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S U M M A R Y 

Seismic source models that use an elastic relation between pressure decrease, compaction 

and stress change have been shown to successfully reproduce induced seismicity in producing 

natural gas reservoirs undergoing dif ferential compaction. Howe ver, this elastic relation is 
inconsistent with observations of nonlinear reservoir compaction in the Groningen field. We 
utilize critical state mechanics theory to derive a 3-D stress–strain framework that is able to 

house 1-D nonlinear stress–strain relations typically used for subsidence models, without the 
need for recalibration of the subsidence model parameters. This is used to adapt the elastic 
thin sheet stress model that is currently in use as the state-of-the-art for seismicity predictions 
as part of the hazard and risk assessment of the Groningen gas field. The new thin sheet 
model has one additional model parameter that modulates the impact of inelastic deformation 

on fault loading, whilst keeping the intended function of the model calibration from the 
original elastic thin sheet model intact. The resulting elastic-viscoplastic thin sheet stress 
model is consistent with pre viousl y reported nonlinear rate-dependent reservoir compaction 

in Groningen found from inverting subsidence data and from rock deformation experiments. 
Our elastic-viscoplastic thin sheet stress model is able to predict ongoing stress increase, and 

therefore ongoing seismicity, in areas where pressure does not decrease anymore due to shut- 
in. A pseudo-prospectiv e forecasting e xercise indeed shows that the elastic-viscoplastic stress 
model performs better than the linear elastic stress model. This model addition ensures that 
the Groningen seismic source model is well suited for predicting seismicity in the post shut-in 

phase. 

Key words: Creep and deformation; Geomechanics; Earthquake interaction, forecasting, and 

prediction; Induced seismicity.. 
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1  I N T RO D U C T I O N  

Differential compaction between fault-bounded reservoir compart- 
ments is a mechanism for induced seismicity in reservoirs during 
pore pressure depletion (Pennington et al. 1986 ; Suckale 2009 ). 
Seismicity caused b y dif ferential compaction occurred, amongst 
others, in hydrocarbon reservoirs in South-Central Texas (Davis 
et al. 1995 ), gas fields in Nor ther n Ger many (Haug et al. 2018 ), 
and gas fields in the Netherlands (e.g. Roest & Mulders 2000 ; 
Mulders 2003 ; Van Wees et al. 2014 ). The latter includes the 
arguably most studied example of compaction-induced seismic- 
ity, the Groningen gas field (e.g. van Thienen-Visser & Breunese 
2015 ). Hence, a number of seismic source models for compaction- 
induced seismicity were specificall y de veloped for the Groningen 
field (for a recent overview, see K ühn et al. 2022 ). Of these nu- 
merous models, physics-informed models (or ‘hybrid’ models in 
K ühn et al. 2022 ’s nomenclature) combine physical concepts with 
1494 
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statistical fitting of the observed data, that is, the catalogue of ob- 
ser ved ear thquakes. These are well equiped for use in probabilistic 
forecasting of spatio-temporal(-magnitudal) earthquake event rates. 
These physics-informed models typically consist of a stress model 
in which stressing of faults is calculated, and an activity rate model 
that relates these stress changes to seismicity rates (e.g. Bourne & 

Oates 2017 ; Dempsey & Suckale 2017 ; Candela et al. 2019 ; Heimis- 
son et al. 2022 ). The physics-informed model by Bourne & Oates 
( 2017 ) and Bourne et al. ( 2018 ) is used in the annual probabilistic 
seismic hazard and risk analyses (pSHRA) for the Groningen region 
(TNO 2023 , for the latest edition) and is considered state-of-the-art. 

Here, we focus on an improvement of the stress model, which 
uses as input reservoir pressure changes and ver tical reser voir com- 
paction. Reservoir compaction is inferred from surface subsidence 
observations using w orkflo ws that are comprised of the relation be- 
tween pressure change and reservoir compaction at depth, and a 
transfer function for the reservoir compaction’s surface expression 
ress on behalf of The Royal Astronomical Society. This is an Open Access 
s Attribution License ( https://creati vecommons.org/licenses/b y/4.0/ ), which 
 any medium, provided the original work is properly cited. 
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e.g. van Thienen-Visser et al. 2015 ; van Eijs & van der Wal 2017 ;
okker et al. 2018 ). In these w orkflo ws, an essentially 1-D relation
etween vertical stress (i.e. pressure change) and vertical strain (i.e.
ompaction) is sufficient to obtain the desired subsidence. Examples
f these 1-D relations are, amongst others, the bi-linear model (Het-
ema et al. 2002 ), time-decay model (Mossop 2012 ), the Rate Type
sotach compaction model (Pruiksma et al. 2015 ), or (variations on)
urgers models (e.g. Jiang & Wang 2022 ; Cavali é et al. 2023 ), as
ell as a straightforward linear poro-elastic relation. Aside from

he linear model, the other models have a non-linear, often rate-
ependent, relation between pressure and compaction, in addition
o a linear elastic component. For Groningen, the phenomenology of
hese nonlinear rate-dependent models, specifically the time-decay
nd Rate Type isotach compaction models, are in agreement with
xperimental observations of rate-dependent inelastic deformation
n Groningen’s Slochteren sandstone or its analogues (de Waal
986 ; Hol et al. 2015 ; Shinohara et al. 2024 ). Indeed, several stud-
es find that the 1-D non-linear rate-dependent relations between
ressure and compaction fit best with the observed subsidence data
or Groningen (e.g. van Thienen-Visser & Fokker 2017 ; van Eijs
 van der Wal 2017 ). Note that ‘instanteneous’ inelastic deforma-

ion in Slochteren sandstone was experimentally identified as well
Pijnenb urg et al. 2019 ), b ut it cannot (yet) be distinguished from
lastic deformation when using subsidence observations. 

Contrary to subsidence- and laboratory observations, the cur-
ent inventory of Groningen seismic source models lack nonlinear
tress–strain relations. This leads to inconsistencies between sub-
idence models and seismic source models, and their respective
orecasts. Moreover, a seismic source model based on a linear elas-
ic stress–strain relation may miss stress increase by inelastic rate-
ependent deformation as an additional driver for seismicity. This
s par ticularly impor tant for areas where pore pressure reduction as
he primary driver is absent—a distinct possibility with the recent
hut-in of the Groningen field (per 2023 October 1). The remaining
rivers for pressure change, internal pressure reequilibration and
echarge from bounding aquifers, are likely to result in areas of
onstant pressure or pressure increase instead of pressure decrease.
he main aim of this work is to solve this inconsistency by incorpo-

ating pre-existing, already calibrated, nonlinear 1D relations into
he stress calculation of a seismic source model for Groningen. 

The challenge lies in the fact that a 1-D stress–strain relation is
ot sufficient for a stress model, where a full 3-D stress–strain rela-
ion is required to compute fault loading. The current seismic source
odels for Groningen with linear poro-elastic reservoir compaction

andle this problem by an easy transformation to a 3-D relation us-
ng Hooke’s law in combination with cer tain boundar y conditions.
hese models thus either adopt a 1-D linear subsidence model in

heir w orkflo w (e.g. Smith et al. 2019 , 2022 ), or utilize subsidence
nversion results from previous work (e.g. Bourne & Oates 2017
se results by Bierman et al. 2015 ). For the nonlinear models, com-
rised of a linear elastic and a nonlinear inelastic strain term, the
upscaling’ to a 3-D stress–strain relation is less trivial, as it re-
uires information on how the 1-D inelastic strain is coupled to the
ther inelastic strain tensor components. A 1-D model, by defini-
ion, lacks this information. We therefore assume that the reservoir
ock adheres to the concept of critical state mechanics (e.g. Wood
990 ; Atkinson 1993 ), from which we derive a framework to fit in
hese 1-D nonlinear models, partly following the approach outlined
y Vermeer & Neher ( 1999 ) and Isotton et al. ( 2019 ). This allows
s to define a parameter to describe the relation between the verti-
al inelastic strain and the other inelastic strain tensor components.
he framework is incorporated into the formulation of the thin sheet
tress model of Bourne & Oates ( 2017 ), where we aim to retain the
hysical meaning and function of pre-existing model calibration
arameters, whilst keeping the number of new model calibration
arameters to a minimum for efficient model calibration. Note that
ere we equate the term viscoplasticity (used in critical state me-
hanics literature) with rate-dependent inelastic deformation. 

The development of the 3-D stress–strain framework and its im-
lementation in the thin sheet stress model forms the main body
f this work. Although our work was carried out in the context of
nduced seismicity in the Groningen gas field, with the specifics and
implifications of Bourne & Oates ( 2017 )’s thin sheet stress model
n mind, we note that this stress–strain framework can receive any
-D subsidence model that yields total strain as the sum of elastic
nd inelastic strains. Next, we show how the resulting stress curves
rom the expanded thin sheet stress model are impacted by model
arameter v ariations, b y adopting as input for compaction behaviour
he most recently calibrated version of the Rate Type isotach model
NAM 2021 ). Finally, the expanded thin sheet stress model is used
s part of the probabilistic seismic source model by Bourne & Oates
 2017 ) and Bourne et al. ( 2018 ) to produce seismicity event rates.
hese rates are used in a model comparison exercise with the cur-

ently used elastic seismic source model. 

 A P P R  O  A C H  T O  D E V E L O P M E N T  O F  

O D E L S  

n this section, we discuss briefly the thin sheet geometry and its
ssumptions (Section 2.1 ). We then present the data used for the
arameter exploration of the models and the various figures in the
anuscript (Section 2.2 ). This section concludes by presenting the

efinitions of stress and strain used in the deri v ation of the new
odel (Section 2.3 ). In Section 3 , we recap the original poro-elastic

hin sheet model of Bourne & Oates ( 2017 ), and showcase the
mpact of the model parameters on temporal and spatial stress dis-
ributions. The expansion to an elastic-viscoplastic thin sheet model
s presented in Section 4 , including a similar parameter exploration
n temporal and spatial stress distributions. 

.1 Thin sheet geometry and assumptions 

e rederive the poro-elastic thin sheet stress model of Bourne &
ates ( 2017 ) to allow for inelastic deformation in addition to elastic
eformation. The thin sheet approximation for a reservoir allowed
ourne & Oates ( 2017 ), and allows us now, to simplify the equa-

ions for Coulomb stress changes. The reservoir is a laterally infi-
ite and geometrically homogeneous layer with isotropic material
roperties–that is, the thin sheet–embedded in a linear elastic half-
pace. These assumptions are justified given that the lateral extent
f the Groningen reservoir (of the order of 10s of kms) is much
arger than its thickness (of the order of 100s of ms). The largest
ompressive principal stress is oriented vertically, in line with the
xtensional tectonic stress regime of the region. From the thin sheet
ymmetry follows a uniaxial strain condition without horizontal
train. A rotational symmetry is invoked as well, so that the two
orizontal principal stresses are equal to each other. Stresses and
trains in the thin sheet can be considered as the vertically averaged
tresses and strains over the thickness of the reservoir, ef fecti vel y
liminating the depth dimension. 

Ho wever , in the derivations by Bourne & Oates ( 2017 ) and what
ill be presented here, the conditions that follow from the thin sheet
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geometry are, strictly speaking, violated by allowing for lateral vari- 
ations in elastic compressibility, pressure, reservoir thickness and 
reservoir depth. This results in loss of symmetry leading to rota- 
tion of principal stresses and strains, and a non-vanishing horizontal 
strain that infringes on the convenient uniaxial strain condition. We 
consider these variations to be smooth relative to the thickness of 
the thin sheet, so that the resulting deviations in stress relative to the 
uniaxial situation are small. Hence, the conceptual picture of how 

stress evolves over time does not change. 
Faults do not fall into the category of smooth lateral deviations 

but are strong, local deviations from the uniaxial case. In Bourne & 

Oates ( 2017 ), these deviations are accounted for in two ways: (1) 
Stress resulting from the thin sheet model is explicitly amplified at 
the location of faults based on specific fault properties such as fault 
offset and local reservoir thickness (see section 2.3 in Bourne & 

Oates 2017 ). (2) De viations relati ve to the uniaxial situation are ab- 
sorbed in the stochastic variations of Coulomb stress, properly rep- 
resented in the extreme threshold failure activity rate model (Bourne 
& Oates 2017 ) (or any other probabilistic activity rate model). The 
stochastic variations also represent initial Coulomb stress and fault 
strength (Bourne & Oates 2017 ). In this manuscript, we keep this 
same approach for handling faults in the thin sheet model, so that 
only the thin sheet model with smooth lateral variations needs to be 
adopted for inelastic deformation. 

2.2 Data used for model parameter exploration 

The developed elastic-viscoplastic model will contain several pa- 
rameters on which resides an uncertainty, the so-called model cali- 
bration parameters. To study the impact of these parameters on the 
behaviour of the resulting stresses in space and time, a small param- 
eter exploration is conducted once the model has been developed. 

To do so, we utilize model input from the Groningen reservoir. 
The input is comprised of the compaction coefficient grid and the 
pressure history. The compaction coefficients are obtained by inver- 
sion of surface subsidence data and pressure data, where subsidence 
data has been measured for decades by regular levelling measure- 
ment campaigns. Such compaction coefficient grids are updated 
regularly, we utilize the results of the study by NAM ( 2021 ), which 
follows the method of van Eijs & van der Wal ( 2017 ). Note that 
these studies fit 1D non-linear models to the subsidence data, con- 
sisting of an elastic part and inelastic part. The elastic part yields 
the static compaction coefficient grid ( c e m 

), which includes lateral 
variations in compressibility (Fig. 1 a). 

The pressure histories are histor y-matched reser voir simulation 
results provided by the operator of the field (NAM), the data can 
be found at Zenodo ( 2023 ) and details on the history matching at 
Landman & Vissers ( 2023 ). Historicall y, production w as planned in 
so-called ‘gas y ears’, y ear -long periods that run from 1st of October 
until the 30th of September the following year. The pressure record 
is discretized in these gas years, and spans a time period starting 
in gas year 1957 (i.e. 1957 October 1) until gas year 2053 (ending 
on 2054 September 30). The reservoir pressure history is roughly 
as follows (inset in Fig. 1 b): Pressure remains relati vel y stable up 
to the mid-1960s when production is ramped up. This is the onset 
of decades of pressure reduction, up to the end of the 2010s, where 
production was reduced significanly towards a planned shut-in. In 
this period, between 2018 and 2023, pressure in parts of the field 
stabilize and even increases at some localities. Stabilization and 
pressure increase are dri ven b y internal pressure equilibration of 
the reservoir as well as in-flow from bounding aquifers connected 
to the reservoir. Shut-in occurred at the start of gas y ear 2023: F rom 

then until the end of the pressure simulation results, the pressure 
equilibrates everywhere in the reservoir, characterised by areas of 
decelerating pressure increase, decelerating pressure decrease, and 
stable pressure. 

We shall compare stress change solutions by normalizing them, as 
the shape of the curve are most informati ve: Gi ven an activity rate 
model with instant stress threshold failure (such as the preferred 
extreme threshold failure model currently used in the Groningen 
SHRA), only an increasing stress results in modelled seismicity. 
We also note that for many activity rate models, the relative stress 
change is more important rather than the absolute stress magnitudes, 
as some form of normalization by a model parameter occurs. For 
the figures here, normalization is done so that the stress at the onset 
of production is 0 and the stress at the end of the pressure history 
(gas year 2053) is 1. 

2.3 Definitions of strain and stress 

We adopt the convention that compressive stress and contractional 
strain are ne gativ e and depletion is a ne gativ e change in pore pres- 
sure. The chosen stress metric for seismicity in Bourne & Oates 
( 2017 ) is the maximum Coulomb stress on an optimally oriented 
fault: 

C = C 0 + �C, (1) 

where C 0 is the initial Coulomb stress prior to the onset of gas pro- 
duction and �C the change in Coulomb stress caused by subsurface 
activity (gas extraction, injection or post-production pressure equi- 
libration) relative to the pre-production state. Note that other stress 
metrics may be adopted depending on the activity rate model. Here, 
we use the extreme threshold failure activity model (Bourne & 

Oates 2017 ), which acknowledges that C 0 has an unknown distri- 
bution over the reservoir’s fault segments, where it is assumed that 
failure occurs only on fault segments with a value of C 0 in the tail 
of this distribution (fig. 2 in Bourne & Oates 2017 ). Hence, the 
quantity of interest is �C , and we will look at incremental stress 
and pressure changes rather than absolute values: 

�C = �τ︸︷︷︸ 
applied stress 

+ μ( �σn + α�p f ) ︸ ︷︷ ︸ 
fault strength 

, (2) 

where the applied stress on the fault is given by the maximum 

shear stress �τ and the resistance to sliding is given by the friction 
coefficient μ and the mean normal stress �σn corrected for the pore 
pressure �p f times Biot’s coefficient α. 

Incremental ef fecti ve stress changes are gi ven as 

�σ eff = �σ + α�p f . (3) 

It follows from a constant overburden that �σv = 0 , so that vertical 
ef fecti ve stress change is fully determined by pore pressure varia- 
tions as �σ eff 

v = α�p f . Given these changes in principal stresses, 
eq. ( 2 ) changes to: 

�τ = 

1 

2 
( �σh − �σv ) = 

1 

2 
�σh , 

�σn = 

1 

2 
( �σh + �σv ) = 

1 

2 
�σh , 

�C = 

1 + μ

2 
�σh + μα�p f . 

(4) 

As can be seen, the Coulomb stress change depends on changes 
in horizontal stress and pore pressure. In the deri v ation b y Bourne 
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Figure 1. Maps of the Groningen reservoir showing (a) the spatial variation in elastic compressibility, (b) the spatial variation in reservoir pressure for the 
gas year 2023 and (c, d) the distribution of relative horizontal stress change for a low (c) and high (d) value of model parameter H s for gas year 2023. Stress 
changes are normalized to the largest stress change for this gas year. The insets at (b–d) show the pressure and stress change history at a point in the centre of 
the field (black marker). 
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 Oates ( 2017 ), the pore pressure term becomes negligble at their
qs (22) and (57), when geometrical heterogeneities (i.e. faults) are
mplemented, and can thus be discarded. By doing so, the Coulomb
tress is proportional to the change in horizontal stress. Inelastic
ehaviour would not affect this pore pressure term (assuming rate-
ependent inelastic deformation is suf ficientl y slow for drained con-
itions), but only affects the horizontal stress term. In the derivation
hat follows, we shall focus on the change in σh or σ eff 

h , in the knowl-
dge that this directly corresponds to �C when discarding μα�p f .
f one chooses not to discard said term, the final result from our
eri v ation would simply need to be augmented by it. 

Critical state mechanics typically uses two invariants of the stress
ensor, the ef fecti ve mean stress P and differential stress Q : 

�P = ( �σ eff 
v + 2 �σ eff 

h ) / 3 = ( α�p f + 2 �σ eff 
h ) / 3 , 

�Q = �σ eff 
v − �σ eff 

h = α�p f − �σ eff 
h . 

(5) 

art/ggaf119_f1.eps
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Total strain ε total is the sum of the individual strain components 
(e.g. elastic strain ε e and/or inelastic strain ε i ). The thin sheet geom- 
etry has a uniaxial strain boundary condition, so that total horizontal 
strain ε total 

h = 0 . 

3  E L A S T I C  T H I N  S H E E T  M O D E L  

What follows in this section is a recap of the elastic thin sheet 
stress model by Bourne & Oates ( 2017 ), presented here to provide a 
foundation to the development of the elastic-viscoplastic thin sheet 
stress model in the next section. 

Total strain ε total consists solely of the elastic strain component 
ε e h . From poroelasticity in an isotropic medium, the incremental 
elastic horizontal and vertical strains are a function of two elastic 
parameters: 

�ε e v = 

1 

E 

( �σ eff 
v − 2 ν�σ eff 

h ) = 

1 

E 

( α�p f − 2 ν�σ eff 
h ) , 

�ε e h = 

1 

E 

( �σ eff 
h − ν( �σ eff 

h + �σ eff 
v )) = �σ eff 

h 

1 − ν

E 

− α�p f 
ν

E 

, 

(6) 

where E is Young’s modulus and ν is Poisson’s ratio. Applying 
the uniaxial strain boundary conditions ( ε total 

h = ε e h = 0 ) gives the 
expression for the horizontal stress and horizontal ef fecti ve stress: 

�σh = −α�p f 
1 − 2 ν

1 − ν
, 

�σ eff 
h = α�p f 

ν

1 − ν
. 

(7) 

Substituting this expression in eq. ( 4 ) gives the Coulomb stress 
change in a homogeneous elastic thin sheet. Combining eq. ( 7 ) and 
eq. ( 6 ) gives the vertical elastic strain: 

�ε e v = 

1 

E 

(1 + ν)(1 − 2 ν) 

(1 − ν) 
α�p f = 

1 

H 

α�p f , (8) 

where the elastic term H is known as the uniaxial compaction 
modulus (Fjaer et al. 2008 ). 

Whereas the pore pressure change in eq. ( 7 ) is considered a known 
quantity, Biot’s coefficient α and its spatial variation throughout 
the reservoir is not. Following Bourne & Oates ( 2017 ), we shall 
eliminate α and introduce H by simply rewriting eq. ( 8 ) as: 

α�p f = H �ε e v . (9) 

and substituting α�p f in eq. ( 7 ) to obtain the stress change: 

�σ eff 
h = H �ε e v 

ν

1 − ν
. (10) 

Note that P and Q in eq. ( 5 ) follow the same substitution: 

�P = 

(
H �ε e v + 2 �σ eff 

h 

)
/ 3 , 

�Q = H �ε e v − �σ eff 
h . 

(11) 

Parameter H can be further defined by first looking at the defini- 
tion of the Biot’s coefficient: 

α = 1 − K/K s , (12) 

where K s is the bulk modulus of the solid skeleton and K < K s . 
For K s � K , α = 1 , and the coupling between pore pressure change 
and horizontal stress change (eq. 7 ) is efficient. For a higher value of 
K relative to K s , the coupling is less efficient, ‘damping’ pore pres- 
sure effects on the stress change. For some given lateral variations 
of K in our thin sheet, a comparati vel y low v alue of K s gi ves rela- 
ti vel y large lateral variations in α, so that the lateral heterogeneities 
are expressed in the spatial distribution of the horizontal stress (and, 
by extension following eq. 4 , in the Coulomb stress). For a com- 
parati vel y high value of K s , the lateral variations in α are small, 
and thus the heterogeneities disappear in the spatial distribution of 
the horizontal stresses. The variations in K and α are not directly 
known, but α can be rewritten as: 

1 

K 

= 

1 

K 

α + 

1 

K s 
, (13) 

or, for uniaxial strain conditions in an elastic medium, as 

1 

H 

= 

1 

H 

α + 

1 

H s 
, (14) 

where H s is the uniaxial compaction modulus of the solid skeleton. 
From eq. ( 8 ) we see that the first term in eq. ( 14 ) is simply the

ratio of change in elastic strain and change in pore pressure, 

�ε e v 

�p f 
= 

1 

H 

α = 

1 

H r 
= c e m 

, (15) 

also known as elastic compaction coefficient c e m 

, which is a typical 
result from subsidence studies where c e m 

is produced in the form of 
a spatial map (see Fig. 1 a for the c e m 

-map of the Groningen reservoir 
obtained by NAM 2021 ). Using eqs ( 14 ) and ( 15 ) to define H in
eq. ( 10 ), we have thus introduced known lateral variations in poro- 
elasticity into the modelled stress field. 

In Bourne & Oates ( 2017 ), H s is utilized as a model calibration 
parameter to modulate the spatial distribution of the Coulomb stress. 
The effect of H s on the Coulomb stress distribution for an elastic 
thin sheet is shown in Fig. 1 : For H s � H r , the detailed spatial 
variation present in the observed compaction (Fig. 1 a) is visible in 
the stress distribution (Fig. 1 c) in addition to the spatial variations 
in pore pressure change. For H s � H r , the spatial Coulomb stress 
(Fig. 1 b) mirrors the spatial distribution of pore pressure changes 
only (Fig. 1 d). The temporal evolution of the normalized horizontal 
stress follows that of the pressure change, regardless of the value 
chosen for H s (Figs 1 b and c, insets). 

4  E L A S T I C - V I S C O P L A S T I C  T H I N  

S H E E T  M O D E L  

4.1 Strain in an elastic-viscoplastic thin sheet 

In this section, we introduce the inelastic component into the thin 
sheet model. To allow for either plastic (i.e. instantenously inelastic) 
or viscoplastic (rate-dependent inelastic) strains, the strains and 
stresses defined in Section 2.3 are now expressed as rates instead of 
incremental changes. The total strain rate is the sum of the elastic 
strain rate and inelastic strain rate: 

ε̇ total = ε̇ e + ̇ε i , (16) 

and the horizontal strain rate adheres to the uniaxial boundary con- 
dition ε̇ total 

h = 0 . As we deviate from linear elasticity into nonlinear 
stress–strain behaviour, the outcome of the model may depend on 
the initial stress and strain conditions, for which we use the sub- 
script 0 . The differential equation that is developed here will return 
the absolute (ef fecti ve) horizontal stress, rather than the incremen- 
tal change. Nonetheless, the activity rate model requires the stress 
change, and so results in this section are shown as normalized stress 
changes. 

We assume that the reservoir rock adheres to the concept of 
critical state soil mechanics (e.g. Wood 1990 ; Atkinson 1993 ), a 
framework that unifies changes in ef fecti ve stresses and inelastic 
volumetric strain. The ‘critical state’ refers to a particular combina- 
tion of ef fecti ve stresses (the critical state line) where the plastic vol- 
umetric strain is zero, and only plastic shear strain exists. Although 
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esigned for soils, critical state mechanics captures the empirical
lastic–plastic behaviour of porous consolidated rock quite well
e.g. Nguyen et al. 2014 ; Cassiani et al. 2017 ). Inelastic deforma-
ion commences at a certain stress state described by a stress tensor
r its invariants. This condition is reached when f ( P , Q, P 

∗) = 0 ,
here f describes the yield envelope (also known as yield func-

ion or ‘cap’) in P - Q space bounding the elastic-only deformation
omain (Wood 1990 ). Yield function f can be parametrized in vari-
us ways. In Section 4.3 , we will adopt a specific parametrization of
he yield function f . P 

∗ is the hydrostatic mean stress at the onset
f inelastic deformation (also known as preconsolidation pressure
n geotechnical engineering). The plastic potential is described by
unction g, so that the strain rate components follow the flow rule 

˙ i i j = � 

∂g 

∂σ eff 
i j 

, (17) 

here � is a scalar flow rate multiplier. We consider the hardening
ule, required to derive � , as an implicit part of the selected 1-D
nelastic model. Another condition, that of being in a state of plastic
ield where f = 0 , is also implicit to most 1-D elastic-viscoplastic
odels; inelastic deformation occurs from the onset in addition to

lastic deformation. Ho wever , the yield condition is for a 1-D stress
tate, and not for a stress tensor. With the above, we shall derive a
-D framework for 1-D elastic-viscoplastic models, following the
pproach of Vermeer & Neher ( 1999 ) (see also Isotton et al. 2019 ;
usso et al. 2021 ). 
First, we define the plastic potential as g = P 

∗ (Vermeer & Neher
999 ; Isotton et al. 2019 ), so that eq. ( 17 ) can be expressed as: 

 

∂g 

∂σ eff 
i j 

= � 

∂ P 

∗

∂σ eff 
i j 

= � 

( 

∂ P 

∗

∂ P 

∂ P 

∂σ eff 
i j 

+ 

∂ P 

∗

∂ Q 

∂ Q 

∂σ eff 
i j 

) 

, (18) 

here 

∂ P 

∂σ eff 
i j 

= −1 

3 
δi j , 

∂ Q 

∂σ eff 
i j 

= 

3 

2 Q 

(
σ eff 

i j − 1 

3 
σ eff 

kk δi j 

)
, 

(19) 

ith δi j being the Kronecker delta and σ eff 
kk the trace of the stress

ensor. From this, the strain rates along the principal vertical and
orizontal directions are: 

ε̇ i v = � 

(
∂ P 

∗

∂ Q 

− 1 

3 

∂ P 

∗

∂ P 

)
, 

ε̇ i h = � 

(
−1 

2 

∂ P 

∗

∂ Q 

− 1 

3 

∂ P 

∗

∂ P 

)
. 

(20) 

.2 Horizontal stress in an elastic-viscoplastic thin sheet 

e can now follow two approaches to find the expression for the
orizontal stress rate: 

(i) We assume that the volumetric inelastic strain rate ε̇ i V is pro-
ortional to the 1-D inelastic strain rate ε̇ i 1D from a given 1-D sub-
idence model (Vermeer & Neher 1999 ). 

(ii) The vertical inelastic strain rate ̇ε i v is equal to the 1-D inelastic
train rate ε̇ i 1D from a given 1-D subsidence model. 

Note that, under the thin sheet model assumption of uniaxial
train, the volumetric inelastic strain rate is not necessarily equal to
he 1-D vertical inelastic strain rate: The sum of elastic and inelastic
orizontal strain rates are zero, thus the inelastic horizontal strain
ate that contributes to the volumetric inelastic strain rate can be non-
ero. Hence, the first approach assumes proportionality between
olumetric strain rate and 1-D strain rate. It therefore attempts
o reformulate the 1-D elastic-viscoplastic compaction model to
 general 3-D compaction model with the same inelastic behaviour
n all directions. Such a 3-D model may be used in, for example,
nite element software packages. The 1-D model’s vertical 1-D
tresses and strains, and their rates, need to be expressed in terms of
he stress- and strain in variants. Moreover , model parameters of the
-D compaction model, such as a uniaxial compaction coefficient,
eed to be redefined to a generic 3-D definition. Hence, recovering
he original vertical compaction results from the 1-D model with
he adjusted 3-D compaction model requires a full recalibration
f the model parameters, in addition to calibration of extra model
arameters. 

The second approach treats the 1-D elastic-viscoplastic com-
action model as a given, without attempting to reformulate it. Pre-
iously calibrated model parameters thus remain applicable. Typi-
ally, 1-D compaction models are derived from data obtained dur-
ng oedometer experiments and from surface subsidence. Both these
ases have uniaxial strain boundary conditions, which matches with
he restriction we impose on the thin sheet model. This approach
herefore does not rely on the strong assumption of the first ap-
roach. 

We elect the second approach: A full 3-D revision of a 1-D
ompaction model falls outside of the scope of this work, whereas
he second approach remains closest to the observed compaction
parametrized by some 1-D model). In addition, we can delay defin-
ng a specific 1-D compaction model for another few steps in the
hin sheet deri v ation, keeping the thin sheet formulation a general
ramework for a variety of 1-D models. 

Setting vertical inelastic strain rate equal to the 1-D inelastic
train rate, using eq. ( 20 ), the scalar � is given as 

 = 

[
∂ P 

∗

∂ Q 

− 1 

3 

∂ P 

∗

∂ P 

]−1 

ε̇ i 1D , (21) 

hich can be substituted in ( 20 ) to obtain the strain rates. Note that
p to this point the framework remains general in that no specific
-D model compaction model and yield function have been adopted,
or have any strain or stress boundary conditions been applied. 

Applying now the uniaxial strain boundary conditions (eq. 16 ) to
he sum of the elastic (eq. 6 ) and inelastic (eq. 20 ) strain rates, we
btain the ef fecti ve horizontal stress rate as 

˙ eff 
h = α ṗ f 

ν

1 − ν
+ ̇ε i 1D 

( 

1 
2 

∂ P ∗
∂ Q 

+ 

1 
3 

∂ P ∗
∂ P 

∂ P ∗
∂ Q 

− 1 
3 

∂ P ∗
∂ P 

) 

E 

1 − ν
, (22) 

he partial deri v ati ves can be found by adopting a certain formula-
ion for the yield function f (see Section 4.3 ). 

Next, w e ma y incorporate the known lateral variations in poro-
lastic moduli, similar to the substitution done for the elastic thin
heet model (eqs 7 and 10 ). The effect of lateral variations in bulk
odulus shall be applied only to the elastic components of eq. ( 22 );
e assume that the effect of lateral variations in inelastic behaviour

s already captured and calibrated in the 1-D inelastic strain rate
unction ε̇ i 1D . We rewrite eq. ( 6 ) as: 

ṗ f = 2 νσ̇ eff 
h + E ̇ε e v . (23) 

oung’s modulus can be rewritten in terms of uniaxial compaction
odulus and Poisson’s ratio (Fjaer et al. 2008 ): 

E = H 

(1 + ν)(1 − 2 ν) 

(1 − ν) 
. (24) 
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Using some algebra on eqs ( 22 ) to ( 24 ) give the horizontal effec- 
tive stress rate 

σ̇ eff 
h = 

H 

1 − ν

( 

ε̇ e v ν + ̇ε i 1D 

1 
2 

∂ P ∗
∂ Q 

+ 

1 
3 

∂ P ∗
∂ P 

∂ P ∗
∂ Q 

− 1 
3 

∂ P ∗
∂ P 

) 

, (25) 

and horizontal stress rate 

σ̇h = H 

1 − 2 ν

1 − ν

( 

ε̇ i 1D 

1 
2 

∂ P ∗
∂ Q 

+ 

1 
3 

∂ P ∗
∂ P 

∂ P ∗
∂ Q 

− 1 
3 

∂ P ∗
∂ P 

− ε̇ e v 

) 

. (26) 

In the remainder of this manuscript, the results of the two equa- 
tions above are referred to as the elastically heterogeneous results, 
for the lateral variations in poro-elastic moduli it allows. Eq. ( 22 ) 
gives the elastically homogeneous results, since no lateral variations 
in poro-elastic moduli were incorporated through parameter H s , and 
a spatially constant value of α = 1 was adopted. 

4.3 Yield function: Cam-clay f orm ulation 

Now, to complete the elastic-viscoplastic thin sheet model, we adopt 
the modified Cam-clay formulation for the yield function f . The 
Cam-clay formulation describes the yield loci as an ellipse centred 
on the P -axis that passes through the origin of P - Q space: 

f = Q 

2 − M 

2 P ( P 

∗ − P ) = 0 , (27) 

with M the shape factor for the ellipse axis parallel to the Q -axis. 
Given this definition, the plastic potential is 

g = P 

∗ = P + 

Q 

2 

M 

2 P 

, (28) 

and the partial deri v ati ves of P 

∗ are 

∂ P 

∗

∂ P 

= 1 − Q 

2 

M 

2 P 

2 

∂ P 

∗

∂ Q 

= 

2 Q 

M 

2 P 

. 

(29) 

These deri v ati ves can be substituted in eq. ( 22 ) or ( 25 ). For the
latter, the full ordinary differential equation (ODE) becomes 

σ̇ eff 
h = 

H 

1 − ν

⎛ 

⎝ ε̇ e v ν + ̇ε i 1D 

Q 

M 

2 P 
+ 

1 
3 

(
1 − Q 

2 

M 

2 P 2 

)
2 Q 

M 

2 P 
− 1 

3 

(
1 − Q 

2 

M 

2 P 2 

)
⎞ 

⎠ . (30) 

Recalling eq. ( 5 ) 

P = ( σ eff 
v + 2 σ eff 

h ) / 3 

Q = σ eff 
v − σ eff 

h , 
(31) 

the initial conditions required to solve for the horizontal ef fecti ve 
stress are: 

P 0 = ( σ eff 
v , 0 + 2 σ eff 

h , 0 ) / 3 

Q 0 = σ eff 
v , 0 − σ eff 

h , 0 . 
(32) 

4.4 1-D inelastic model: RTiCM 

To solve the ODE for the evolution of horizontal ef fecti ve stress 
we need to adopt some form for the inelastic strain rate function 
ε̇ i 1D . The rate type isotach compaction model (RTiCM; De Waal & 

Smits 1988 ; Pruiksma et al. 2015 ) was elected for this, as it proves 
to be the best fitting model to the subsidence data for the Groningen 
field (van Thienen-Visser et al. 2015 ; van Eijs & van der Wal 2017 ; 
NAM 2021 ) in addition to fitting well with experimental data (de 
Waal 1986 ; Pruiksma et al. 2015 ). Another advantage is that the 
RTiCM model parameters are already calibrated for the Groningen 
reservoir, so that these can be used as a given. 

The 1-D RTiCM model is founded on the concept of the isotach, 
which is the stress–strain path corresponding to a certain loading 
rate. A change in loading rate causes the stress–strain path to con- 
verge towards the isotach of the new loading rate. The slope of 
the isotach at higher loading rate is steeper (i.e. stiffer) than at 
lower loading rate. The isotachs are assumed linear, its slope being 
the compaction coefficient c m 

. The steepest isotach corresponds to 
instantenous loading, the slope being the elastic compaction co- 
efficient c e m 

. The spacing between the isotachs, with respect to a 
reference isotach described by c ref 

m 

at loading rate σ̇ ref , can be ex- 
pressed as a ratio: 

c m 

c ref 
m 

= 

(
σ̇ ref 

σ̇

)b 

, (33) 

where b is some empirical constant. All isotachs intersect at one 
reference point in stress–strain space. This point is implicitly where 
the material starts deviating from pure elastic behaviour. 

Giv en the abov e, the viscoplastic strain rate in the RTiCM is given 
by this set of equations (Pruiksma et al. 2015 ): 

ε̇ total = ε̇ e + ̇ε i , 

ε̇ i = σ̇ ref 
(
c m 

− c e m 

)(
c m 

c ref 
m 

)−1 /b 

, 

ε̇ e = c e m ̇

σ , 

c m 

= 

ε total + σ ref c ref 
m 

σ
. 

(34) 

All strains and stresses in these expressions are in the vertical di- 
rection in the context of the thin sheet model. The material param- 
eters are calibrated on the Groningen subsidence observations by 
NAM ( 2021 ), for which we have taken the mean posterior values of 
b = 0 . 021 , f e = 0 . 4 and f ref = 0 . 8 , where the latter two are mul-
tiplication factors to obtain c e m 

and c ref 
m 

from a spatial compaction 
coefficient grid c m 

. The state parameter σ̇ ref is set to 1 × 10 −4 . 5 

(TNO 2013 ). For the stress at the onset of production σ ref we use 
the initial vertical stress σv , 0 required to solve the equations of the 
elastic-viscoplastic stress model. 

The reservoir strains calculated according to the parameter values 
and pressure grid for four locations in the field are shown in Fig. 2 . 
The elastic strains are directly proportional to the pore pressure evo- 
lution at those locations, indicating that some locations (roughly 
the north–west halve of the field) will be subjected to continued 
pore pressure decrease, and at other locations pore pressures sta- 
bilize or increase somewhat. The inelastic strain component, about 
20 per cent of total strain, continues to increase at all locations up 
to 2050. 

With ε̇ i 1D expressed as the inelastic strain rate in eq. ( 34 ), this 
differential equation can be added to the differential eq. ( 22 ) (elas- 
ticall y homo geneous thin sheet) or ( 25 ) (elasticall y hetero geneous 
thin sheet), and solved numerically. 

4.5 Results: stress evolution in an elastic-viscoplastic thin 

sheet 

For initial vertical stress σv , 0 , we used the reservoir depth map 
(Appendix A ) to calculate the overburden stress. Initial ef fecti ve 
vertical stress σ eff 

v , 0 was obtained from this overburden and the pre- 
production pore pressure, known from the pressure history. The 
initial horizontal ef fecti ve stress σ eff 

h , 0 prior to production is difficult 
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Figure 2. Elastic (blue) and inelastic (green) reservoir strains through time for four locations in the field. Strains are obtained from the Rate Type isotach 
compaction model and simulated reservoir pressures. The four locations are shown on the reservoir map on the right. 
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o establish, we therefore treat it as a free parameter in the parameter
xploration below. The other free parameters that will be explored
re the shape parameter M and the elastic parameter H s . 

We first explore the temporal effect of parameters σ eff 
h , 0 and M , by

sing eq. ( 22 ) for an elastically homogeneous thin sheet. Solutions
or the horizontal stress were obtained for σ eff 

h , 0 = −8 MPa , σ eff 
h , 0 =

16 MPa, and a range of values for M (Fig. 3 ). Focusing on the
esults for σ eff 

h , 0 = −8 MPa first (Fig. 3 a), we see that for M = 2
he horizontal stress decreases during the shut-in phase. At this
hase, where elastic strain is approximately zero given a near-
onstant pore pressure, rate-dependent inelastic deformation thus
elieves horizontal stresses. At a slightly higher value of M ≈ 2 . 5 ,
he elastic-viscoplastic solution yields nearly the same result as the
lastic solution. For M > 2 . 5 , the inelastic deformation contributes
o a rise in horizontal stress. This contribution increases with in-
reasing M . If a higher initial horizontal stress σ eff 

h , 0 is used for the
ame values of M (Fig. 3 b), the normalized stress curves are ‘pushed
ownward’, that is, horizontal stress change by inelastic strain dur-
ng shut-in has a relati vel y higher contribution to total horizontal
tress change. For this initial horizontal stress, the elastic solution
s approached at a lower value of M ≈ 2 . 

Now we explore parameter H s that allows for heterogeneous
ompressibilities. Parameter H s has a small temporal effect on the
otal horizontal stress change (Fig. 4 , where the curves nearly over-
ap). The stress curve for a large value of H s is the same as the
tress curve from the elasticall y homo geneous model (e.g. compare
ig. 4 with Fig. 3 a for M = 3 and M = 4 ). For H s < 1 × 10 5 MPa,

he viscoplastic contribution to the total horizontal stress change
ncreases slightl y. Howe ver, the magnitude of the temporal modu-
ation caused by varying H s , for this particular pressure history and
ompaction model, is much smaller than the temporal modulation
aused by varying M and σ eff 

h , 0 . 
We may now focus our attention to the effect of σ eff 

h , 0 , M , and H s 

n the spatial distribution of stress changes. Changing the initial
 m  
ondition of σ eff 
h , 0 from −8 MPa to −16 MPa has a very limited

mpact on the stress distribution of at most a factor 1.2 (Figs 5 a
nd b). Varying the shape parameter M from M = 2 to M = 4 has
ore impact on the spatial distribution (Figs 5 a and b), although the

mpact is mainly restricted to the areas where pore pressure decrease
s limited. In these areas, near the south-western and northern edges
f the reservoir, the normalized stress may be lower by a factor of
.7 for M = 4 compared to M = 2 . The impact on the other areas is
eglible. The impacts of varying M and σ eff 

h , 0 seems to stem mostly
rom the spatial variation of initial vertical effective stress that is a
unction of reservoir depth (Fig. A1 ). In summary, both parameters
o not cause major changes in the spatial stress patterns, except at
he edges of the reservoir. The stress pattern is mostly dominated by
he spatial distribution of pressure (1b), as is expected for the thin
heet model that does not allow for spatiall y v arying elastic moduli.

The introduction of parameter H s in the spatially heterogeneous
ormulation of the elastic-viscoplastic thin sheet model modulates
he spatial stress pattern (Fig. 6 ). For a small value of H s = 1 ×
0 3 MPa (Fig. 6 a), the pattern mimics the pattern of the elastic
ompression coefficient grid (Fig. 1 a). For a large value of H s = 1 ×
0 5 MPa (Fig. 6 b), the patter n rever ts to the elastically homogeneous
hin sheet model outcome and mimics the spatial pattern of the
ressure map (Fig. 1 b). The spatial modulation of the stress by
arameter H s is by design and identical to the original thin sheet
odel (Figs 1 c and d). 

.6 Simplifications to the model 

he model as presented may be calibrated by Bayesian inference on
he seismicity data. In this section, we wish to adjust the model in
wo ways: 

(i) We desire that the augmented elastic-viscoplastic thin sheet
odel can reproduce the exact same results as the original elastic

art/ggaf119_f2.eps
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Figure 3. Normalized horizontal stress curves resulting from the elastically homogeneous thin sheet formulation, for an initial horizontal stress of 8 MPa (a) 
and 16 MPa (b). The RTiCM 1-D compaction model was adopted for the viscoplastic strain rate. For both panels, M was varied between 2.0 and 4.5 (green 
curves). The stresses are based on the pressure history of a point in the centre of the field (see inset for location). The elastic solution (blue curve) is provided 
for reference. 

Figure 4. Normalized horizontal stress curves resulting from the elastically heterogeneous thin sheet model for M = 3 (a) and M = 4 (b), and an initial 
horizontal stress of 8 MPa. The RTiCM 1-D compaction model was adopted for the viscoplastic strain rate. For both panels, H s was varied over four orders of 
magnitude. 
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Figure 5. Maps of the Groningen reservoir showing the distribution of horizontal stress resulting from the homogeneous elastic-viscoplastic thin sheet model, 
for a low (a) and high (b) value of initial horizontal stress σ eff 

h , 0 , and for a small (c) and large (d) value of M , for gas year 2023. Stresses are normalized by the 
maximum stress in that gas year. Insets: Variations are shown as the normalized stress ratios between panels (a) and (b), and between panels (c) and (d). 
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hin sheet model. The horizontal stress change over time resulting
rom the elastic and elastic-viscoplastic models indeed seem to
verlap for some combinations of M and σ 0 

h used in the parameter
pace exploration (Fig. 3 ): For ( σ eff 

h , 0 = −8 MPa, M ≈ 2 . 5 ) and for
 σ eff 

h , 0 = −16 MPa, M ≈ 2 ). We shall find an analytical solution for

his. r  
(ii) The parameter exploration (Section 4.5 ) studied the impact
f model calibration parameters M , H s , and initial condition σ eff 

h , 0 

n the horizontal stress increase. Of these, H s was already present
n the elastic thin sheet model, where it modulates the spatial stress
attern (Fig. 1 ). In the elastic-viscoplastic model, it kept its intended
ole as strong modulator for the spatial stress distribution (Fig. 6 ).

art/ggaf119_f5.eps
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Figure 6. Maps of the Groningen reservoir showing the distribution of horizontal stress resulting from the elastically heterogeneous thin sheet model, for a 
low (a) and high (b) value of model parameter H s for gas year 2023. Stresses are normalized by the maximum stress in that gas year. The spatial variations are 
identical to those in Figs 1 (c) and (d). 
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Ho wever , M and σ eff 
h , 0 have a weak effect on the spatial distribution 

as well (Fig. 5 ). Conversely, M and σ eff 
h , 0 have a strong temporal 

effect whereas H s has weak effect on the temporal stress history 
(Figs 3 and 4 ). The parameter exploration was conditional on a 
certain choice of compaction model and pressure history; albeit a 
realistic scenario, the qualitative labels ‘strong’ and ‘weak’ modu- 
lators may not be generally valid. The model can thus be calibrated 
with these parameters, but there will be some trade-offs and redun- 
dancy between all three parameters for a good spatial and temporal 
fit to the data. We shall attempt some simplifications of the model, 
with the intent to obtain model parameters with a less ambiguous 
effect on the spatio-temporal stress distribution. 

We start our adjustements of the model by identifying the special 
case where the elastic and elastic-viscoplastic horizontal stress so- 
lutions overlap in time. An analytical solution can be found for this 
problem (see Appendix B for the full deri v ation): 

M 

elastic = 3 

√ √ √ √ √ √ √ 

(
σ eff 

v , 0 (1 −k 0 ) + �σ eff 
v ( 1 − ν

1 −ν ) 
σ eff 

v , 0 (1 + 2 k 0 ) + �σ eff 
v ( 1 + 2 ν

1 −ν ) 

)2 

+ 

σ eff 
v , 0 (1 −k 0 ) + �σ eff 

v ( 1 − ν
1 −ν ) 

σ eff 
v , 0 (1 + 2 k 0 ) + �σ eff 

v ( 1 + 2 ν
1 −ν ) 

(35) 

Here, k 0 = σ eff 
h , 0 /σ

eff 
v , 0 , the ratio of the initial horizontal ef fecti ve 

stress over the initial vertical ef fecti ve stress, also known as the 
pre-consolidation ratio. Note that here, k 0 is considered an initial 
condition, the ratio of the horizontal to vertical stress is allowed to 
change during a loading history. M 

elastic is the value of M for which 
elastic behaviour is obtained with the elastic-viscoplastic model. 
Note that M 

elastic is independent of H s , but contains the vertical 
ef fecti ve stress change �σ eff 

v . This means that the value of M 

elastic 

may change with vertical load, that is, M 

elastic is not necessarily 
constant throughout a pressure history (Fig. 7 ). This is impractical 
for Bayesian inference of model parameter M , where the elastic 
solution is desired as one of the possible outcomes. Whether M 

elastic 

is constant depends on the choice of k 0 (Fig. 7 ). Indeed, M 

elastic is 
constant if k 0 is equal to the term containing the Poisson’s ratio, 

ν

1 −ν
, so that eq. ( 35 ) simplifies to: 

M 

elastic = 3 

√ √ √ √ 

( 

1 − ν

1 −ν

1 + 

2 ν
1 −ν

) 2 

+ 

1 − ν

1 −ν

1 + 

2 ν
1 −ν

(36) 

For instance, for ν = 0 . 2 we obtain M 

elastic ≈ 2 . 598 . The implica- 
tions for setting k 0 = 

ν

1 −ν
, also known as the bilateral constraint 

(Eaton 1969 ; Zoback 2010 ), will be discussed later. Eq. ( 36 ) shows 
that the elastic thin sheet solution of Bourne & Oates ( 2017 ) can 
be recovered for M 

elastic , who’s value depends on the choice of 
Poisson’s ratio. 

We can now attempt to remove the initial condition model param- 
eter σ eff 

h , 0 (or equi v alentl y k 0 ), which has a similar temporal effect on 
stress change as M , and is therefore considered redundant. Lacking 
knowledge on the initial horizontal stress and its spatial distribution 
prior to production, we followed the assumption of a spatially con- 
stant initial horizontal stress σ eff 

h , 0 in the parameter exploration. An 
alternative assumption is that of a spatially constant initial stress 
ratio k 0 . The initial values for P and Q (eq. 5 ) then become: 

P 0 = 

σ eff 
v , 0 

3 
( 1 + k 0 ) 

Q 0 = σ eff 
v , 0 ( 1 − k 0 ) . 

(37) 

With these new initial conditions, the ODEs for the elastic- 
viscoplastic model can be solved again for varying values of k 0 
and M . Varying k 0 has the same temporal effect to varying σ eff 

h , 0 . 
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Figure 7. Normalized vertical stress (defined as �σ eff 
v /σ eff 

v , 0 ) versus M 

elastic , for different values of k 0 . 
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o wever , if we want to include the exact elastic thin sheet solution
or constant M 

elastic through time as a possibility in the elastic-
iscoplastic model, k 0 has to equal ν

1 −ν
, and initial stress conditions

ecome: 

P 0 = 

σ eff 
v , 0 

3 

(
1 + 

ν

1 − ν

)

Q 0 = σ eff 
v , 0 

(
1 − ν

1 − ν

)
, 

(38) 

liminating σ eff 
h , 0 (or equi v alentl y k 0 ). Now, M remains as the main

emporal modulator of the stress change (Fig. 8 a), and H s has only
 minor impact on temporal stress evolution (Fig. 8 b). 

The imposed bilateral constraint ( k 0 = 

ν

1 −ν
) (Eaton 1969 ; Zoback

010 ) merits some discussion. The bilateral constraint assumes that
he horizontal stress depends solely on the load of the overbur-
en through the Poisson expansion ef fect, impl ying that no tectonic
tresses are imposed on the system. We are aware that this simple
elation fails to reproduce most in situ stress measurements, even
n tectonically quiet areas, and is therefore generally considered
unwise’ to use (for discussion, see section 9 in Zoback 2010 ).
o wever , in the context of the presented model and its intended ap-
lication, we feel that this assumption is not detrimental: As shown
bove, the assumption simplifies the model, removes redundancy
etween model parameters, and ensures that the linear elastic solu-
ion can be included for a constant value of M given by eq. ( 36 ).
he absolute values of stress and stress change are af fected b y the
hoice of k 0 . Ho wever , in the context of a seismic source model, we
re not interested in absolute stresses or stress changes–typically,
he stress amplitudes put into an activity rate model are rescaled by
ome model parameter. It is the shape of the curve describing the
tress change over time that matters. As can be seen by comparing
he normalized solutions in Fig. 8 with those in Figs 3 and 4 , the
implified solution can cover the solutions of the full model. We
an therefore justify this simplification of the model in this specific
ontext of applying it in a seismic activity rate model. 
Finally, in our model, the horizontal stress increase for a unit of
nelastic strain is a function of stress itself (i.e. hence the ordinary
ifferential equation), except in two cases: (i) where a unit of inelas-
ic strain has no impact on horizontal stress as presented above, and
ii) where a unit of inelastic strain causes the same increase in stress
s a unit of elastic strain (Fig. 8 , g rey cur ve). This second case is
chieved for M → ∞ , so that the elastic and inelastic strain rates
n eq. ( 26 ) are multiplied by the same elastic term. The normalized
tress space between these two boundaries (the elastic solution and
he solution with maximum inelastic impact on stress) can be pop-
lated by stress histories by varying M , but equidistant curves in
tress do not scale linearly with M . 

 D I S C U S S I O N  

e formulated an elastic-viscoplastic stress model as an expansion
f the elastic thin sheet stress model of Bourne & Oates ( 2017 ).
his was done to achieve consistency in reservoir behaviour be-

ween the seismic source model, field-scale subsidence models and
bser vations, and laborator y studies. To use calibrated 1-D subsi-
ence models to obtain a 3-D state of stress requires the additional
odel parameter M . We further show that the original model pa-

ameter H s has retained the same functionality as in the elastic thin
heet model of Bourne & Oates ( 2017 ), as intended. 

Parameter M parametrizes the change in horizontal stress for a
iven amount of inelastic vertical strain, depending on the state of
tress. 1-D subsidence models, such as the RTiCM, can emperically
apture spatio-temporal variations for inelastic vertical strain, but
hey cannot, by definition, capture the impact of vertical inelastic
train on horizontal stress change, that is, M cannot be determined
rom subsidence data. In the absence of regular in situ horizontal
tress measurements, constraints on M on the scale of the reservoir
ust be derived from horizontal stress proxies–for instance, earth-

uake events. In the following section, we will indeed calibrate M
sing seismicity from the Groningen field. 
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Figure 8. Normalized horizontal stress curves resulting from the simplified elastic-viscoplastic thin sheet formulation, assuming k 0 = 

ν
1 −ν

. (a) Effect of 
parameter M on the stress evolution. (b) Effect of parameter H s on the stress evolution. The stresses are based on the pressure history of a point in the centre of 
the field (see inset for location). The elastic solution (blue curve) and stress solution with optimal impact of inelastic strain (for M → ∞ grey dashed curve) 
are provided for reference. 
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We note that the impact of inelastic vertical compaction on the 
horizontal stress is determined by the micromechanical processes 
underlying inelastic behaviour, as shown by laboratory experiments 
on Groningen reservoir rock or its analogue (e.g. Pijnenburg et al. 
2019 ; Hangx & Pijnenburg 2023 ; Shinohara et al. 2024 ). The in- 
elastic strain contributions of these processes may vary as a function 
of stress, strain and rock properties (e.g. porosity, clay content). In 
other words, the horizontal stress increase for a given amount of 
inelastic vertical strain may change spatially and with time. Con- 
ceptually, this could be represented in our model by a spatially or 
temporall y v arying v alue for M . Howe ver, to justify such variations 
of M at the reservoir scale requires upscaling of the current phys- 
ical understanding of these micromechanisms (Shinohara 2024 ). 
For now, in our implementation, M remains spatially and tempo- 
rally constant. 

5.1 Application to f or ecasting seismicity in Groningen 

5.1.1 Approach 

In this section the performance of the ne wl y de veloped stress model 
for seismicity modelling is assessed relative to the original elastic 
thin sheet stress model by analysing pseudo-prospective forecast 
results. To do so, the elastic-viscoplastic thin sheet stress model 
was implemented in the seismic source model used for the public 
SHRA for Groningen performed by TNO Geological Surv e y of the 
Netherlands on behalf of the Dutch Government (TNO 2023 , for 
the latest edition). The seismic source model produces event rates 
as a function of location, time and magnitude, and is comprised of 
the following components: 
(i) Stress model: either the elastic thin sheet stress model (Bourne 
& Oates 2017 ) or the elastic-viscoplastic thin sheet stress model 
presented here. 

(ii) Activity rate model: extreme threshold failure model (Bourne 
& Oates 2017 ). 

(iii) Aftershock model: ETAS model (Ogata 2011 ; Bourne et al. 
2018 ). 

(iv) Magnitude–frequency model: Reservoir thickness was cho- 
sen as the predictor for the Gutenberg–Richter b -value (Kraaijpoel 
et al. 2022 ). Gutenberg–Richter relations were truncated by the 
logic tree for the maximum magnitude M max (Coppersmith et al. 
2022 ). 

The input data for the seismic source model has been described 
in Section 2.2 , with the only difference being the compaction coeffi- 
cient grids: For the elastic-viscoplastic model, the calibrated RTiCM 

model including elastic compaction coefficient grid of NAM ( 2021 ) 
is used. For the elastic model, a compaction coefficient grid is used 
derived from an elastic subsidence inversion (Bourne et al. 2018 ). 

The seismic source model has the model parameter vector: 

θ = { H s , M, r max , L s , ︸ ︷︷ ︸ 
stress model 

θ0 , θ1 , ︸ ︷︷ ︸ 
activity rate model 

a , K, ︸ ︷︷ ︸ 
ETAS 

b low , b high , d split ︸ ︷︷ ︸ 
MF model 

} . (39) 

Here, r max is a parameter in the stress model that filters the total set of 
available faults considered for the stress amplification factor, based 
on a maximum allowable local throw-to-thickness ratio (Bourne 
et al. 2018 ). L s is a stress smoothing lenght-scale that represents 
spatial uncertainties (e.g. fault- and event locations, Bourne & Oates 
2017 ). For the meaning of the other parameters we refer to the 
references listed at the model components above. The subsidence 
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odel parameters can be included in this vector if one intends to add
he subsidence model to the forward model w orkflo w. We elect to use
he calibrated mean RTiCM parameter values from NAM ( 2021 ),
oting that their uncertainties are relative narrow and that the shape
f the inelastic strain history curve does not change, merely its
agnitude relative to the elastic strain component. Hence, we infer

hat such a relative change would be ‘compensated’ by parameter
M in the stress model. 

The N observed events X = ( X 1 , ...X N ) are characterized by
rigin time, epicentral location and magnitude, and were obtained
rom the earthquake event catalogue of the KNMI (Royal Dutch

etreological Institute). We assume that X stems from the rate
odel λ( X | θ ) . The posterior model parameter probabilities p( θ | X )

re obtained from Bayesian inference with a parameter grid e v al-
ation method, and are then used for forecasting seismicity rates.
niform prior distributions were used for all parameters. The pa-

ameter ranges were iterati vel y adapted until the bulk of the posterior
robability was well included within the parameter grid space for
ll parameters except M . 

The uniform prior for M is set between M = 2 and M = 5 . 5
ith steps of 0.5, thus giving the possibility for inelastic strain

o reduce stress at low M and to augment stress for larger M .
he elastic solution at M ≈ 2 . 598 falls within the prior range.
tress solutions for increasingly larger M converge towards the
olution with maximum inelastic impact on stress (Fig. 8 ), with
ess differences in stress between solutions per unit M . We have
herefore set an upper limit on the prior range of M = 5 . 5 ,
 here reasonab l y large dif ferences between stress solutions start to
isappear. 

The two models were calibrated on a catalogue ranging from
995 January 1 to 2020 December 31, with a minimum magni-
ude of M min = 1 . 5 . Event rates were forecasted between the 2021
anuary 1 and 2024 December 31 (i.e. the testing period) and hind-
asted over the calibration period. We only considered the testing
eriod for the performance of the two models, which is expressed as
he log-likelihood of the modelled rates given the observed events
Schorlemmer et al. 2007 ): 

l = + 

N ∑ 

k= 1 
−� k ln ( λk ) , (40) 

here λk is the modelled rate at the location and time interval
f observed event k, and � k the integral of the modelled rates
ver the entire space domain and the time interval of event k. The
ime interval for each event is half the interevent time with the
receding event and half the interevent time with the next event
n the catalogue. We did not consider event magnitudes in this
est, since the magnitude–frequency model is the same for both

odels. 

.1.2 Results 

e obtained posterior parameter distributions for both the elastic
nd the elastic-viscoplastic models (see Figures C1 and C2 in Ap-
endix C ), conditional on the training data set. The marginal posteri-
rs of most parameters are well-bounded, except for M in the elastic-
iscoplastic model posterior. Here, values of M > 3 . 0 seem to be
referred, indicating that the elastic solution (at M ≈ 2 . 598 ) is not
he optimal one and an additional stress contribution from inelastic
ompaction improves the fit. Values for M < 2 . 598 carry neglible
robability, rejecting stress reduction by inelastic processes. The
osterior distribution seems to saturate at M > 3 . 0 up to the arbi-
rarily chosen upper limit of M = 5 . 5 , indicating that the data cannot
istinguish between these various amounts of additional stress by
nelastic compaction. We thus recognize that the choice of prior
mpacts the final results. This problem may be alleviated by a dif-
erent parametrization of the prior of M , and most importantl y, b y
sing better constraints on the range of M based on, for instance,
xperiments. 

In the testing period, the modelled field-wide event counts and its
rediction interv als gi ven b y the elastic model seem to underpredict
he observed counts: 25 events were modelled versus 38 observed,
nd the observed counts regularly fall near or on the upper bound
f the modelled prediction interval (Fig. 9 , left panel). The elastic-
iscoplastic model fits better with the observed counts (35 modelled
vents), with all years in the testing period well within the modelled
rediction interval (Fig. 9 , left panel). In the training period, the
ifferences are less clear-cut: The systematic overestimation of the
odelled expectaction values in the period 2012–2015 is somewhat

arger for the elastic model, but drops faster towards observed val-
es. Ho wever , the observed counts fall well within the prediction
ntervals of both models. 

The model improvement visible in the total event count plots
s indeed confirmed by assessing the log-likelihood scores of the
odels’ spatio-temporal performance. These scores clearly indicate

hat the elastic-viscoplastic stress model ( ll = −321 . 8 ) performs
etter than the elastic model ( ll = −332 . 5 ). The large log-likelihood
ifference between the two models invites further anal ysis. Lo g-
ikelihoods obtained for most of the separate events in- or decrease
y a small amount for the elastic-viscoplastic model (Fig. 10 ). A
umber of events with log-likelihoods < −10 for the elastic model,
ainl y located tow ards the centre and south of the field (Fig. 10 a),

how the largest increase from elastic to elastic-viscoplastic model
Fig. 10 b). Note that one event at the southern edge of the reservoir
ith a very low likelihood for both models (highlighted by asterisk

n Fig. 10 ) does show the largest increase of �ll ≈ 6 . 5 . 

.1.3 Interpretation and discussion 

he elastic-viscoplastic model outperforms the elastic model. This
mprovements stems from a better match between the number of
orecasted events and the number of observed events, and a better
patial forecast. A higher Coulomb stress change yields a higher
ate from the extreme threshold activity model (Bourne & Oates
017 ). The Coulomb stress change is larger due to the contribution
rom inelastic rate-dependent deformation, in addition to the stress
ncrease by pore pressure reduction. This direct pore pressure con-
ribution to the stress increase is fairly low across the field during
he testing period due to much lower production rates and shut-in.
ven more, a number of events, all observed from 2019 onward,
re concurrent with a local pressure increase according to the reser-
oir model (Fig. 11 , four events in the calibration catalogue and
hree in the testing catalogue) – meaning that at these locations, the
oulomb stress change is actuall y negati ve when only considering
lastic reservoir behaviour. There, the elastic stress model would
ot predict event rates at these locations at all, if it were not for
he non-zero (but still very low) rates from the ETAS clustering

odel. The Coulomb stress change in the elastic-viscoplastic stress
odel can remain positive for suf ficientl y large values of parameter

M , modelling non-zero rates at these locations. Hence, the likeli-
ood gain is largest for these observed testing events that occured
oncurrently with an increase in pore pressure (Figs 11 and 10 b).
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Figure 9. Observed (black curve) field-wide event counts and modelled (green curve) mean event rates for the elastic model by Bourne & Oates ( 2017 ) (left 
panel) and for the elastic-viscoplastic model presented here (right panel), with 95 per cent intervals for the modelled rates (dark green) and modelled counts 
(light green, for simulated mean rates only). The dashed line indicates the division between calibration and testing periods. 
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We note that the pressure increase at the seven event localities in 
Fig. 11 are fairly small, typically about 0.5 bar and only one event 
with a pressure increase larger than 1 bar (1.6 bar). For the areas 
where the testing events mostly occur, the root mean square error 
of the history matched reservoir model pressures with the down- 
hole recorded pressures is around 1.4 bar (see fig. 1 in Landman 
& Vissers 2023 )—an error larger than the small pressure increases. 
Likely, this error is larger (towards 3 bar) further away from the 
wells at edges of the reservoir. Similarly, the error of 1.4 bar is 
larger than the pressure decreases concurrent with 17 out of the 36 
events in the testing catalogue. This indicates that pressure varia- 
tions in the most recent years are small relative to the uncertainty 
of the reservoir simulation results. Nonetheless, observed events 
occurred in regions where pressure variations are small and have a 
possibility of actually increasing. 

Continued seismicity after reduction and shut-in of the Gronin- 
gen field suggest that temporal delay mechanism(s) are required in 
addition to linear elastic behaviour in order to model the observed 
spatio-temporal event counts. Here, we have demonstrated that this 
can be achieved by including inelastic deformation as additional 
driver for Coulomb stress increase. Other delay mechanisms have 
been considered in the currently available source models, most no- 
tably, the well-known concept of rate-and-state friction (Dieterich 
1994 ). Rate-and-state friction provides a delay between stress and 
failure, and has been applied to Groningen by some studies (e.g. 
Candela et al. 2019 ; Richter et al. 2020 ; Heimisson et al. 2022 ). 
Rate-and-state friction theory is founded on the concept of criti- 
cally stressed faults. If the Groningen reservoir faults are indeed 
close to criticality from the onset, the decades-long delay between 
start of production and seismicity implies a very long response time 
(Candela et al. 2019 ). This long response time results in a delayed 
decline of seismicity rates, thus in a large overestimation of the 
observ ed ev ent count in recent years (see e.g. fig. 6b in Heimisson 
et al. 2022 ). 

A recent iteration of the rate-and-state model by Heimisson et al. 
( 2022 ) attempts to correct this issue by incorporating a Coulomb 
stress threshold in the rate-and-state framework. The stress thresh- 
old represents the assumption that the faults in the reservoir are not 
critically stressed at the onset of production (Van Wees et al. 2014 ; 
Bourne & Oates 2017 ). Moti v ated b y the apparent success, we have 
implemented this Coulomb stress threshold rate-and-state model, 
and, combined with the elastic thin sheet stress model, applied the 
calibration procedure to it. The obtained results were unsatisfying: 
The rate-and-state solution with a long response time and a very 
low stress threshold provided the only feasible fit–ef fecti vel y re vert- 
ing back to the original Dieterich ( 1994 )-model (see Appendix D ), 
whereas Heimisson et al. ( 2022 ) found a much higher stress thresh- 
old and shorter response time. Although we have used a different 
stress model compared to Heimisson et al. ( 2022 ) (but both founded 
on poro-elasticity), we believe the source of this discrepancy lies 
in the calibration procedure rather than the particularities of the 
stress model: Whereas we utilized a fully spatio-temporal likelihood 
function, Heimisson et al. ( 2022 ) (and subsequent publications e.g. 
Acosta et al. 2023 ; Kaveh et al. 2024 ) utilized a temporal likelihood 
function. The latter approach results in physical inconsistency, as 
the stress threshold can be calibrated to a higher value than stresses 
at observed event locations, as long as the model predicts sufficient 
e vents else where in the field to match the total observ ed ev ents (see 
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Figure 10. (a) Event locations in the testing period, marker colours providing the lo g-likelihood v alues for the elastic model (left) and elastic-viscoplastic 
model (right). (b) Log-likelihood difference between plastic and elastic model per ev ent, positiv e change indicating a gain in likelihood for the elastic- 
viscoplastic model. Marker colours are absolute log-likelihood values for the elastic model. Arrows indicate events that occurred concurrently with pressure 
increase (see Fig. 11 ). Asterisk in both panels: Event with log-likelihood lower than colourbar minimum of −12 ( ll = −20 . 4 and ll = −13 . 9 for elastic and 
elastic-viscoplastic model, respecti vel y). 

A  

t  

i
 

c  

p  

m  

w  

e  

s  

b  

s  

c  

f  

m

6

W  

h  

s  

m  

i  

i  

O  

s  

g  

m  

1  

s  

d  

i  

p  

e  

a  

i  

i  

l  

t  

o  

i
 

m  

e  

i  

W  

t  

f  

i  

b  

D
ow

nloaded from
 https://academ

ic.oup.com
/gji/article/241/3/1494/8099926 by TN

O
 D

efensie en Veiligheid user on 09 April 2025
ppendix D for a more elaborate illustration of this issue). Hence,
he concept of rate-and-state friction is not yet succesfully applied
n seismic source models for Groningen. 

Another delay mechanism are aftershocks. Here, the y hav e been
onsidered through the statistical ETAS model (Ogata 2011 ) as
art of the seismic source model (Bourne et al. 2018 ). The ETAS
odel can explain the pressure increase-concurrent events, albeit
ith a very small likelihood–orders of magnitude smaller than for

vents in areas of pressure increase, as well as order of magnitude
maller than the likelihood gi ven b y allowing for stress increase
y inelastic deformation (Fig. 10 ). Rate-and-state failure and after-
hocks are both scientifically reasonable mechanisms, however their
urrent implementations combined with linear elastic reservoir de-
ormation only cannot explain the observed events in a convincing
anner. 

 C O N C LU S I O N  

e have presented a 3-D stress–strain framework that is able to
ouse 1-D non-linear stress–strain relations typically used for sub-
idence models, without the need for recalibration of the subsidence
odel parameters. The framework is based on the formality of crit-

cal state mechanics for porous media. The generic framework was
mplemented in the elastic thin sheet stress model of Bourne &
ates ( 2017 ) that is part of the seismic source model for induced
eismicity forecasts and hazard and risk analysis in the Groningen
as reservoir. For Groningen, the Rate-Type isotach compaction
odel as calibrated by NAM ( 2021 ) was adopted as a non-linear

-D model, but any other 1-D subsidence model that expresses total
train as the sum of elastic and inelastic strains may be chosen. By
oing so, we have allowed for mechanical reservoir behaviour that
s consistent with subsidence observations, and that incorporates
henomenolo gicall y the mechanical behaviour seen in laboratory
 xperiments. Relativ e to linear poro-elastic reservoir behaviour, the
ugmented thin sheet stress model may have additional fault stress-
ng caused by inelastic deformation. The stress contribution from
nelastic deformation is shown to be modulated by the critical state
ine model parameter M . For a specific value of M , the model reverts
o the original elastic thin sheet stress model. We also showed that
ther model parameters maintained their functionality as intended
n the original elastic stress model. 

The performance of the new elastic-viscoplastic thin sheet stress
odel for seismicity forecasting was assessed relative the original

lastic model with a pseudo-prospective forecast, after calibrat-
ng the model parameters in a probabilistic Bayesian approach.

e showed that including rate-dependent inelastic deformation ob-
ained from subsidence obser vations g reatly improves model per-
ormance over a 4 yr period between 2021 and 2025, by a likelihood
ncrease of nearly five orders of magnitude. Compared to the model
ased on linear elasticity, the testing catalogue was better explained
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Figure 11. Locations of events that occurred concurrently with pressure increase (according to the reservoir model) in the Groningen reservoir plotted onto 
the contour of the reservoir. The event time is provided for each e vent. Circles: e vents in the calibration catalo gue. Diamonds: e vents in the testing catalogue. 
Note that the markers for events at 2020 July 16 and 2020 May 04 nearly overlap. Insets: pore pressure history and forecast for the three pressure-increase 
concurrent events in the testing catalogue. The arrows indicate the event occurrence in the pressure time-series. 
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by the model which includes elasto-viscoplasticity. This improve- 
ment is most pronounced for the small number of events that were 
concurrent with a pressure increase, that is, a stress decrease away 
from failure in the case of linear elastic reservoir behaviour, due 
to the additional stress increase by inelastic deformation. Notwith- 
standing uncertainties on the pressure data, we showed that our 
improved stress model is well suited to explain seismicity in a 
reservoir with stabilizing pressures, such as the Groningen gas field 
in its post shut-in phase. 
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With some algebra, it follows that 
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Figure C1. Marginalized posterior distributions for the linear elastic stress model, activity rate model, and ETAS parameters. 
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Figure C2. Marginalized posterior distributions for the elastic-viscoplastic stress model, activity rate model and ETAS parameters. 

A P P E N D I X  D :  C O U L O M B  S T R E S S  T H R E S H O L D  R A  T E - A N D - S TA  T E  A C T I V I T Y  R AT E  

M O D E L  

To illustrate the difference between employing a temporal likelihood function and a spatio-temporal likelihood function in the context of 
calibrating the Heimisson et al. ( 2022 ) formulation of the rate-and-state model (which includes a threshold stress below which the seismicity 
rate is zero), let us consider the modelled stress values at the space-time location of the observed events. The exact values will of course 
depend on the stress model being used, but the principle applies broadly for any stress model. In (Fig. 2a in Bourne & Oates 2020 ), we see 
the Coulomb stress values at each observed event. Note that, regardless of the particularities of the stress model, there is al wa ys an observed 
event which is concurrent with the lowest Coulomb stress value (in the case of Bourne & Oates 2020 ), this is a value �S low close to 0.03 MPa, 
while the majority of the events get assigned a Coulomb stress value between 0.6 and 1.0 MPa. 

The log-likelihood function (eq. 40 ) requires the modelled rate at each observed event. If the log-likelihood function is defined as being 
temporal, this modelled rate (by definition) refers to the temporal rate, in other words, a sum over all model dimensions (such as space and 
magnitude) except time; the modelled rate at the time of the observ ed ev ent. If the log-likelihood function is defined to be spatio-temporal, 
the modelled rate refers to the spatio-temporal rate; the modelled rate at the time and location of the observed event. 

Since the threshold stress parameter �S c is a global scalar parameter, this means that when using a spatio-temporal log-likelihood function, 
threshold stress values �S c ≥ �S low lead to zero likelihood ( ll = −in f ), since the modelled rate at the space-time location of the event is 
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Figure D1. Marginalized posterior distributions for the elastic stress model by Bourne & Oates ( 2017 ), the activity rate model Coulomb stress threshold 
rate-and-state activity rate model by Heimisson et al. ( 2022 ), and ETAS parameters. 

zero. Ho wever , when using a temporal likelihood function, threshold stress values �S c ≥ �S low are allowed, since it is the total field-wide 
rate which gets used in the likelihood function. Since both the spatial and the temporal signature of seismicity are of importance to seismic 
hazard and risk analysis, we believe it is unjustified to use a temporal likelihood function to calibrate the threshold rate-and-state model (or 
any other model for that matter). In the case of the threshold rate-and state-model, this leads to assigning non-zero (and even high) probability 
to models (i.e. model parameters) which forecast zero seismicity at space-time locations of observed events, whereas these models should be 
assigned zero probability, based on their likelihood. 

When applying the spatio-temporal likelihood function to the threshold rate and state model, combined with the thin sheet stress model, we 
obtain a probability distribution for �S c which centres around very low values and goes to zero probability at �S low (Fig. D1 ). This leads to a 
posterior predictive seismicity model which very much resembles a classical Dieterich rate and state model (Fig. D2 ), with all the associated 
issues when applied to Groningen (e.g. Candela et al. 2019 ). 

D
ow

nloaded from
 https://academ

ic.oup.com
/gji/article/241/3/1494/8099926 by TN

O
 D

efensie en Veiligheid user on 09 April 2025

art/ggaf119_fd1.eps


A stress model for nonlinear compaction 1517 

Figure D2. Modelled (grey curve) and observed (black curve) field-wide event counts for the combination of the elastic thin sheet stress model by Bourne & 

Oates ( 2017 ) and the Coulomb stress threshold rate-and-state activity rate model by Heimisson et al. ( 2022 ), with 95 per cent confidence bounds. The green 
coloured interval indicates the calibration period. 

C © The Author(s) 2025. Published by Oxford University Press on behalf of The Royal Astronomical Society. This is an Open Access 
article distributed under the terms of the Creative Commons Attribution License ( https://cr eativecommons.or g/licenses/by/4.0/ ), which 
permits unrestricted reuse, distribution, and reproduction in any medium, provided the original work is properly cited. 
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