMMWAVE, which is an optical analysis tool containing both semi-analytical
and numerical solvers [62]. For the domain with a uniform geometry such as ours (rectangular waveguide), the semi-analytical
method based on a fully vectorial film model matching (FMM) solver is adequate. The method does not require discretization and is
therefore computationally inexpensive for modeling waveguides. Additionally, the solver supports various configurations, including
transverse electric (TE), transverse magnetic (TM), and mixed modes.

The cross-sectional view of the IPUT with its surrounding medium (water) is shown in Fig. 10(a), whose eigenvalue analysis is
performed using FIMMWAVE. Since optical waves travel much faster than ultrasound, we assume a static response for the optical
portion of the IPUT. By solving Maxwell’s equations, we obtain the eigenmode (the fundamental mode with TE polarization is shown in
10(b)). The corresponding effective and group indices are obtained as ne¢ = 2.228 and n, = 4.386. The optical wavelength 4 = 1550nm

is taken identical to the experimental setup discussed in [15].

By using Eq. (11), we calculate the RTF due to the wavelength shift as (%) = —27fm/Pa. RTF of the IPUT due to stresses is
e

more complicated, since the stresses are rank 2 tensors as opposed to displacements (vectors). Additionally, the waveguide is defined
in the cylindrical coordinate system (refer Figs. 4(c) and 4(d)) while the photoelastic tensor is in the Cartesian coordinate system (see
Eq. (14)), so as discussed in Section 4.2, we transform the waveguide from polar to Cartesian coordinates as shown in Fig. 5. The
stresses towards r (radial), # (angular), and z (axial) directions are then used, respectively, as stresses in x, y, and z directions. The
resulting relationship between different normal stresses and the thickness of the waveguide is provided in Fig. 11. The shear stresses
were negligible compared to the normal stresses and, therefore, were omitted. Additionally, the axial stress (¢ ) is approximately two
orders of magnitude lower than the angular and radial stresses. Hence, the effect of Poisson’s ratio on the wavelength shift would also
be lower. Using the stress values and the photoelastic tensor from Eq. (14), we can calculate the transfer function due to the stresses
using Eq. (17). Here C; = —1.25x 10~ Pa™! and C, =4.66 x 10712 Pa~! are selected for silicon [48] and resulting wavelength shift

12
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Fig. 11. Normal stresses on the waveguide measured along the vertical edge of the waveguide. (a) coordinate transformation from cylindrical to Cartesian coordinate
system and (b) corresponding stresses extracted along the waveguide thickness, where the axial stress is acting in the opposite direction and has a considerably lower
magnitude than radial and angular values.

due to the stress is (%) = —6.53fm/Pa. Thus, the total RTF of IPUT due to elongation and photoelasticity is —33.6 fm/Pa. The
re:

total wavelength shift obtained experimentally in [60] is 67 fm/Pa, which is twice the model prediction. This could be due to the
effects of geometric variation during fabrication (for instance, a change in membrane thickness by over-etching) and the prestress.

6.5. Comparison of the IPUT’s RTF with a 3D model

Since the IPUT geometry provided in Fig. 7(a) is not of an axisymmetric device, we also check its response using a 3D acousto-
mechanical model. The 3D analysis is very similar to the 2D axisymmetric modeling discussed in Section 3, except that waves
propagating in all directions are considered and the BCs are modified. Here, instead of an axisymmetric BC, symmetric BCs are
provided to the solid domain (two flat surfaces) and fluid domain (four flat surfaces normal to the x, y plane) as shown in Fig. 12.
The time-domain analysis is performed for 40 cycles with a time step of T/15 (similar to the axisymmetric model). The resulting time
and frequency response of the axial displacement are provided in Figs. 13(a), and 13(b), respectively. Since the dynamic response of
the IPUT is dominated by the membrane, its resonance frequency and Q factor are comparable with the 2D axisymmetric analysis
and we observe that the resonance frequency is 0.623 MHz (1.3 % higher than corresponding 2D axisymmetric case) while the Q-
factor is 11.5 (2.2 % lower than 2D axisymmetric case). The RTF is calculated by using the radial displacement of the waveguide
shown in Fig. 14(a) for which the quarter racetrack is used (see the inset of Fig. 14(a)). The displacement is then multiplied by
four to get the total radial expansion of the ring. Similarly, the stresses are also calculated along the waveguide’s height as shown

in Fig. 14(b), which is used to obtain the variations in n.4. The RTF obtained from the 3D model by combining both elongation

(%) = —19fm/Pa and photoelastic effects (%) = —3fm/Pa is —22 fm/Pa at 0.623 MHz. Although the resonance frequency
e rel

and Q-factor are comparable between the 3D and 2D axisymmetric models, the RTF obtained here is about 35 % lower than the
2D axisymmetric case. This is because, in the former, the actual racetrack geometry of the optical ring characterized by R},V ¢ and
R%VG from Fig. 7(a) is considered, while in the latter, a circular ring with the radius same as RlllVG of the racetrack is used (see
Fig. 7(b)). This leads to a larger length change in the waveguide and thereby higher RTF in the case of the 2D axisymmetric analysis.
Nevertheless, both 2D axisymmetric and 3D analysis predicts lower RTF values (factor of 2 for 2D and 3 for 3D) than those of the
experiments, which could be due to the influence of prestress on the IPUT.

6.6. Comparison between static and dynamic IPUT models

The static model to determine the parameters of IPUT is discussed in [16,19] where the IPUT is assumed to undergo static deflection
due to the incoming pressure. The phase change (A¢) due to the incoming pressure p is written as follows [19]:

2
47> 4RwgZwg Ry
Ap=—n L S e— 1- ? wy, (41)

4
where Ry and Zy are the coordinates of the waveguide and R is the radius of the membrane. w, = % is the static deflection

3
% being the flexural rigidity [19]. Here h is the thickness of the membrane.
Substituting the values of w, and D into Equation (41), we get the phase transfer function as:

of the axial center of the membrane with D =

Ap _ 3n’neg Zyg (1-1%)

2 2
A= 1 m L (R> — Ryy) Ryg- (42)
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Fig. 12. Schematic representation of the 3D IPUT model, where the blue region represents the fluid domain while the gray and teal (embedded in gray) regions,
respectively, are the membrane and waveguide. Since the RR is quarter-symmetric, symmetry BCs are provided on the two flat surfaces of the membrane and
waveguide system. Additionally, for the fluid domain, symmetric BCs are supplied on all flat surfaces perpendicular to the x, y plane, while the top surface is provided
with a prescribed pressure (P,,) load, and the bottom surface is left free. The width of the fluid domain is w¢ = 6.25 mm while the height 4. =25mm.
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Fig. 13. The output displacement signal computed for the 3D model is represented as functions of (a) time and (b) frequency. The frequencies correspond to the
peak displacement (f; = 0.623MHz), the lower (f =0.594MHz) and upper (f; = 0.648 MHz) bounds of the —3 dB BW are also marked in (b). See Fig. 8(d) for
corresponding values in 2D axisymmetric case.

2xn

Using the relation between the phase and length change (A/) of the waveguide, A¢ = TAI and the relation between the length
change and wavelength change from Equation (11), we can modify the above equation to the expression for RTF as follows:
AL 3wnegA (1 —v3) 5 5
—=———--——"(R°—Ri,.) Ryg- 43
Ap 2ngL E ( WG) WG (43)
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Fig. 14. (a) Radial displacement extracted along the waveguide. The inset shows the schematic of the quarter waveguide where the arrow represents the direction
along which the displacement is extracted. (b) Different stresses of the waveguide extracted along its thickness (the inset shows the schematic of the region of the
waveguide and membrane).

After substituting the material and geometric parameters from Section 6, we obtain the RTF as % = 1.6fm/Pa, which is 41 times
lower than the experimental value (67 fm/Pa), while the RTF predicted by our dynamic model is only two times lower than the
experiment (33fm/Pa). This discrepancy between the two models (a factor of 20) is mainly due to the influence of the dynamic
response (taken care of by the Q factor of 12) and the effects of prestress (as discussed in the subsequent section). Thus, we can infer
that a dynamic model is essential to accurately determine the IPUT response.

6.7. Effects of prestress on the response of the IPUT

Since the prestress has a significant influence on the resonance frequency of the IPUT [17], we expect a similar influence on the
RTF as well. Additionally, as discussed in [22], the device from Fig. 7(a) had experienced buckling due to the prestress. This could
result in a change in the mode shape of the IPUT, hence significantly affecting the radial displacement of the waveguides, leading to
a change in the RTF, which is beyond the scope of this paper. Now we proceed to compare the NEP with the model predictions.

6.8. NEP comparison

The NEP of the IPUT is calculated using Eqgs. (35), where all parameters are already obtained. The IPUT’s NEP is 0.0787 mPa/ \/IE
For a FWHM BW (148 kHz), NEP = 0.03 Pa. The total NEP value shown in [15] is 0.4 Pa, which is more than 1 order higher than the
thermal noise of the IPUT. This is because, in the selected work, the thermal noise has not been explicitly extracted experimentally
and the noise floor of the system is limited by the noise of the read-out system’s amplifier. Figs. 15(a) and 15(b), respectively, show
the variation of NEP with frequency and Q factor. Fig. 15(a) assumes a constant Q factor of 10 (experimental value) and the NEP
increases with the resonance frequency of the mechanical resonator. Similarly, Fig. 15(b) assumes a constant resonance frequency
of 0.76 MHz (also experimental value), and here the NEP decreases with the increase in Q factor. Nevertheless, in both cases, the
experimentally obtained NEP is much higher than the thermal noise for the entire operational frequency and Q factor ranges. Thus,
to further improve the performance of the IPUT, a low-noise read-out system is needed.

7. Conclusions

In this work, novel semi-analytical models were proposed to characterize the receive transfer function (RTF) and noise equivalent
pressure (NEP) of integrated photonic ultrasound transducers (IPUTs) operating underwater. The models were validated by comparing
them with the literature. We draw the following conclusions.

« To accurately characterize the RTF of an IPUT, it is necessary to incorporate its dynamic behavior into the acoustic model;

+ To design IPUTs for the best performance, it is necessary to characterize their noise behavior along with RTF since the ratio
between these parameters (signal-to-noise ratio) determines the IPUT’s NEP. For applications such as medical imaging where
the devices are limited by the signal-to-noise-ratio (the transmitted pulse’s amplitude has an upper limit due to safety reasons),
a low NEP is preferable for their better performance;

« To accurately characterize the thermal noise of the IPUT, a precise description of the RTF (Eq. (18)) is also needed as the thermal
noise interacts with the outside world (detector) via the IPUT’s RTF;

« Among the different factors contributing to the RTF, the waveguide’s elongation and photoelastic effect have major influences;
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Fig. 15. Plots of N EP,, as a function of (a) frequency and (b) Q factor for the operational ranges of medical ultrasound applications. The red triangles in both plots
indicate the experimentally obtained N EP from [15]. It can be seen that the IPUT is still limited by the noise from the photodetector for the medical ultrasound
applications (frequency range from 100 kHz to 5 MHz and Q factor from 1 to 15).

« In the present case, the two predominant effects that influence the IPUT’s RTF namely, the optical waveguide’s physical elongation
and the photoelastic effect act in the same direction due to the state of the stress tensor. In the case of a uniaxial loading of the
optical waveguide, the aforementioned effects act in opposite directions as reported in the literature [50];

+ The thermal noise from the fluid medium can be neglected compared to the same from the IPUT sensor since the magnitude of
the former is much lower than the latter;

The model presented in this study can be extended to include complex geometric/material properties to extend the IPUT’s design
space further. Additionally, we can determine various parameters using this model, which can be tuned to optimize the IPUT’s
performance. A future direction is to use this model to design a novel IPUT device with high RTF and low NEP and validate its
performance experimentally. Another interesting direction is to investigate the influence of prestress on the resonance frequency,
Q-factor, RTF, and NEP of the IPUT.
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