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Abstract
Using digital twins for decision making is a very promising concept which com-
bines simulation models with corresponding experimental sensor data in order
to support maintenance decisions or to investigate the reliability. The quality of
the prognosis strongly depends on both the data quality and the quality of the
digital twin. The latter comprises both the modeling assumptions as well as the
correct parameters of these models. This article discusses the challenges when
applying this concept to real measurement data for a demonstrator bridge in the
lab, including the data management, the iterative development of the simulation
model as well as the identification/updating procedure using Bayesian infer-
ence with a potentially large number of parameters. The investigated scenarios
include both the iterative identification of the structural model parameters as
well as scenarios related to a damage identification. In addition, the article aims
at providing all models and data in a reproducible way such that other researcher
can use this setup to validate their methodologies.
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1 INTRODUCTION

Designing structures and components is often done using numerical methods due to reduced costs and time compared
to experimental prototypes and better design optimization procedures. Once the design is complete and the structure or
component has been manufactured, these complex numerical design models are often disregarded, even though there
is often a relevant difference between the structure or component as-designed and as-built. Maintenance decisions and
quality control that are driven by monitoring data such as the deflection of a bridge, the opening of a crack or wear due to
abrasion are generally based on limit values calculated using the as-designed structure. The concept of Bayesian model
updating allows to bridge the scale by combining monitoring data and simulation models to identify the as-built situation
rather than the as-design numerical model, and then update the complex design models continuously during the life time
of the structure. This has a huge potential for industrial applications.

A schematic overview of the general approach is shown in Figure 1 and illustrated in a video*. The real structure is
equipped with a monitoring system that continuously measures the current state of the structure such as displacements,
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F I G U R E 1 Concept of a digital twin.

strains or displacements at various positions (1). This data is fed into a data management system and used in the model
updating (2) to improve the knowledge of the simulation model (3). The latter is often a parameterized finite element
model. Its parameters 𝜽 are often constitutive parameters such as the effective Young’s modulus of the different parts, but
could also include the loading, boundary conditions or the geometry. Based on these parameters, the simulation model can
predict the model response y(𝜽) that is corresponding to the measurement data. In a deterministic setting, an objective
function (e.g., the norm of the difference between measurement data  and the model prediction y(𝜽)) can be used to
apply an optimization algorithm that estimates the set of parameters 𝜽 that best explains the measurement data. Once the
finite element model is updated, it can be used for predicting (5) key performance indicators KPI, for example, the stress
at a relevant position, a deformation that has not been measured, or even a prediction of the remaining useful life. Based
on the KPIs, a decision framework (6) is then installed which changes both the real structure (7) and the digital twin (8),
for example, by reducing the maximum vehicle weight, or performing maintenance or repair. As such, this digital twin
concept characterizes a closed cycle from the real structure to the simulation model (via model updating) and from the
simulation model to the real structure via the decision framework.

The main advantage of the concept is that the measurement data is enriched with the simulation models to provide
additional information such as the prediction of the reliability and the remaining useful life, inserting virtual sensors by
extracting information from the numerical model at positions that are not directly measured (e.g., inaccessible or not
directly measurable such as fatigue damage), identifying gradual changes (e.g., damage, creep) or using the numerical
model to investigate different maintenance procedures.

In this approach, monitoring data is used to continuously update the numerical model. Furthermore, the incorpora-
tion of measurement uncertainties in the model updating using a Bayesian model updating procedure is demonstrated,
with a specific variational approach that is computationally efficient and thus requires significantly less computational
effort compared to traditional sampling based schemes. The implementation of such a digital twin poses many chal-
lenges and the goal of this work is to share the authors experiences when working on a lab-demonstrator bridge. The
experimental data and the code are published as complementary material to encourage others to test their methods.

The first of those challenges is the necessity of an appropriate data management system. Based on the requirement
(e.g., real-time access to the data, preprocessing of data to avoid transferring and storing large amounts of data), different
options are possible. In particular when combining data sets acquired from different measurement systems, as demon-
strated in this work, challenges related to the synchronization and a definition of metadata schema to correctly identify
the different setups arise. Additionally, when working with real-world data, one has to deal with outliers and potentially
malfunctioning sensors.1 Another practical issue is the sensor calibration, including multiplication factors and offsets
related to the initial value. Ideally, those are analyzed before the experiment, but in some cases (as illustrated in this arti-
cle) this is not possible and those parameters might then be added as model parameters to be inferred. Another challenge
is related to the development of the numerical model. In many cases, the design model can be used as an initial guess,
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but an iterative procedure to identify the important physical phenomena that explain differences between the simulation
model and the measurement data is often required.2,3 Finally, model updating procedures are required to calibrate these
parametric models. In this context, it is of utmost importance to estimate both the quality of the models, the quality of
the parameter estimates and in addition propagate all uncertainties from the data to the final model predictions that are
used for decision making.4,5

In addition to identifying the “initial” reference configuration, a digital twin can also be used to identify changes
over the lifetime. This concept is common in structural health monitoring (e.g., References 6-8), where the evolution
of latent parameters for example, related to a reduced stiffness is identified, often using dynamic response quantities
such as eigenfrequencies or eigenmodes.9,10 Specific challenges are encountered, when the simulation model does not
fully represent the physics of the real setup. This is often a relevant problem in civil structures, since the set of modeling
assumptions (rigid support, no rotation, constant temperatures, constant cross sectional properties) is often only a coarse
approximation of the reality. Some methods to cope with this problem are for example, the stochastic finite element
method,11 where an unknown source term is added to the right hand side of the partial differential equation (PDE), or the
approach by Kennedy and O’Hagan,12 where the model response is assumed to be a superposition of the original physics
based model and an additional Gaussian process that describes the model bias. Specific applications of Bayesian model
updating and damage identification for bridge monitoring problems are presented in References 13 and 14.

An appealing method to identify model parameters from experimental data are based on a Bayesian methodology15

that allows to select from a set of parameterized simulation models those that best represent the data. The ill-posedness of
this problem (in particular related to different parameter combinations explaining all the measured data) is circumvented
by providing a joint probability distribution of the parameter estimates.

For illustration purposes, the demonstrator has been modified for the Hannover fair 2021 in Germany as illustrated
in a video†. The goal was to show, how a simulation model can be used to extract further information that have not been
directly measured. In this setup, diplacements were measured in vertical directions at six different positions as well as the
forces in all the eight steel cables. Based on these measurements, the position and the weight of the car are continously
updated and displayed. In the video, it can be observed that the identified position of the virtual car is almost coinciding
with the position of the real car, thus showing the applicability of the method to infer virtual sensor data (in this case the
position of the car). Based on this information, maintenance measures, for example, automatically adjusting the weight
restrictions can be introduced.

One of the challenges when building a digital twin is the model updating of the simulation model based on the mea-
surement data. This is an extension of the digital twin concept where the model inputs (e.g., the loads) are measured and
then used to compute additional outputs (e.g., for a fatigue analysis using the stresses based on the real loading scenario
rather than the design loads). However, we have realized that in particular for civil structures the modeling assumptions
from the design are often simplified for design purposes and conservative and thus do not accurately reflect the structural
behavior in a real scenario. Thus, model updating using Bayesian inference techniques plays a central role in this digital
twin concept and is the focus of the current article.

At first, the experimental setup is described, including procedures related to the data acquisition and preprocessing
as well as the parameterized simulation model with the different scenarios (single beam, undamaged bridge, damaged
bridge) that were investigated. Afterwards, a short overview about the variational inference procedure is given with a
discussion on the validation of the modeling assumptions.

Finally, numerical results for the different scenarios are discussed. The focus is in particular on highlighting the
challenges that are related to applying these methods to problems with real experimental data.

2 EXPERIMENTAL SETUP

One of the goals in this research is the identification of material parameters that are the basis for the structural com-
putation. In order to verify, if these parameters are really material properties and thus independent from the structure,
different scenarios with varying complexity where sequentially investigated.

2.1 Single beam in uniaxial loading

The main bridge structure is constructed using PASCO’s Structure System,16 which is developed for design based
experiments. The demonstrator bridge is primarily built from the (blue) beams made of Acrylonitrile butadiene styrene
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(A) (B)

(C) (D)

F I G U R E 2 Overview of the different scenarios with increasing levels of complexity. (A) Single beam, (B) simply supported bridge, (C)
cable-stayed bridge, (D) damage identification.

(ABS plastic) and a Young’s modulus of EPASCO = 2.3 GPa.17 At first, a single beam element (essentially a truss) was loaded
under tension as illustrated in Figure 2A. In this setup, the load was gradually increased from 224 to 1224 g in steps of
200 g. The resulting strains in the beam were measured, for each load case, using a strain gauge in a quarter bridge setup.
The measurement time for each load case is approximately 30 s with a sampling frequency of 100 Hz.

Due to the simplicity of the setup, a finite element model is omitted and the linear, analytic model

𝜀

(
nw,E1D

beam
)
= F(nw)

A
1

E1D
beam

(1)

is used instead, where F(nw) is the gravitational force caused by the weights, A = 51.74 mm218 is the beam cross section
and E1D

beam is the Young’s modulus.

2.2 Simply supported bridge

An overview of the experimental setup is illustrated in Figure 2B with the geometrical dimensions sketched in Figure 3.
The setup comprises a small scale bridge (1.5 m span) featuring abutments, pillars, a deck, a moving load, displacement
sensors, a stereo photogrammetry system and a data acquisition system. The features are described in the following
sections.
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F I G U R E 3 2D-Geometry of the cable-stayed demonstrator bridge. For the simply supported bridge, the cables and pillars (marked in
blue) are omitted. The structure extends in 3D with a width of 194 mm.

(A) (B) (C)

F I G U R E 4 PASCO connectors and connection. (A) Beam connection, (B) road connection clip, (C) self driving car for quasi-static
loading.

The support system is made from extruded aluminum profiles. Besides abutments and pillars, it also provides sup-
port and space for the road to extend beyond the bridge for the miniature car to enter and leave the demonstrator
bridge.

The main structure of the bridge is a Pratt deck truss bridge structure comprising of twelve segments in length direc-
tion, which are made from H-beams and assembled with connector pieces (see Figure 4A). No cross-braces in transverse
direction are applied.

A PASCO road bed is connected to the bridge using clips, as shown in Figure 4B. The road bed is flexible compared
with the structure, therefore it is not expected to add load baring capabilities to the structure.

The bridge is loaded using a self-driving car with adjustable weight and velocity, see Figure 4C. The mass of the car
is 400 g which can be increased by adding one or two masses of 250 g each. The velocity can be adjusted continuously
between approximately 8 cm s−1 to 25 cm s−1.

2.2.1 Sensors

Laser displacement measurement
The laser displacement measurements are conducted at the six locations indicated in Figure 5 directly below the 3rd, 5th,
6th and 8th node in the front bottom and in the back only at the 5th and 6th node to analyze the symmetry. The sensors
measure the vertical displacement. OptoNCDT ILD 1401-50 sensors from Micro Epsilon are used for this purpose, these
sensors have a measuring range of 50 mm and a resolution of 5 μm in perfect static conditions and 25 μm for dynamic
measurements at 1 kHz.

DIC displacement measurement
Displacements at numerous locations on the bridge and support structure are measured optically using a stereo camera
setup with 5 or 10 Hz. Each beam at the front of the structure is equipped with high contrast markers to measure its
deformation and curvature. The nodes on the front side of the structure are equipped with red discs with four markers,
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F I G U R E 5 Laser sensor positions.

as shown in Figure 4C. This allows to compute the node rotation. In this work, however, only the vertical displacements
at the node centers (all sensors with suffix _01 in Figure C1) are analyzed. Additional measurement points are attached
to the support structure to validate the assumptions related to the boundary conditions of the model and to the car to
measure its position while traversing the bridge.

2.2.2 Data acquisition

The data of the laser sensors is acquired using a Gantner Q.bloxx voltage measurement module. The data acquisition
system (DAQ) runs an Open Platform Communications Unified Architecture (OPC UA19) server from which the data is
almost real-time extracted via the Ethernet using a laptop running an OPC UA client. The advantage of this kind of unified
interface is that several user or services can access the measurement data independently and simultaneously directly
from the DAQ. The small scale bridge can be monitored from any location provided there is an internet connection. The
additional DIC displacement measurements are acquired via a separate stereo photogrammetry system ARAMIS 12M
from Zeiss. Two 12 megapixel cameras placed in about 1.88 m distance from the bridge record the measurement points
during the experiments. The displacements at each measurement point is then triangulated from those two camera images
in a post-processing step using the GOM ARAMIS software version 2019 and 2020.

As illustrated in Figure 6, each measured data set is annotated with metadata including the experimental setup, time
stamps, measurement frequencies and signal units. The first benefit is to formulate human-readable queries like “Load
all displacement sensor data of the cable-stayed bridge.” or more specific for the other scenarios “Load data from laser
sensor D4 and stereo sensors u07 and o04 where the bridge had no cables and damage in segment 7.” The second benefit is
to automatically select the suitable finite element model related to the relevant scenario, which is in particular helpful
when working exploratively with frequent changes in the used data and/or models.

2.2.3 Data pre-processing

The data processing consists of four main steps that are illustrated in Figure 7. First, the signals of the two measurement
systems are synchronized. The time shift Δt between both systems is determined by maximizing the signal correlation at
points D5 and D6 (see Figures 5 and C1) which are measured by both the laser sensor and the stereo system. Therefore,
the time stamps tstereo,i and tlaser,j + Δt are joined into the overlapping interval tk and each displacement signal ustereo,i
and ulaser,j is interpolated onto tk. The Pearson correlation coefficient between the resulting signals ustereo,k and ulaser,k is
used to indicate the quality of the match. Powell’s conjugate direction method is then used to find the Δt that maximizes
this correlation coefficient. For most car passes, the resulting coefficient of correlation is well above 0.99. Exceptional
cases with < 0.9 were detected and analyzed. Establishing an automatic outlier analysis that removes points that exceed
a distance of two standard deviations from the mean fixed those cases.

Next, a stereo measurement point on the car’s front axle (car signal in Figure 7) is used to determine the time
period [t0, t1], where the car is on the bridge. Data obtained outside of this interval is cut off .

The data is sampled with 5 Hz-100 Hz and clearly correlated. Treating it as individual, uncorrelated measurements
would highly overestimate the posterior parameter precision. Thus, in the third step of the data processing, a 4th-order
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F I G U R E 6 Annotation of the measured data with metadata information to easily query data sets and automatically derive the
numerical model. The approach is generalized for all bridge scenarios and includes laser, DIC and force measurements.

F I G U R E 7 Illustration of the synchronization process between the laser, force measurements and the DIC measurements via the cross
correlation.

Butterworth lowpass H is used to filter the raw data to a frequency of f = 1 Hz. Then, the filtered data is resampled such
that only one data point every 1∕f time points remains, which roughly corresponds to a temporal correlation length of 1 s.

The last processing step is an offset correction. Following the model assumption that the bridge is unloaded right before
the front axle enters the bridge, the value of each sensor right before t0 is used as its offset. However, the aluminum frame is
not perfectly stiff and the car approaching the bridge before t0 does indeed influence the sensor signal. Another indicator
that this assumption is not fully correct is the remaining deviation from zero at the end time t1. To further analyze this
uncertain zero-state of the bridge displacement measured by the laser sensors and the stereo system, additional offset
parameters 𝜽o can be introduced, which are inferred simultaneously with the other model parameters.

Finally, the processed data di for each sensor i is computed as

di(t, 𝜃i,o) = H(di,raw(t

synchronization
⏞⏞⏞

+Δt ), f )
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

filter

− di,raw(t0 + Δt) + 𝜃i,o
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

zero-state offset

with t ∈ [t0, t1]
⏟⏞⏞⏟⏞⏞⏟

cut-off

(2)
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Note that in our approach only a single offset per sensor was used, which results in potentially nonzero and in par-
ticular not identical sensor values before the car enters the bridge and once it has left the bridge, which is obviously a
violation of the physical modeling assumptions. However, other approaches, for example, adding an offset to both con-
figurations and then interpolating via the car position requires additional assumptions and almost doubles the number
of unknowns and thus might not give more accurate results.

2.2.4 Finite element model

A two-dimensional quasi-static finite element (FE) model with small-strain-assumptions is used to model the demonstra-
tor bridge with the geometry given in Figure 3. The main bridge structure is modeled either with Euler-Bernoulli beams
with the local element stiffness given in Appendix B. Their cross section, section modulus and torsion modulus are com-
puted using the manufacturers information.18 The length of the axis-aligned beams are computed as the mean from all
horizontal and vertical node distances from all stereo data sets and the diagonal length is derived accordingly. This is due
to the fact that the initial geometry is already deformed due to the dead load (thus smaller) and the length of a segment is
a superposition of the length of a single beam plus the connection. The material’s shear modulus is set to 1 kPA, which is
numerically small compared to the manufacturer’s Young’s modulus estimate of Ebeam = 2.3 GPa, to virtually eliminate
any torsion resistance.

One evaluation FE(Ebeam, xcar, sensors) is performed as follows. A vector of external forces Fi is assembled for each car
position in xcar,i. The sparse stiffness matrix K is build and homogeneous Dirichlet boundary conditions are applied. The
system Kui = Fi is then solved for each force vector resulting in a displacement solution field ui for each car position xcar,i.
These solution fields are passed to virtual sensors to extract their virtual measurements: In the case of the displacement
measurements of laser and stereo sensors, they simply extract the vertical nodal value at their respective position.

It is important to note that a LU decomposition of K is used to efficiently solve the system and that this decomposition
is only rebuilt if any of the Young’s moduli Ebeam/cable changes. This makes subsequent evaluations of the same Young’s
moduli parameters for different xcar or different sensors very efficient.

2.3 Cable-stayed bridge

In the third scenario, the eight steel cables connecting the pillars with the deck were added to support the structure
as illustrated in Figure 2C. Apart from these cables and the corresponding force sensors in the cables, the setup was
completely identical to Section 2.2 including the laser and DIC displacement measurements, the data aquisition system,
the data pre-processing and the FEM model. As a consequence, only the additional features are discussed.

Eight steel cables (diameter 0.54 mm and stiffness 200 GPa) connected the pillar with the deck, making it a cable
stayed Pratt deck truss bridge. The connection for the eight cables is adjustable and mounted between the two pillars
as illustrated in Figure 8A. This connection can be used to fine-tune the tension of cables by fastening or loosening
threaded eyes.

2.3.1 Sensors

Cable load measurements
The cable tension is measured in the eight cables using 5 N load cells from PASCO, the PS-2201 and acquired using a
Gantner Q.bloxx strain gauge measurement module. These load cells have a range of 5 N with a resolution of 0.001 N and
an accuracy of 1%. These sensors are placed in line with the load and they measure the cable load using strain gauges
connected to a shear beam load cell.

The sensor positions of the force sensors are illustrated in Figure 8B. As the laser sensor data and the force sensor data
are both acquired with the Gantner module, the offset correction described in Section 2.2.3 is also used for the force data
(using the maximum correlation in the displacement sensor data).

2.3.2 Finite element model

In this scenario, the finite element model was extended to 3D as illustrated in Figure 9. In this scenario, only beam
elements could be used, because in the 3D-scenario the system would otherwise be statically underdetermined (due to
the missing diagonals in the depth-direction).
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(A) (B)

F I G U R E 8 Cables and force sensors for the scenario cable-stayed bridge. (A) Adjustable cable connection at the top, (B) Force sensor
positions.

F I G U R E 9 Finite element model of the bridge including the nodal forces related to the car and the geometrical dimensions.

As described in Section 2.2, the car drives on a very flexible road bed, also referred to as deck. It is also modeled by
beam elements and highlighted red in Figure 9. They only serve as a point of load application and their low stiffness
of Edeck = 1 kPa ensures that they do not add additional stiffness to the structure.

The teal arrows in Figure 9 represent the nodal forces generated by the car with its front axle at one specific posi-
tion xcar. Its weight wcar = 1.071 kg is split 40 ∶ 60 between the front and the rear axle, each lcar = 170 mm apart. Both
forces are then, again, distributed to the two nodes of their respective finite element according to the shape functions.

As shown in Figure 8, the connection from the bridge to the tower consists of steel cables and the cable force sen-
sors. This comes with two issues. First, the cable force sensors are not perfectly in line with the cables which causes a
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multiplicative error in their measurements. This is taken into account by treating these factors – for each sensor sepa-
rately – as additional unknown model parameters F1 … F8. Second, due to the internal measurement mechanism, the
cable force sensors have a very high, unknown compliance. In analogy to two springs in series, where the individual com-
pliances add up, the sensor compliance is assumed to dominate the overall connection. Thus, the finite element model
treats the whole connection as a single truss element with the constitutive relationship

𝜎cable =
Fcable

Acable
, Fcable = Ecable

u1 − u0

Lsensor
, (3)

where the Young’s modulus Ecable is a single (unknown) parameter for all cables and the (constant) sensor length Lsensor =
50 mm replaces the actual cable length.

The force sensor values Fcable in the simulation model are computed from the associated truss elements
using Equation (3).

2.4 Damage identification

In the final scenario, some of the beams in the bottom chord were replaced by a softer material representing damage sce-
narios. The goal was to identify, locate and quantify the amount of stiffness reduction purely based on the measurements.
As shown in Figure 2D, there are two materials from which beams are made. The standard stiffer blue beams are made
of Acrylonitrile butadiene styrene (ABS plastic) and a Young’s modulus of EPASCO = 2.3 GPa.17 The more compliant gray
beams are made of 50D Durometer thermoplastic rubber with no further material properties provided by the manufac-
turer. For testing purposes, the beams 6, 7, and 8 on the front layer between (u6, u7), (u7, u8), and (u8, u9) according to
Figure 3 are replaced with the softer beams.

3 BAYESIAN MODEL UPDATING

In a Bayesian version of the model updating illustrated in Figure 10, the parameters 𝜽 of a simulation model (3) are
no longer assumed to be deterministic, but characterized by a probability distribution. Prior engineering knowledge of
these parameters (before looking at the data) can be incoroporated (4), for example, that the Young’s modulus is in the
order of 40 MPa. The likelihood function (5) characterizes the conditional probability that the data has been generated
by the simulation model with parameters 𝜽 — similar to the objective function in a determinstic optimization — with
additionally taking into account the measurement accuracy. Based on the Bayesian model updating with the monitor-
ing data  from the real structure (1,2), a posterior parameter distribution p(𝜽|) (6) is obtained, which characterizes

F I G U R E 10 Concept of a Bayes digital twin.
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TITSCHER et al. 11 of 27

the knowledge about these parameters after the model updating (taking into account the data). Based on this posterior
parameter distribution (8), the simulation model can be used to predict a posterior predictive distribution of the key per-
formance indicators (7). A decision framework is then installed to change the real structure (10). Note that the simulation
model predicts probability distributions of these key performance indicators, such that the decision framework has to be
adapted accordingly.

3.1 Introduction

Inferring the unknown parameters 𝜽 of a model is, in general, an inverse problem that involves finding a parameter
set that minimizes the distance of the model response g(𝜽) to some measured data y. A common deterministic approach
in solving these problems is an optimization algorithm that minimizes the least-square distance between model and
data20 which is successfully used to infer parameters of structural finite element (FE) models.21 Following the aphorism
by George Box “All models are wrong, but some are useful”, a practical model can hardly fully explain the given data and
some uncertainty remains. In addition, the results of deterministic analyses carry no information about the probability
or reliability of the inferred parameter.

Probabilistic inference methods, on the other hand, aim to include and quantify uncertainties in their results, by mod-
eling the uncertainties with additional variables𝚽, extending the parameter vector to𝚯 = [𝜽,𝚽]. Given a prior probability
density function (pdf) that reflects the prior knowledge on the parameters𝚯 and the likelihood that the measurements y
are observed for given parameters 𝚯, Bayes’ theorem is used to compute a posterior pdf

P(𝚯|y,)
⏟⏞⏞⏞⏟⏞⏞⏞⏟

posterior

=

likelihood
⏞⏞⏞⏞⏞⏞⏞⏞⏞

P(y|𝚯,)

prior
⏞⏞⏞⏞⏞

P(𝚯|)

∫
P(y|𝚯,)P(𝚯|)d𝚯

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

evidence P(y|)

(4)

=
P(y,𝚯,)

P(y|)
(5)

that reflects the updated knowledge about the parameters after observing the data.22 The normalization term in the
denominator of Equation(4) describes the evidence for the data y considering the model.

Evaluating Equation(4) directly can only be done for a very limited number of parameters and thus solving practical
problems requires approximation methods. Those methods fall into two main categories: sampling-based and variational
Bayesian inference methods. The first category includes Markov Chain Monte Carlo (MCMC) methods that are reviewed
in Reference 23. They are powerful tools for approximate Bayesian Inference, as they are asymptotically unbiased and
require no assumptions on the form of the posterior. However, it is difficult for MCMC methods to estimate the evidence,
as the samples are only proportional to the posterior. In contrast, (dynamic) nested sampling methods24,25 are used in this
work, specifically the python implementation dynesty,26 and aim at approximating the evidence, which is the basis
of model comparison and model selection. The disadvantage of a very large (≫ 1000) number of required samples (thus
model evaluations) that also scales with the number of parameters, is shared by both types of methods. In the context of
computational mechanics, this is often prohibitively expensive due to the numerically expensive model evaluations.27 In
particular for real-time applications and digital twins, numerically efficient surrogates models like Gaussian processes28

or reduced order models29 are often required to employ sampling-based methods.

3.2 Variational inference

In the category of variational inference methods, the true posterior P(𝚯|y) is approximated by an analytic function q(𝚯)
from a selected family of stochastic distributions. Note that the model from Equation(4) is dropped for convenience
assuming all pdfs are conditioned on the same model. The parameters of those distributions are found by minimizing the
Kullback-Leibler divergence as a similarity measure:

KL(q||P) =
∫

q(𝚯) log
q(𝚯)

P(𝚯|y)
d𝚯. (6)
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12 of 27 TITSCHER et al.

Several of such algorithms are reviewed in Reference 30 and the one used in this work closely follows the variational Bayes
(VB) method presented in Reference 31, which uses the linearization of the model, the mean field approximation and the
conjugate-exponential restriction. This transforms the probabilistic parameter estimation into an optimization problem
that requires very few iterations (= model evaluations) to converge. A short overview is given here, and a complete
derivation is provided in Reference 32, since slight modifications related to the original article where necessary.

Bayes’ theorem in Equation(5) is used to replace the unknown, true posterior in Equation(6) to obtain

KL(q||P) +
∫

q(𝚯) log
P(y,𝚯)

q(𝚯)
d𝚯

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

variational Bayes free energyF

= log P(y)
⏟⏟⏟

log evidence

. (7)

Since the log evidence is independent of the parameters 𝚯, minimizing KL is equivalent to maximizing the free energy
F, which is then the objective of the optimization.

The deviation of a model response g(𝜽) to measured data y is defined as the model error k

k(𝜽) = y − g(𝜽) = e(Φ) with e ∼ (0,Φ−1I), (8)

where this deviation is specifically modeled as an uncorrelated, zero-mean Gaussian noise e with the unknown preci-
sionΦ. To make the free energy in Equation(7) tractable for the optimization, additional assumptions and simplifications
are made that are briefly discussed here.

First, the possibly nonlinear model is approximated by its first-order Taylor expansion

g(𝜽) ≈ g(m) + J(m)(𝜽 −m) (9)

with the Jacobian matrix J = 𝜕g∕𝜕𝜽 evaluated at the expansion point m, which is the current estimate for the mean of
the posterior distribution of 𝜽.

Second, the mean field approximation for q(𝚯) – recall that 𝚯 = [𝜽,Φ] contains both model and noise parame-
ters – states that the joint posterior distribution can be factorized into independent groups

q(𝚯) =
∏

j
qj(Θj), (10)

where each group has its own approximate posterior distribution qj. Parameters of separate groups are independent, but
can be correlated within their group. A logical grouping in this work is the separation of model parameters 𝜽 and the
independent noise parameters Φi. A more general definition of the model error in Equation(8) reads

k(𝜽) =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

k0(𝜽)
k1(𝜽)
⋮

kn(𝜽)

⎤
⎥
⎥
⎥
⎥
⎥
⎦

∼

⎡
⎢
⎢
⎢
⎢
⎢
⎣

 (0,Φ−1
0 I)

 (0,Φ−1
1 I)

⋮

 (0,Φ−1
n I)

⎤
⎥
⎥
⎥
⎥
⎥
⎦

(11)

that is able to model n noise groups, potentially coming from n independent sensors or measurement systems. Thus,
instead of a single noise parameter Φ, now the parameter Φi describes the noise of the i-th noise group with its model
error contribution ki.

Last, the conjugate-exponential restriction imposes the use of priors that are conjugate to the likelihood and come
from the exponential family. Here, the posterior for the model parameters is defined as a multivariate normal q(𝜽) ∼
 (m,𝚲−1)with the means m and the precision matrix𝚲. The posterior for the i-th noise parameter is defined as a Gamma
distribution q(Φi) ∼ Ga(si, ci) with the shape parameter ci and the scale parameter si. For conjugacy, the corresponding
prior distributions with subscript 0 read P(𝜽) ∼ (m0,𝚲−1

0 ) and P(Φi) ∼ Ga(si,0, ci,0).
These assumptions and restrictions of the distributions lead to the log likelihood (used to compare the VB results with

sampling algorithms)

log P(y|𝚯) =
∑

i

[
−Ni

2
log

(
2𝜋
sici

)
− 1

2
siciki(m)

]
(12)
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TITSCHER et al. 13 of 27

and also to a closed form for the VB free energy F shown in Appendix A. The latter one has its maximum at the posterior
distribution and the update equations for the parameters can be derived by using the necessary maximum condition that
the partial derivatives of F w.r.t. to the parameters of the distributions need to be zero. Specifically, 𝜕F∕𝜕si = 0 leads to the
update equations of the noise parameters

ci =
Ni

2
+ ci,0 (13)

1
si
= 1

si,0
+ 1

2
kT

i ki +
1
2

tr(𝚲−1JT
i Ji). (14)

The model update equations for the precision 𝚲 and the means m come from 𝜕F∕𝜕𝚲 = 0 and 𝜕F∕𝜕m = 0, respectively,
and read

𝚲 = 𝚲0 +
∑

i
siciJT

i Ji (15)

Λm = 𝚲0m0 +
∑

i
siciJT

i (−ki + Jimold), (16)

where mold refers to the model parameter means of a previous iteration. These update equations are evaluated repeatedly
until the free energy from one iteration to another remains below a given tolerance, here ΔF = 0.1.

This work provides an additional post-processing check that indicates the validity of those assumptions (Section 3.3).
This check is also performed in the examples where the results from VB and nested sampling for the posteriors and the
evidences are compared.

3.3 Nonlinearity measure

The third assumption of the presented variational Bayes method is the fact that the prior and posterior distributions are
conjugate multivariate normal distributions. If the model parameters 𝜽 are normally distributed, so is their linear transfor-
mation A𝜽 + b or, in our case, J𝜽 + k. Another interpretation is a direct conclusion of the variational Bayes derivation that
replaces the actual model with its linear Taylor expansion in Equation (9). If the model is indeed linear in its parameters,
this step is exact and involves no approximations. As a result, the true posterior is indeed a multivariate normal distribu-
tion, the KL divergence to the parameterized VB posterior vanishes and, as a consequence of Equation (7), the VB free
energy corresponds to the log-evidence. Obviously, if the Taylor expansion includes higher order nonzero terms, the true
posterior deviates from a multivariate normal distribution and the aforementioned properties are only approximations.
Generally, the higher the nonlinearity of the model, the worse this approximation usually is.

Practically, the nonlinearity of a model may not be known a priori. Within this work, the error in the posterior distri-
butions (when this linearity assumption is violated) is illustrated by comparing the VB results with a sampling method
for different examples, see Figure 15A, and further explanations in the corresponding Section 4.2.

Consequently, the following post-processing measure to indicate the degree of nonlinearity within the posterior dis-
tribution q(𝜽) ∼ (m,𝚲−1) is proposed. For each parameter 𝜃i with its mean mi and its standard deviation 𝜎i = Λ1∕2

ii , a
modified parameter vector m′ = m is defined, where the i-th component is changed according to

m′
i ← mi + j𝜎i. (17)

The values of j define the relevant parameter range and j = (−3,−2, … , 3) is used in this work. This results in a total
of dim(j) parameter sets which are used to evaluate both the true model error k(m′) and its linearization k(m) + 𝜕k

𝜕𝜽
|m

(m −m′)‡.
The results are arranged in a matrix Ki for the true model error and Ki,lin for its approximation, both of dimen-

sion (dim(k) × dim(j)). The measure of nonlinearity Li for the i-th parameter is then defined as

Li =
||Ki − Ki,lin||

||Ki,lin||
(18)
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14 of 27 TITSCHER et al.

where ||.|| stands for the Frobenius norm. Evaluating a perfect model at the mean can result in k(m) ≡ klin(m) ≡ 0. As long
as the model actually depends on the parameter, the deviation m′ will cause a nonzero model error and the denominator
of Equation (18) will not become zero. An example to illustrate the application is illustrated in Appendix D.

4 RESULTS

In the following section, the method described above is applied to infer the parameters of the demonstrator bridge with
step-wise increasing model complexity. In a first scenario according to Section 2.1, a single beam (Figure 11A) is analyzed
to identify its Young’s modulus. Afterwards, a two-dimensional slice of the bridge according to Figures 2B and 11B is used
to illustrate the methods and compare the results using the variational methods with the ones obtained by the established
dynamic nested sampling.26 This example is also used to validate the modeling assumptions related to connections.

In a third scenario, the cable-stayed bridge (Section 2.3) is analyzed and a complete system identification is performed
(Figure 11C). This information is then used as prior information in the final scenario according to Section 2.4 for a damage
identification procedure (Figure 11D).

4.1 Single beam in uniaxial loading

The main building block of the demonstrator bridge is the blue beam element and its Young’s modulus significantly influ-
ences the structural behavior. The manufacturer provides the Young’s modulus of the blue beam element as EPASCO,0 =
2.3 GPa17 and the purpose of the first experiment is to update this parameter using strain measurements y

𝜀

(nw) for
different load amplitudes.

The measured strains are illustrated in Figure 12A. The mean of each signal is then used as the data point y
𝜀

of the
measurement.

The Young’s modulus parameter is inferred based on the strain measurements for each load step. Thus, the corre-
sponding model error has six entries, one for each number of weights, and reads

k(E1D
beam) = 𝜺(E

1D
beam) − y

𝜀

. (19)

The prior distribution is given by P(E1D
beam

,0) ∼ (𝜇 = EPASCO, 𝜎 = 0.2EPASCO). The prior distribution for the sensor
precision P(Φstrain,0) derived from separated measurements in an unloaded state with an experimental standard deviation
of about 5 μm∕m. The parameters of the Gamma distribution are chosen such that its 5% percentile is 1∕(1 μm∕m)2 and
the 95% percentile is 1∕(10 μm∕m)2.

The results of the inference using the variational Bayes algorithm is visualized in Figure 12A. The solid line represents
the model response with the posterior mean of E1D

beam. The shaded regions around this response represent the propagated
uncertainty with distance 𝜎E, 2𝜎E and 3𝜎E with

𝜎E(nw) =

√√√√√
(

dk(E1D
beam,nw)

dE1D
beam

)2

COV(E1D
beam) +

1
Φstrain

, (20)

( )

(A) (B) (C) (D)

F I G U R E 11 Overview over the following numerical studies. (A) Single beam experiment, (B) model selection without cables, (C)
system identification, (D) damage identification.
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TITSCHER et al. 15 of 27

F I G U R E 12 Result of the Young’s modulus inference of the single beam in uniaxial loading scenario (see Figure 11A). (A)
Measurement data and uncertainty of model prediction. (B) Posterior distribution computed from sampling (blue) and VB (red).

where the first summand is related to the variance of the model parameters propagated through the model response by
linearizing the model response at the posterior mean, and the second one to the variance of the noise computed from the
mean of the posterior noise precision Φstrain.

Even though the model response is inversely proportional to the parameter, the nonlinearity measure L = 0.060
is almost zero – mainly due to a very narrow posterior. As a consequence, the variational Bayes free energy of F =
−18.835 matches the evidence log P(y) = −18.836 from the nested sampling and the corresponding posterior distributions
in Figure 12B coincide.

Repeating the experiment with the more compliant, gray beams results in a beam stiffness of q(E1D
beam,gray) ∼ (𝜇 =

0.358, 𝜎 = 0.0028)[GPa] which is about 0.19E1D
beam.

4.2 Simply supported bridge

The geometry of this scenario presented in Section 2.2 is based on a cable-less, two-dimensional slice of the bridge shown
in Figure 11B to reduce both the number of parameters and the numerical cost. The stereo measurements at 21 locations
of a single car pass is used as data.

First, the inference is run with the beam element’s stiffness E2D
beam as the only model parameter, the noise precision

Φstereo as the only noise parameter and the priors are assumed to be

P(E2D
beam

,0) ∼ (𝜇 = EPASCO, 𝜎 = 0.2EPASCO) and (21)

P(Φstereo,0) ∼ Ga(scale = 625, shape = 1)[mm−2], (22)

such that the mean of the noise standard deviation with (625 mm−2)−
1
2 = 0.04 mm is roughly twice as high as the standard

deviation of a noisy zero signal.
Figure 13A shows the data of this experiment together with the model response and the propagated uncertainties

according to Equation(20) (with trivial adjustments).
The comparison of the variational Bayes results to the ones obtained by nested sampling in Figure 13B show a perfect

match in both the individual distributions as well as their correlation. This is also indicated by the nonlinearity measure
of L = 0.0007.
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16 of 27 TITSCHER et al.

(A) (B)

F I G U R E 13 Results of the Young’s modulus inference for the simply supported bridge scenario (see Figure 11B). (A) Model response
(solid), ±𝜎 (shaded) compared to the data (dotted). (B) Posterior distribution from sampling (blue) and VB (red).

(A)

(B)

F I G U R E 14 Two modeling approaches with (A) a single beam element and (B) using two additional beam elements representing the
connections.

There is, however, a mismatch between the model parameter posterior of this experiment compared to the one of the
uniaxial test. This is visualized in Figure 18. A possible reason is the simplified modeling of the real bridge consisting of
beams and connections with a single beam element. Thus, in an adjusted numerical model, each beam is subdivided into
three beams according to Figure 14. The stiffness of the highlighted beams associated with the connections is described
by an additional unknown parameter E2D

conn.
Figure 15A shows the posterior plots of the inference using now two parameters to describe the stiffness in the

beams—one for the actual beam, and another one for the two additional beams representing the connection elements at
each end. The posterior means obtained by both inference types coincide, but the shapes of the distributions differ. Espe-
cially in the pair plot between E2D

beam and E2D
conn, both deviate. The nested sampling shows a narrow, but curved distribution

that only matches the VB distribution around the posterior mean. This deviation indicates that the true posterior is not
a normal distribution and that the VB assumptions are violated. One result is a significant difference of the variational
Bayes free energy to the log-evidence of ≈ 0.5, shown in Table1.

This problem, however, would go unnoticed when only considering the VB results and actually motivated the nonlin-
earity measure L in Section 3.3: The values of LE2D

beam
= 0.509 and LE2D

conn
= 1.001 immediately indicate a strong nonlinearity

(L ≫ 0) around the posterior mean. The finite element beam model solves for the displacement field Ku = F with K ∝
E2D

beam,E
2D
conn. Thus, the model parameters are (qualitatively) inverse proportional to the model response u. In contrast to

the two analyses above that also had the inverse relationship between parameters and model responses, the posterior
distributions in this study are much wider.

A simple remedy is a parameter inversion, that is, the inference of compliances Cbeam/conn = 1∕Ebeam/conn instead of
stiffnesses E. The resulting posterior distributions are shown in Figure 15B and are in almost perfect agreement. The
corresponding nonlinearity measures LC2D

beam
= 0.0002 and LC2D

conn
= 0.0005 are almost zero and Table 1 shows that the VB

free energy matches the log-evidence of the nested sampling.
Both studies with the additional connection parameter show a strong correlation to the beam stiffness parameter that

deforms the joint distribution almost to a line, as seen in the pair plot. The projection into the individual model parameter
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TITSCHER et al. 17 of 27

(A) (B)

F I G U R E 15 Results of stiffness vs. compliance inference of the 2D simply supported bridge using additional connection beam
elements with either nested sampling (P) or the variational inference (VB). (A) Inferring stiffness, (B) Inferring compliances

T A B L E 1 Comparison of the variational Bayes free energy FVB with the log evidence log(z) obtained from nested sampling using
dynesty. The columns with #() show the number of iterations and t() refers to the total run time.

Case FVB Dynesty log(z) #VB #dynesty tVB[s] tdynesty[s]

𝜽 = (Ebeam,Econn) 1447.511 1448.088 10 81,864 0.211 258.721

𝜽 = (Cbeam,Cconn) 1447.040 1447.115 3 64,362 0.098 200.717

𝜃 = Ebeam 1448.880 1448.873 4 59,764 0.035 90.579

𝜃 = Cbeam 1448.887 1448.957 3 52,772 0.028 7.436

spaces then results in posterior distributions that are not significantly narrower than their priors. The physical reason for
the correlation is the fact that the subdivided beams can be interpreted as a series of springs where the compliances in
the beam axis add up. With the total length l ≈ 126.7 mm and the posterior mean of Ebeam from Figure 13B, the corre-
sponding spring compliance for the single model parameter yields ctotal = l∕(AE2D

beam) = 1.406 mm N−1. Summing up the
individual contributions from Figure 15A yields cbeam + cconn = (0.799 + 0.603) mm N−1 = 1.402 mm N−1 which closely
matches ctotal and proves this theory.

Combining this interpretation with the evidences in Table 1 that show higher values for the single parameter models,
subsequent analyses are performed with a single Ebeam model parameter.

Table 1 also shows performance measurements for each method, measured on a single core of a AMD Ryzen 5 2600 (as
all subsequent performance measurements). Performing one VB iteration includes evaluating the derivative of the model
error w.r.t. the parameters. Here, this is done via central differences which itself requires additional model evaluations
and results in a higher time per iteration compared to the nested sampling. As VB requires only a very small number of
iterations (see #VB), its overall run time is much smaller.

4.3 System identification of the cable-stayed bridge

In this numerical example, the complete, three-dimensional bridge including cables as shown in Figure 11C is analyzed
using the data of five separate bridge crossings. As described in Section 2.3, this introduces an additional model param-
eter E3D

cable for the cable stiffness and eight additional calibration parameters F1 … F8 that account for the unknown
force sensor properties. This example also demonstrates the performance of the variational Bayes method by additionally
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18 of 27 TITSCHER et al.

T A B L E 2 System identification parameters and their prior distributions. With 𝜖 = 10−6, the noise parameter prior is an noninformative
Gamma distribution. The # column refers to the number of parameters for the corresponding parameter type.

Parameter type # Prior

Beam stiffness E3D
beam 1  (EPASCO, 0.2EPASCO)

Cable stiffness E3D
cable 1  (EPASCO, 0.2EPASCO)

Calibration factors Fi 8  (−0.5, 0.5)[V N−1]

Stereo offsets 𝜃o,stereo 105  (0, 1)[mm]

Laser offsets 𝜃o,laser 30  (0, 1)[mm]

Force offsets 𝜃o,force 40  (0, 1)[V]

Stereo noise Φstereo 1 Ga(scale = 𝜖, shape = 1∕𝜖)[mm−2]

Laser noise Φlaser 1 Ga(scale = 𝜖, shape = 1∕𝜖)[mm−2]

Force noise Φforce 1 Ga(scale = 𝜖, shape = 1∕𝜖)[V−2]

Σ 188

F I G U R E 16 Posterior distributions of the force calibration factors.

inferring all offset parameters 𝜃o described in Section 2.2.3 and summarized in Table2, that is, compensating for the
wrong modeling assumption of the structure not being influenced by the car before it enters the bridge. As pointed out
in Section 2.3.2, the cable stiffness is related to a superposition of the relatively stiff steel cable and the more compliant
force sensor. Since the sensor itself is very compliant with a stiffness similar to the beam and due to a lack of additional
knowledge, the cable stiffness prior was assumed similar to the beam stiffness prior.

Based on Equation (2), an offset correction is introduced and the corresponding parameters are identified in parallel to
the model parameters. Note that only a single offset per sensor is used, which means the reference state (corresponding to
the unloaded bridge before the car enters/after it leaves the bridge) is identified. A similar prior for these offset parameters
(for stereo, laser and force) has been used due to the absolute values (irrespective of their different physical quantities
and units) being in the same order. For their noise standard deviation, a noninformative prior was chosen to reflect our
lack of knowledge, since this term comprises both the actual measurement uncertainty but in addition the model bias
(the inability of the model to represent the actual physics).

The whole analysis converged after 6 iterations with a total run time of 2.33 s. The majority of the time is spend in
computing the Jacobian. The derivative w.r.t the two stiffness parameters is obtained by central differences and requires
additional finite element model evaluations. With the highest nonlinearity measures LE3D

beam
= 0.0012 and LE3D

cable
= 0.0011,

this is a good approximation. As the other model parameters are either linear factors or offsets, the derivative w.r.t them
is computed analytically with negligible computational costs. Obviously, their nonlinearity measure is numerically zero.

The inferred calibration factors for the force sensors are exemplarily shown in Figure 16. With Figure 8B as a reference,
the posteriors for the force sensors at the front side of the bridge are shown in solid lines, the dashed ones are related
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F I G U R E 17 Histogram of the posterior means for the offsets. The contributions of each sensor type is added up in the histogram bins.

F I G U R E 18 Summary of the Ebeam posterior from the uniaxial loading E1D
beam, for the 2D simply supported bridge E2D

beam for the
cable-stayed bridge E3D

beam where in the last case all displacement offsets θo are assumed to vanish.

to the sensors on the back side. Ideally, this symmetry would cause identical posteriors for each front-back-pair. Due to
symmetry in the axis of the tower, one would furthermore expect the posteriors of outer cable factors (colored blue), as well
as the group of inner cable factors (colored red). Reasons for the visible deviation from this symmetry include variations
in the material parameters of each component and a slight misalignment of the force sensors w.r.t. the cable direction.
Additionally, an explicit calibration of each force sensor is not performed, so the conversion factor from the measured
force to the sensor signal in m V can indeed vary from sensor to sensor. However, the inferred calibration factors are in a
reasonable range and show a significant increase in their precision compared to the prior.

The properties of the offset parameter distributions are analyzed in Figure 17. The distribution of the posterior means
is almost symmetrical around zero. The highest means for the offsets of the displacement measurements reach a value
of ±0.05 mm that is significant compared to maximum displacement signals of −0.1 … − 0.6 mm (from Figure 13A).

Last, the inferred beam stiffnesses of all previous experiments are collected in Figure 18, including the results of the
three-dimensional model of this section with inferred and fixed offset parameters 𝜃o ≡ 0, the two dimensional problem
assuming symmetry as discussed in the previous section and the data from the uniaxial tests in Section 4.1. In theory,
the beam stiffness ExD

beam is supposed to describe the actual material properties of the ABS plastic used to build the beam
elements which would result in matching posterior means regardless of the experimental setup. The actual posterior
distributions however show different results depending on the experimental data used. There are multiple reasons that
explain these differences. Certain modeling choices like modeling the connections and the beam (to avoid the very high
correlation of both) with a single parameter merges both properties. Another reason is the assumption of a perfectly
stiff support at the beginning of the bridge and a floating support at its end (allowing only horizontal displacements).
As can be observed from the data, the supports are not rigid thus resulting in a different offset before the car enters
the bridge (being on the left-hand side support) and once it has left the bridge (being on the right-hand side support),
which was not included in our model. In theory, this could be added by identifying two independent offsets, but we
chose not to double the number of offsets. The difference between the identified mean of Ebeam for the 3D case with
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(E(Ebeam) = 1.66 GPa) and without offsets (E(Ebeam) = 1.68 GPa) is rather small, but the error compared to the uniaxial
experiment (E(Ebeam) = 1.86 GPa) is much more prominent. Last but not least, the material parameter is assumed to be
fixed for all beams which neglects the effect of manufacturing tolerances.

Another modeling assumption is related to the statistical model. In the current implementation, the measurements
are assumed to be uncorrelated. This is a common choice (since it simplifies the mathematical treatment) and often there
is a lack of a better representation due to the choice of a specific correlation model (with additional hyperparameters) not
being objective either. Finally, the prior and posterior distributions are assumed to be normal and Gamma distributions,
which is only exact for a linear forward model, otherwise a linearization of the forward model at the posterior mean might
introduce additional errors. For simulations with a large number of parameters, where a reference result with sampling
cannot be obtained, the nonlinearity measure is the only indication of fulfilling this property.

4.4 Damage identification

The last numerical example demonstrates the identification of damaged beams within the structure discussed in
Section 2.4. Therefore, four car passes are analyzed: One corresponding to the previous experiment with no damage as a
reference and three experiments where a beam is replaced by a more compliant one in segments 6, 7, and 8 of the bridge.
The model of the previous Section 4.3 is extended by 10 additional damage parameters that belong to the 10 possibly
damaged bridge segments highlighted in Figure 11D (the beam elements in the bottom front).

The beams in each segment i = 1 … 10 have their Young’s modulus modified with a damage parameter 𝜔i

Ei = (1 − 𝜔i)E3D
beam (23)

ranging from zero for undamaged material to one for a fully damaged state. Note that a value below zero sounds unreason-
able, but effectively leads to a higher effective stiffness. A value above one, however, results in a negative Young’s modulus
and must be avoided. Hard limits like min(max(𝜔i, 0), 1) would lead to a zero Jacobian once 𝜔i leaves the range [0, 1],
falsely indicating that the parameter has no influence on the model. Instead, an unrestricted damage parameter Wi is
used as the statistical parameter which is then transformed to the actual damage parameter 𝜔i

𝜔i = S(Wi, 𝜖) (24)

S(x, 𝜖) = 𝜖 (ex − 1)
𝜖ex + 1

such that S(x = 0, 𝜖) = 0 (25)

using a modified sigmoid function S with 𝜖 = 0.1, as shown in Figure 19 that limits 𝜔i to [−0.1, 1].
The prior distributions for E3D

beam,E
3D
cable and the noises are defined as the rather narrow posterior distributions of the

previous Section 4.3. The calibration factors Fi are treated as deterministic parameters here with the value taken as the
posterior mean of the previous system identification. As new data sets have potentially different offset parameters, the
prior P(𝜃o,0) ∼ (0, 1) is used. The priors of the newly introduced damage parameters are assumed to be rather wide
with P(Wi,0) ∼ (0, 1∕2) and the transformation to 𝜔i,0 is shown as prior in Figure 20.

F I G U R E 19 Sigmoid function used to limit the damage to (−𝜖, 1).
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(A) (B)

(D)(C)

F I G U R E 20 Posterior distributions of each damage variable Wi. (A) No damage for reference, (B) damage in segment 6, (C) damage in
segment 7, (D) damage in segment 8.

(C)(B)(A)

F I G U R E 21 Correlations in the posterior distributions for the damage variables. (A) Damage in segment 6, (B) damage in segment 7,
(C) damage in segment 8.

The inference using undamaged reference data finished after just 2 iterations, because the prior distributions were
already close to the posteriors. The other data sets took 5 − 6 iterations with the highest nonlinearity of a stiffness param-
eter max(LE) < 0.001 and the highest nonlinearity of a damage parameter max(LWi ) = 0.038, indicating a correct VB run.

Figure 20 summarizes the (transformed) posteriors of the damage variables 𝜔i. As expected, using the undamaged
data set shows that all damage variables are significantly narrower than the prior distribution with a mean very close to
zero, indicating no damage. The data set with damage in segment 6 results in high damage values in the surrounding
segments 5 and 7. An almost ideal result is obtained for the data set with damage in segment 7 with the matching posterior
of 𝜔7 as the only one deviating from a zero mean. As mentioned at the end of Section 4.1, the ratio between the blue and
gray beams is approximately E1D

beam,gray ≈ 0.19E1D
beam, which corresponds to a damage value of 𝜔 ≈ 0.81 that is close to the

posterior mean of 𝜔7. Finally, the data set with damage in segment 8 results in high values for only 𝜔8 and 𝜔7. When
comparing the corresponding correlations illustrated in Figure 21, it is seen that in particular for damage in segment 6 the
damage variables in segments 5 and 7 are negatively correlated, and even more pronounced for the damage identification
with damage in segment 8, where segments 7 and 8 are negatively correlated. This is indicates the ill-posedness of the
inverse problem resulting in a set of solutions that all produce similar results. If a model developer requires to have a well
posed problem either more data is required (that in particular allows to distinguish between these different solutions) or
the set of parameters could to be modified.
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5 SUMMARY AND CONCLUSION

Representing real-world structures in a computational model usually involves challenges related to data generation, data
processing as well as the development of a simulation model implying assumptions on the physics as well as the calibration
of the corresponding model parameters.

In this context, we outlined the requirement to establish a metadata schema to allow a simple access to the data—both
from a article developer point of view as well as a for a researcher that intends to reuse the published data. It was
also shown how different asynchronous data sets (due to different data acquisition systems) can be jointly analyzed by
identifying the time lag as an additional parameter.

The main challenge in building digital twins is related to the modeling assumptions—both for the physical model
as well as for the inference problem. It was shown that—using Bayesian inference procedures—the ill-posedness of the
inverse problem can be identified, resulting in our case in the decision to model the connections and the beams not as
separate entities. Furthermore, posterior distributions of the identified parameters are obtained that provide additional
accuracy information compared to a deterministic optimization approach. The identification process was performed for
different scenarios (single beam in uniaxial loading, simply supported bridge, cable-stayed bridge) showing that the identi-
fied model parameters (Young’s modulus of the beams) depend on the scenario with corresponding modeling assumption
and might differ between the different scenarios. In the example, the mean varied in the order of about 10%. This is due
to the fact that in structural engineering many model simplifications are made. This includes the initial conditions (see
e.g., the initial geometry of the bridge and the simplification of using 1d-elements), constitutive equations (e.g., all beams
are elastic, but friction in the joints is present), symmetry effects (the undamaged model is supposed to be symmetric,
but could also be parameterized to allow for unsymmetrical solutions), measurement uncertainty (e.g., due to the force
sensors with a finite stiffness and a not completely accurate alignment with the cable) or boundary conditions (e.g., how
the car was modeled). It is to be noted that even when analyzing all configurations simultaneously, this is usually not
captured by a standard Bayesian inference procedure, where the most probable parameter set is computed. In particu-
lar when combining data sets with a different amount of measurement data (e.g., single scalar measurements with time
series data) the probabilistic model used is of mayor importance.

This relates to the second challenge when using Bayesian inference procedures, which is linked to the postulated data
generation process. A main challenge is the correlation model used for the measurement data. For structural problems
with time series data, the measurements are certainly correlated in both space and time, but the definition of an appro-
priate parameterized kernel function with potential hyperparameters such as the correlation length is not objective and
might significantly influence the results. The problem is even more complicated due to the fact that the noise model com-
prises both the measurement noise as well as a model bias (the inability of the model to actually represent the data), the
latter leads to strong correlations not only related to space and time but caused by the model. In this article, the measure-
ment data was resampled to 1 Hz, future extension might directly use a correlation model in the inference procedure.
However, due to the large number of time steps (up to 30.000) this requires some further development coping with sparse
correlation matrices that is outside the scope of the current article (see for example, Reference 33).

Another challenge is the definition of appropriate priors, in particular for the noise models (which is due to model
bias not only related to the measurement accuracy of the sensor itself). And finally, the parameterization of the physics
based model (e.g., identifying a single Young’s modulus for all scenarios or separating between single beam, simply sup-
ported bridge and cable-stayed bridge and adding some additional likelihood terms penalizing a difference). Even though
different models could in theory be compared using the model evidence, in practice this is sometimes difficult due to a
different parameterization (e.g., requiring offsets not present in another model) where the choice of the prior is often not
fully objective.

Using variational inference procedures allowed to work with a large number of parameters (up to 188 in seconds)
and also provided without additional computational effort an approximation of the free energy to approximate the model
evidence. The large number of parameters was required to compensate for model assumptions (deformation state is the
same when the car is on the left or right support) that were not supported by the experimental data requiring to add
offsets as additional latent variables in the identification procedure or due to unknown calibration factors that resulted
from the not fully cable-aligned orientation of the force sensors. A procedure for validating the linearity assumption in
the variational inference procedure was outlined and it was shown that the number of forward model evaluations is
significantly reduced compared to sampling based approaches (a reduction factor in the order of 1e − 3) making this
approach applicable to more complex FEM-problems. In particular, the authors realized that setting up the inference
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TITSCHER et al. 23 of 27

problem for a real setup requires an iterative process making sampling based approaches at least in the development
phase prohibitively expensive.

Finally, the authors want to point out that the estimation of model parameters presented in scientific journals for
the validation of a new model is often poorly documented and not reproducible (e.g., the actual measurement data,
prior/starting values, objective/likelihood are often not provided). As illustrated in this article, this might lead to signif-
icant deviations and can only be solved when the complete parameter estimation process is included in the provided
software repositories.
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APPENDIX A. VARIATIONAL FREE ENERGY

The free energy is given by Equation (A1), which results from substituting the log likelihood and the posteriors expressions
into the free energy definition in Equation (7). The expression in Equation (A1) differs from the one used in the Refer-
ence 31, but it is inline with the latest implementations from the same authors of Reference 31, available at Reference 34.
A detailed derivation can be found in Reference 32.

Fvb =
(N

2
+ c0 − 1

)
(log[s] + 𝜓(c)) − 1

2
sc(kT

mkm + tr(Λ−1JT
k Jk))

− 1
2
((m −m0)TΛ0(m −m0) + tr(Λ−1Λ0)) −

sc
s0

− 1
2

log[detΛ] + log[Γc] + c log[s] + c − (c − 1)(log[s] + 𝜓(c))

− N
2

log[2𝜋] + 1
2

log[det𝜆0] − log[Γc0] − c0 log[s0] +
1
2

tr[Λ−1Λ] (A1)

APPENDIX B. BEAM FORMULATION

The full beam element stiffness matrix in 3D

Ke =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

a1 0 0 0 0 0 −a1 0 0 0 0 0
0 b1 0 0 0 b2 0 −b1 0 0 0 b2

0 0 c1 0 −c2 0 0 0 −c1 0 −c2 0
0 0 0 d1 0 0 0 0 0 −d1 0 0
0 0 −c2 0 c3 0 0 0 c2 0 c4 0
0 b2 0 0 0 b3 0 −b2 0 0 0 b4

− a1 0 0 0 0 0 a1 0 0 0 0 0
0 −b1 0 0 0 −b2 0 b1 0 0 0 −b2

0 0 −c1 0 c2 0 0 0 c1 0 c2 0
0 0 0 −d1 0 0 0 0 0 d1 0 0
0 0 −c2 0 c4 0 0 0 c2 0 c3 0
0 b2 0 0 0 b4 0 −b2 0 0 0 b3

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(B1)

with

a1 = EA∕L, d1 = GK∕L,
b1 = 12EIz∕L3

, b2 = 6EIz∕L2
, b3 = 4EIz∕L, b4 = 2EIz∕L

c1 = 12EIy∕L3
, c2 = 6EIy∕L2

, c3 = 4EIy∕L, c4 = 2EIy∕L (B2)

is taken from Reference 35. In case of a 2D formulation, the corresponding rows and columns related to the 3 dimension
are omitted.

APPENDIX C. STEREO SENSOR POSITIONS

Figure C1 shows the location and naming of the stereo measurement nodes, also referred to as stereo sensors. Only the
center point of each connection—suffix _01—was analyzed in this work.
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(A)

(B)

F I G U R E C1 Stereo sensor locations. (A) Left side, (B) right side.
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APPENDIX D. EXAMPLE NONLINEARITY TEST

To illustrate the linearity measure introduced in Section 3.3, a simple test case is crafted based on the data y generating
process

y = x
(
𝜃0 + 𝜃2

1 + 𝜃
2
2 + 𝜃

2
3
)
+21(0, 𝜎2

I)
with x = (0, 0.05, 0.1, … , 1) and 𝜎 = 1, (D1)

where x are the 21 measurement points where sensor data is available. The data is generated from the true values 𝜽true =
(−4,−1, 1, 4) and the nonlinearity is analyzed w.r.t. the distribution P(𝜽) ∼21

(
𝜽true, diag(1, 2, 1, 1)

)
shown in the lower

part of Figure D1. Note that this distribution would correspond to the estimated posterior (e.g., after the variational
inference has converged) at which the linearity of the model response is to be verified.

The top part of Figure D1 illustrates the linearity analysis, where the individual marks correspond to a column-wise
application of the norm. As expected, the linear parameter 𝜃0 causes both the true and linearized model errors to coincide.
This perfect match results in the nonlinearity measure L0 = 0.

For the quadratic parameter 𝜃1 around the point 𝜃true,1 = −1, the true model error remains positive while its lineariza-
tion changes signs. This significant deviation results in a high linearity measure L1 > 1. Even though 𝜃2 and 𝜃3 are also
quadratic, their nonlinearity is significantly lower. The mean of the 𝜃2 distribution is mirrored around the origin, which
has no influence on the measure, but its distribution is narrower. The nonlinearity decreases further for 𝜃3 with its mean
further away from 0.

Note that the parameterized multivariate normal distribution can only capture one peak in the posterior distribution.
A crafted counter example would be a model error like k(𝜃) = |𝜃| − 1. Given a rather noninformative prior, the posterior
would be a bimodal distribution with peaks at−1 and 1, while VB would—depending on the prior mean—converge to one
of them. Then, if the linearity checking range in Equation (17) does not cross the origin, the resulting nonlinearity measure
of L = 0 would not notice that issue. Thus, a linearity measure of L ≈ 0 is a good indicator that the VB assumptions are
fulfilled, the modelers knowledge about the problem is still required to identify edge cases.

F I G U R E D1 Top: comparison of the (norm of the) linearized (solid lines) model responses to the actual ones (marks). Bottom: pdf of
the individual parameters.
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