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Abstract

Wind power has proven to be one of the most versaƟle forms of renewable energy.
In a similar fashion, offshore wind is emerging as the most promising method of
addressing the increased power producƟon requirements, given the massive po-
tenƟal of wind at sea. The Dutch consorƟum for innovaƟon in offshore wind energy
TKIWind op Zee performs acƟve researchwith themain goal of allowing higher pen-
etraƟon of offshore wind power. D4REL (Design for Reliable Power Performance) is
one such research project which, within the consorƟum, is coordinated by the En-
ergy Research Centre of the Netherlands (ECN). Within D4REL, ECN works in close
cooperaƟon with TU DelŌ and have established a definite goal of developing novel
control tools for the reducƟon of uncertainty in the design and operaƟon of offshore
wind farms.

Offshore wind turbines are subject to large variaƟons in terms of their physical pa-
rameters. Aerodynamic performance can change dramaƟcally based on weather
condiƟons and the passage of Ɵme. Modal characterisƟcs for boƩom-supported
structures experience considerable variaƟons due to environmental condiƟons such
as rise and fall of sea levels, formaƟon of ice around the turbine tower and scour.
Control systems designed only based on an ideal fixed-parameter model will, there-
fore, perform subopƟmally in such situaƟons. In this literature review aƩenƟon is
first given to introducing the pracƟcaliƟes associated with the menƟoned problem
into a model structure. A framework for the robust and linear parameter-varying
control theory is then established. Up-to-date efforts in wind turbine control are
described in strict relaƟon to the goals of the D4REL project. Subsequently, a new
control problem is formulated and a research direcƟon towards addressing it is pro-
posed.

Although the informaƟon contained in this report is derived from reliable sources and reasonable care has been taken in the compiling of
this report, ECN cannot be held responsible by the user for any errors, inaccuracies and/or omissions contained therein, regardless of the
cause, nor can ECN be held responsible for any damages that may result therefrom. Any use that is made of the informaƟon contained in
this report and decisions made by the user on the basis of this informaƟon are for the account and risk of the user. In no event shall ECN,
its managers, directors and/or employees have any liability for indirect, non-material or consequenƟal damages, including loss of profit or
revenue and loss of contracts or orders.
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1
Introduction and Conceptual

Requirements

Many aspects of the modern Ɵmes are highly debatable upon but there is no doubt about the fact that during the
past 40 years the renewable energy sector has seen an impressive growth. Such a development has brought an enor-
mous improvement in both the quality of our lives and the way in which we interact with our fragile environment. At
European level, the use of renewable energy is gradually approaching a definite level of maturity, with the European
Union being one of the leaders in its development and use [28]. Equally certain is the rapid increase in installed wind
power capacity, both onshore and offshore, with a total esƟmated rate of growth of approximately 30% per year [7].
Although in use since ancient Ɵmes and reaching a reasonable degree of sophisƟcaƟon with the wind mills of the late
Middle Ages, wind energy had been parƟally leŌ aside during the 19th and early 20th centuries. Driven by a strong
desire to make them a sought-aŌer power producƟon alternaƟve, a large group of scienƟsts and inventors such as
Charles Francis Brush, Poul la Cour and Palmer CossleƩ Putnam to name only a few, have conƟnued to improve the
technology despite the general lack of market interest. Due to such efforts there has been no consistent gap in the
progress of wind energy technology development and the transiƟon from fossil fuels to wind power has been found to
be incredibly smooth compared to other forms of renewable energy.

Despite its intrinsic variable nature and non-constant availability, wind has long been considered an important resource.
Ancient uses of wind included water pumping, grain grinding and sailing. Masterful wind mill designs have been per-
formed in Denmark, Scotland and The Netherlands in the 17th and 18th centuries, albeit the idea of a windmill allegedly
originated in England in the 12th century [48]. The main challenges of the Ɵme included improving the power capture
and increasing reliability. In the late 19th century the first wind mill with electricity-producing capabiliƟes has been
constructed by using the rotaƟon of the mill’s shaŌ to drive an electric generator. The idea brought awareness of new
potenƟal uses of wind energy. Thus, the concept of wind turbine emerged. Through various experimental designs and
theoreƟcal research, the technology has considerably progressed now offering very flexible soluƟons which can suit
the needs associated with all types of environments that possess wind power potenƟal [23]. One of the focal points
in wind energy technology development is the creaƟon of suitable automaƟc wind turbine control strategies and algo-
rithms in order to address the various operaƟon objecƟves. Current challenges include opƟmal wind turbine operaƟon
(increasing power capture while simultaneously decreasing loads), creaƟng the possibility for reasonable turbine func-
Ɵoning in excepƟonal situaƟons (both external - environmental and internal - turbine-related) and opƟmal wind farm
operaƟon [12].
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With a long history in the development of wind power, The Netherlands possesses an impressively large amount of
know-how in this field in its academia and research insƟtutes, even though the few naƟonal wind turbine manufactur-
ers do not currently hold a big share in the global market. The Dutch consorƟum for innovaƟon in offshore wind energy,
TKI Wind op Zee, performs acƟve research with the main goal of allowing higher penetraƟon of offshore wind power.
One such project is D4REL which aims at developing novel tools for the reducƟon of uncertainty in the design and
operaƟon of offshore wind farms. Such goals can be achieved both by creaƟng the possibility of beƩer understanding
of wind turbine and wind farm behaviour using advanced modelling methods and by improving upon the manner in
which a high-level control strategy translates into a pracƟcal control system design methodology.

As opposed to their land-based counterparts, offshore wind turbines experience a wider range of factors that can po-
tenƟally take a toll on their producƟvity and lifespan. Changes in relaƟve water depth due to Ɵdes and scour can
affect the modal characterisƟcs of the turbines, making such a lightly-damped structure subject to abnormal opera-
Ɵon, especially if not accounted-for during in the design phase. Hence, any fixed-parameter control system is likely to
underperform and perhaps even be problemaƟc [12]. VariaƟons in weather condiƟons together with the passage of
Ɵme undoubtedly change the aerodynamic properƟes of the blades due to such factors as ice formaƟon, dirt formaƟon
and blade erosion; any control system designed with only the perfect wind turbine model in mind is bound to be sub-
opƟmal in such circumstances. Therefore, a synthesis procedure which can lead to appropriate control system designs
in the face of such uncertain and Ɵme-varying models needs to be employed and, as part of the D4REL project, ECN
and TU DelŌ aim at applying state-of-the-art academic research in control theory in order to address these stringent
issues. The current thesis work is an integral part of this project and is focused on designing robust and adapƟve wind
turbine controllers that opƟmize operaƟon under different environmental condiƟons. The associated design task shall
be performed for the ART 5 MWwind turbine, which is an offshore monopile boƩom-supported VS-VP horizontal-axis
wind turbine. This literature survey has been carried out in the framework of the final thesis assignment ”LMI-based
Robust LPV Control of Wind Turbines”, supervised by Stoyan Kanev (ECN) and Jan-Willem van Wingerden (TU DelŌ);
its goal is defined as follows.

This literature report aims at providing an overview of the current state-of-the-art in LMI formulaƟons for
robust and parameter-varying systems analysis and control synthesis, together with the associated

challenges in wind turbine control.

The previous statements regarding modern offshore wind turbine operaƟon and moƟvaƟon behind the D4REL project
are now explicitly shown in the following problem formulaƟon which represents the purpose of the thesis work.

Given the complexity of offshore wind turbines behaviour, owed to both the uncertain aerodynamic
characterisƟcs of the blades (by means of the associated power and torque coefficients) and Ɵme-varying

environmental condiƟons (more explicitly, wind speed and tower frequency, both assumed to be
online-available), the goal of this thesis is to propose a robust and linear parameter-varying control
system design, opƟmal in the sense of fully exploiƟng this given nature of offshore wind turbines.

In Chapter 2, the survey establishes a framework for control-oriented wind turbine modelling that shall be used in all
further developments. Chapter 3 is dedicated to providing all essenƟal informaƟon regarding uncertain and parameter-
varying systems theory. EssenƟal properƟes are summarized and methods by which synthesis procedures for such
systems can be posed are shown. Chapter 4 deals with the applicaƟon of the presented theory to the control of wind
turbines. Several exisƟng approaches are described in relaƟon to the presented aims and clear statements are made
regarding how the approach to be used will need to differ from current procedures. In Chapter 5 a formulaƟon of the
control problem is given together with all essenƟal links to the physical process. Chapter 6 concludes the review with
some remarks on how the formulated problemmight be tackled and gives important remarks regarding the advantages
and disadvantages of each available opƟon. �
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2
Control-Oriented Wind Turbine

Modelling

Whether based on physical laws or on collected input-output plant data,modelling is an essenƟal step that helps in the
design of controllers that use and drive a real-life system to its full potenƟal. However, an important and oŌenƟmes
neglected aspect of this task is remembering that any dynamical model is always derived in order to suit several parƟc-
ular needs, therefore a good balance needs to be stricken between its complexity and its adequacy. SimplificaƟons are,
thus, unavoidable. With this idea in mind, the approach of this secƟon is pracƟcal. First, several comments are made
about the nature of wind, which acts both as a raison d’être and as a potenƟal source of problems for wind turbines.
Secondly, control-related remarks are made on what a suitable wind turbine model should consist of. All such com-
ments aremade for VS-VP three-bladed horizontal axis wind turbines. Building towards the peak of the chapter, a block
structure is presented in order to show how a wind turbine and its subsystems may be looked at from the perspecƟve
of dynamic modelling. In doing so, every subsystem is properly described. Eventually, a full model is presented and
several remarks are made about how such a model may fit into the theoreƟcal framework shown in Chapter 3. All pre-
sented informaƟon is necessary when looking at recent developments in the field of wind turbine control in Chapter 4
and when formulaƟng a new pracƟcal problem in Chapter 5.

2.1 The Wind and Reasons for Wind Turbine Control

The wind is an inexhausƟble source of energy of local nature, with availability depending on the geographical posiƟon-
ing, on the verƟcal posiƟoning (height with respect to the Earth’s surface) and on the weather condiƟons (owed to the
season of the year, the Ɵme of day or any other factors of meteorological essence). Though the nature of wind is highly
variable, it can be described staƟsƟcally with sufficient accuracy on any given site. This can be achieved by combining
knowledge from series of measurements of nearby weather staƟons taken over long periods of Ɵme (which show clear
trends regarding the mean values of the speed of the local winds) with mathemaƟcal models that describe the turbu-
lent components (e.g. von Kármán or Kolmogorov) [48]. The characterisƟcs of the local wind are considered during the
development of any turbine (including the control system design) but prove to be of extreme importance especially
for the simulaƟon and validaƟon process [23]. Therefore, for the needs of the current work, a simplificaƟon can be
made and we shall further assume that the wind is in the form of a steady (staƟonary) inflow that can be completely
described by its speed ucol(t), considered to be the same at all points in the rotor plane and containing all definitory
determinisƟc and stochasƟc components. Then, the available power in the wind that passes an area of turbine rotor
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size with radius R is given by:

Pr(t) =
1

2
ρπR2u3

col(t) (2.1)

where ρ is the air density, considered to be constant in both Ɵme and space.

Generally speaking, a wind turbine is a device whose main goal is to capture as much wind energy as possible and to
convert it into useful work [23]. The aerodynamic efficiency of a wind turbine may be given in terms of the Ɵp-speed-
raƟo λ(t):

λ(t) =
Ωr(t)R

ucol(t)
(2.2)

which is the raƟo between the tangenƟal speed of the Ɵp of the blade (as a product between the rotor speed Ωr(t)

and the rotor radius) and the wind speed ucol(t). Here, these are given as funcƟons of Ɵme. At constant wind speed,
maximum power producƟon is then achieved for some given values of the Ɵp-speed-raƟo and of the blade pitch angle,
as is explained in the secƟon on Aerodynamic Subsystemmodelling, later on in this chapter.

However, in recent years challenges related to the need of decreasing the cost of wind energy have been phrased [6, 63]
and, as a result, energy maximizaƟon has been shown to no longer be suitable as the only objecƟve associated with
wind turbine operaƟon. Current trends point towards the formulaƟon of the overall objecƟve in terms of several
goals (such as energy capture maximizaƟon,mechanical loads reducƟon and power quality condiƟoning) that need to
be saƟsfied by means of feedback control, thus ensuring overall opƟmal wind turbine operaƟon [20, 12]. A control-
oriented model of a wind turbine should therefore reflect some of the intrinsic physical processes occurring in relaƟon
to themenƟoned goals. Any further informaƟon is, in fact, of liƩle use. What this model needs to contain, on the other
hand, can be hinted at by looking more specifically at how a wind turbine is controlled, from the point of view of the
adopted strategy [12], as will be further explained.

In terms of energy capture, wind turbines are expected to follow power curve of the type shown in Figure 1. As can be
seen, four disƟnct regions of operaƟon can be described. In region 0 the wind speed is below the defined cut-in speed
and the turbine is idling (not producing electricity). Region I can be described by low wind speeds and here typically
the aim is to control the turbine such that as much energy is captured as possible. This is achieved by maximizing the
aerodynamic power coefficient CP . In pracƟce this is achieved by reducing the opposing torque from the electrical
generator. In region II, lower-bounded by the wind speed corresponding to nominal rotor speed and upper-bounded
by the rated wind speed, opƟmal energy capture needs to be compromised over so as to reduce noise emissions and to
maintain all centrifugal forces below values tolerated by the rotor. Region III corresponds to above-rated wind speeds
andpower producƟon is limited to themaximumpower that can bedelivered by safe operaƟonof the electric generator.
This is achieved by changing the pitch angle θ(t) of the blades which has an effect on CP . As a measure of power
capture, CP falls within a range upper-bounded by a theoreƟcal maximum called the Betz limit [23]. Though both
pitch-to-feather (i.e. increasing the angle θ from its opƟmal value) and pitch-to-stall (i.e. decreasing the angle θ from
its opƟmal value which results in induced stall) strategies can be used to reduce CP in high wind speeds as shown in
Figure 3), in pracƟce usually pitch-to-feather strategies are used because the mechanical loads associated to reduced
angles of aƩack are lower; moreover, stall is an aerodynamic effect which is well-understood but cannot be modelled
with sufficient accuracy.

On the other hand,miƟgaƟon ofmechanical loads, either staƟc or dynamic, is an auxiliary task to be achieved in order to
reduce the faƟgue damage in wind turbines, thus reducing operaƟonal costs. Of these, the most severe are considered
to be the dynamic loads which might appear as a result of unequal spaƟal distribuƟon in the wind field (which can
potenƟally be miƟgated by individual pitch control), unequal temporal distribuƟon (turbulence or wind gusts) or may
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Figure 1: Power Curve for a Generic Wind Turbine

be control-induced (e.g. due to Ɵght control for maximum energy capture). Several conflicts between these first two
goals become visible in regions I, II and III. The third goal is associated with the quality of power that wind turbines can
supply.

2.2 Dynamic Modelling

Modern wind turbines are complex electromechanical systems, comprised of many parts. Whilst there exist a handful
of ways of looking at each of these from the physical point of view [48], we shall only describe the essenƟal parts from
a dynamical systems perspecƟve andmodel the interacƟon between these. In Figure 4 we can observe themost typical
way of decomposing a wind turbine into its subcomponents based on their funcƟons [12]. Here the angle θmenƟoned
thus far is denoted θlim(t) for reasons which shall be explained in this secƟon. Wemay consider that the starƟng point
of wind turbine modelling is such a general block diagram representaƟon where one is allowed to set a collecƟve pitch
angle of the turbine blades θref (t) and the torque of the electrical generator T ref

gen (t). The turbine is operaƟng under
the influence of wind (with speed ucol(t) asmenƟoned previously) and of the constant requirements from the electrical
grid (e.g. the frequency fs and voltage Us that the generator is allowed to inject into the power network). Typically,
the rotor speed Ωr(t), the tower acceleraƟon ẍfa(t) at hub height and the blade pitch angle θlim(t) are measured,
alongside other variables of less importance for our study. Figure 4 reveals four subsystems whose dynamic behaviour
we are interested in, namely the aerodynamic subsystem, the drivetrain together with the tower structure, the pitch
actuator servomechanism and the power generator.

Aerodynamic Subsystem

The kineƟc energy in the wind follows a sequenƟal transformaƟon towards electrical energy. First, by means of its
aerodynamics, a wind turbine will be able to convert a generic wind field into specific blade-effecƟve thrust forces and
aerodynamic torques. However, assuming that the wind has the same speed ucol(t) at all points in the rotor plane, that
the aerodynamic thrust coefficient CT (·, ·) and torque coefficient CQ(·, ·) is the same for all blades and that the term
ẋfl+fa(t)which encompasses the axial displacement of the blades caused by flapping and tower bending is negligible
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Figure 2: Typical Torque Coefficient CQ(θ, λ)

reduces only to tower fore-aŌ displacement ẋfa(t), we may instead express the rotor-effecƟve thrust force Fax(t):

Fax(t) =
1

2
ρπR2(ucol(t)− ẋfa(t))

2CT (λ(t), θlim(t)) (2.3)

and the rotor-effecƟve aerodynamic torque Ta(t):

Ta(t) =
1

2
ρπR3(ucol(t)− ẋfa(t))

2CQ(λ(t), θlim(t)) (2.4)

Several remarks are necessary before concluding this secƟon. The aerodynamic behaviour of wind turbines has been
menƟoned to be uncertain in the problem statement of the previous chapter. This uncertainty arises from different
sources. First of all, airfoils are designed such that they allow the achievement of wind turbine specificaƟons over
as large an operaƟonal envelope as possible. The characterisƟcs of the designed airfoil (in terms of aerodynamic co-
efficients CP , CT , CQ, etc.) are never the same on the constructed blades. Stall is an effect which can hardly be
numerically modelled with sufficient accuracy and should the turbine blades find themselves in the stall region, there
is liƩle informaƟon as to what the coefficient values would be for any such parƟcular angle of aƩack. Moreover, blade
erosion occurs in Ɵme and this also has a significant effect; similarly, due to exposure to open air, contact with insects
or birds is also potenƟally changing these coefficients. For wind turbines placed in rough environments such as humid
and cold areas even more severe phenomena can occur, such as ice formaƟon. All these are contribuƟng factors to
uncertainty in the aerodynamic behaviour of the blades and an available esƟmate of the proporƟon of this uncertainty
would indeed help as turbine operaƟon is governed by controllers that can alleviate the consequences of these factors
by appropriate operaƟon. Uncertain characterisƟcs in the aerodynamic parameters CP , CT and CQ will further be
denoted by C∆

P , C∆
T and C∆

Q , respecƟvely.
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Figure 3: Typical Power Coefficient CP (θ, λ)

Drivetrain and Tower Structure

The drivetrain is composed of two shaŌs connected through a gearbox with transmission raƟo itr, rigidly connected
to the turbine nacelle. The fast shaŌ is considered rigid, while the slow shaŌ is flexible with torsional sƟffness sdt
and damping ddt [36]. The transmission raƟo is defined to be posiƟve when the rotaƟon of both shaŌs is in the same
direcƟon and opposite otherwise. Considering no torque losses (e.g. due to fricƟon in the gearbox or inelasƟc shaŌ
torsion), the drivetrain dynamics can be described by the differenƟal equaƟon [36]:

i2trJrJg
Jr + i2trJg

γ̈(t) + ddtγ̇(t) + sdtγ(t) =
i2trJg

Jr + i2trJg
Ta(t) +

Jr
Jr + i2trJg

|itr|Tgen(t) (2.5)

where γ(t) is the azimuthal difference between the two ends of the drivetrain and Jr and Jg are the rotor and gen-
erator inerƟa, respecƟvely. Similarly, it is sufficient for our needs to model only the first structural tower mode in
the fore-aŌ direcƟon because the higher-order modes usually do not bring an important contribuƟon to the resulƟng
oscillaƟon [36]; the first structural mode considered to be excited by the rotor-effecƟve thrust force Fax(t) alone:

mt(t)ẍfa(t) + dt(t)ẋfa(t) + st(t)xfa(t) = Fax(t) (2.6)

thus disregarding any effect due to blade ƟlƟng moments. It is assumed here thatmt(t), dt(t) and st(t), which denote
the tower mass, damping and sƟffness, respecƟvely vary with Ɵme; this especially has a direct consequence on the
first fore-aŌ tower top moƟon mode, and, as has been previously menƟoned in the problem formulaƟon, such effects
need to be analysed and taken into account. However, by means ofmt(t), dt(t) and st(t) only a pseudo-natural way
of modelling changes in modal behaviour is given. Note that no dynamic effects have been considered in terms of the
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Figure 4: Physical Subsystem InterconnecƟon Inside a Wind Turbine

sidewards movement of the turbine structure also because their contribuƟon to the resulƟng oscillaƟon is insignifi-
cant [36].

Pitch Actuator Servomechanism and Power Generator

The controller outputs setpoints θref (t) and T ref
gen (t) for the collecƟve blade pitch angle θunlim(t) and for the required

generator torque Tgen(t), respecƟvely; these are converted to actual physical quanƟƟes by the actuaƟon servomech-
anisms. The pitch pitch actuator servomechanism can be assumed to be parƟally modelled by the second-order Ɵme-
delayed linear model [36]:

θ̈unlim(t) + 2βptωptθ̇unlim(t) + ω2
ptθunlim(t) = ω2

ptθref (t− τpt) (2.7)

with natural frequency ωpt, damping βpt and pure delay τpt. Though in real life the output of this actuator is subject to
physical constraints:

θmin(t) ≤ θlim(t) ≤ θmax(t)

θ̇min(t) ≤ θ̇lim(t) ≤ θ̇max(t)

θ̈min(t) ≤ θ̈lim(t) ≤ θ̈max(t)

(2.8)

all these shall be neglectedwhen construcƟng the necessarymodel because they cannot be taken explicitly into account
with the control approach that is most suitable for the stated needs, subsequently presented in Chapter 3. More
explicitly, they shall be neglected in the design phase but, of course, in the implementaƟon phase they will be re-
introduced. Therefore the actuator may be considered linear and hence θlim(t) ≡ θunlim(t). On the other hand, the
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torque generator setpoint T ref
gen (t) enters the power generator subsystem directly and is converted to the real torque

Tgen(t) by means of the unconstrained second-order Ɵme-delayed linear servomechanism [36]:

T̈gen(t) + 2βgωgṪgen(t) + ω2
gTgen(t) = ω2

gT
ref
gen (t− τgen) (2.9)

with natural frequency ωg, damping βg and pure delay τgen. The generator terminal voltage Us(t) and grid frequency
fs(t) are assumed to be fixed and stable variables [12], hence have no dynamic effects on Tgen(t). Similarly, we only
view the power generator as a subsystem that can supply a torque based on a given demand T ref

gen (t) so no torque-
related dynamic effect due to the generator speed Ωg(t) resulƟng from the rotaƟonal moƟon of the fast shaŌ is taken
into account [36]. An overall model is shown in Figure 5. Several comments regarding this proposed model are made
as a closing of this chapter.

2.3 Conclusions
This chapter has described control-orientedmodelling for VS-VP horizontal axis wind turbines. AƩenƟon has been given
towind and how its energy is captured by the rotor of the turbine. Further on, themechanical and electrical subsystems
have been described. As is usually the case, simplificaƟons have been made so as to build a model that is not overly
complex, while sƟll being sufficiently dynamically accurate and relevant for our needs. Of course, all these simplifying
assumpƟons have been made in strict relaƟon to the aims proposed in Chapter 1 and appropriate references to the
menƟoned goals of the thesis work have been given. Our procedure has brought forward a model in the form of the
block diagram shown in Figure 5.

We may observe several parƟculariƟes of the wind turbine, as seen from the current perspecƟve. Though the pitch
actuator servomechanism is a nonlinear dynamical system due to equaƟons (2.8), we have chosen to neglect such
constraints as they cannot be directly addressed through the proposed control approach of Chapter 3. Clearly, the
aerodynamic subsystem is nonlinear due to the quadraƟc dependence on its inputs ucol(t) and ẋfa(t). Moreover,
the coefficients CT and CQ vary based on the same inputs, but also on the rotor speed Ωr(t) and on the pitch angle
θunlim(t). In pracƟce, these are given in tabular form. The drivetrain is a linear dynamical system, however it has been
proposed that the tower massmt(t), the tower damping dt(t) and the tower sƟffness st(t) are Ɵme-varying. Overall,
the wind turbine model has become uncertain, Ɵme-varying and nonlinear, a fact which will have to be properly dealt
with using an appropriate control design framework.

In Chapter 3 a suitable methodology for the analysis of our model and synthesis of a controller is presented. Themodel
that has been derived in the current chapter will need to be slightly altered to fit the presented tools of Chapter 3. The
notaƟon used in this chapter has been consistent with [36]. �
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Figure 5: Proposed Model for the Wind Turbine
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3
LMI-based Robust and LPV Control:

An Overview

In this secƟon of the literature review, the aim is to set up a theoreƟcal framework for the control system design task;
this should address the pracƟcal needs expressed in Chapter 1. The presented framework is further used in Chapter 4
to relate to some of the recent developments in the field of wind turbine control and, most importantly, in Chapter 5
when the control problem is formulated. The current state of the art in the analysis of determinisƟc uncertain systems
together with the available tools for robust controller synthesis are shown first. Subsequently, LPV systems and associ-
ated controller design issues are described. The available literature on these topics is vast. Hence only developments
that fall within the range of applicaƟons of convex opƟmizaƟon are considered; more specifically, we take an approach
based on LMIs and we introduce them in the opening of the chapter as a necessary background for our discussion.

3.1 Linear Matrix Inequalities in Control Theory

Convex opƟmizaƟon is known to be very aƩracƟve from both a theoreƟcal and pracƟcal perspecƟve, mainly due to the
fact that the troubles associated with local opƟmality can be avoided; it is also extremely useful as tools for large-scale
opƟmizaƟon exist for such formulaƟons and have been found to be extremely efficient [22]. Semidefinite program-
ming, as a subfield of convex opƟmizaƟon, deals with opƟmizing a linear objecƟve funcƟon over a set defined by the
intersecƟon of a posiƟve semidefinite cone and an affine space [11]. In control engineering, LMIs oŌen appear and, for-
tunately, they can be cast as semidefinite programs and can be numerically solved by using either ellipsoidmethods [37]
or the more efficient interior point methods [51]. In an LMI, the goal is to find a vector χ ∈ RN such that:

F (χ) , F0 +
N∑
i=1

χ(i)Fi ≻ 0 (3.1)

where the matrices F0 ∈ RnF×nF and Fi ∈ RnF×nF , i = 1, N are symmetric, oŌen called the data matrices. The
inequality may be strict or non-strict and may be customized according to the needs due to the pracƟcal issue at hand
(e.g. change of inequality direcƟon, stacking of mulƟple inequaliƟes). As an example of the usefulness of LMIs for our
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situaƟon, let us look at stability analysis for systems of the type:

{
ẋ(t) = Ax(t) +Bw(t)

z(t) = Cx(t) +Dw(t)
(3.2)

These are called (finite-dimensional) linear Ɵme-invariant (LTI) systems. Consider A ∈ Rn×n, B ∈ Rn×o, C ∈ Rl×n

andD ∈ Rl×o. Concludingwhether equaƟon (3.2) denotes an asymptoƟcally stable system requires finding a quadraƟc
Lyapunov funcƟon of the type V (x) = xT (t)Xx(t) with symmetric posiƟve-definite matrixX such that [21]:

ATX +XA ≺ 0

−X ≺ 0
(3.3)

Clearly, the existence of a Lyapunov funcƟon is actually an LMI strict feasibility check problem [21]. However, one
needs to perform several modificaƟons in order to arrive at an appropriately-posed LMI problem. The first is to look
the elements of the unknown matrixX ∈ Rn×n as stacked elements in the opƟmizaƟon variable (vector) χ. SinceX
needs to be symmetric, the dimension of the vector χ turns out to beN = n(n+1)

2 .

The data matrices for (3.3) can then be retrieved and their structure depends on the structure of A. Let us consider a
parƟcular example. If A ∈ R2×2 is of the type:

A =

[
a1 a2
a3 a4

]
(3.4)

then the matrices F0 ∈ RnF×nF and Fi ∈ RnF×nF , i = 1, N are given by:

F0 =


0 0

0 0

0 0

0 0

0 0

0 0

0 0

0 0



F1 =


2a1 a2
a2 0

0 0

0 0

0 0

0 0

−1 0

0 0



F2 =


2a3 a1
a1 2a2

0 0

0 0

0 0

0 0

0 −1

−1 0



F3 =


0 a3
a3 2a4

0 0

0 0

0 0

0 0

0 0

0 −1



(3.5)
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Observe that use has beenmade of the stacking of mulƟple inequaliƟes (as previously menƟoned and hinted bymeans
of the dashed lines) and that all data matrices are symmetric. Indeed, now the problem has been completely cast as
an LMI of the type proposed by definiƟon (3.1).

The role of linear matrix inequaliƟes in modern control theory has been introduced in [74]. The same author has later
proposed in [75, 76] a specific measure of dissipaƟvity for general dynamical systems, which proves to be very useful
for our needs, as will be shown next. For the proposed measure, LMIs can be constructed, depending on the class of
systems considered. It turns out that two of the fundamental classes for which such theoreƟcal foundaƟons have been
laid are the ones that we have proposed at the start of the chapter. For all the developments that will follow, let us
consider a feedback structure as shown in Figure 6. ByG we denote the generalized plant which is comprised of both
the model of the system that is to be controlled and all performance specificaƟons;K denotes the controller which is
feedback-interconnected withG. We further define:



u(t) ∈ Rm (input vector)
w(t) ∈ Ro (vector of exogenous variables)
y(t) ∈ Rp (output/measurements vector)
z(t) ∈ Rl (performance outputs vector)
t ∈ R+ (Ɵme)

(3.6)

3.2 Robust Control of LTI Systems
LTI plants of the type:


ẋG(t) = AGxG(t) +BGuu(t) +BGww(t)

y(t) = CGyxG(t) +DGuyu(t) +DGwyw(t)

z(t) = CGzxG(t) +DGuzu(t) +DGwzw(t)

(3.7)

can be controlled using generic controllers given by:

{
ẋK(t) = AKxK(t) +BKy(t)

u(t) = CKxK(t) +DKy(t)
(3.8)

Here xG(t) ∈ RnG and xK(t) ∈ RnK denote the state of the plantG and of the controllerK, respecƟvely.

The induced L2/L2 norm (oŌen called theH∞ norm) for the closed-loop system T is defined by:

∥T∥L2/L2
, sup

∥w∥L2 ̸=0
w∈L2

∥z∥L2

∥w∥L2

(3.9)

The normdefined by (3.9) is generally considered to be the appropriatemeasure of dissipaƟvity [75, 76] for both system
analysis and the design of controllers that achieve closed-loop stability and a specific level of performance, mainly due
to the fact that it measures the way in which the system T behaves from an energy viewpoint (even though it may
someƟmes be more convenient to use other norms e.g. for state-feedback control laws usually the H2 performance
measures are used; the extension is trivial in this sense). Here L2 is the space of finite energy signals i.e. signals
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s : [0,∞) → Rns that saƟsfy
∫∞
0

sT (t)s(t)dt < ∞. Given that the interconnecƟon in Figure 6 is formed using LTI
systems (3.7) and (3.8), the definiƟon (3.9) simplifies to:

∥T∥H∞ , sup
ω∈R

σ̄(T (jω)) (3.10)

where σ̄(·) denotes the maximum singular value of the complex matrix T (jω) of this closed-loop system.

Figure 6: Generalized Feedback InterconnecƟon

In pracƟce, whenever G is constructed it includes an uncertain model of the system that is to be controlled. Uncer-
tainty is introduced because in real life this system is neither linear, nor Ɵme-invariant. Moreover, it can never be
described in terms of the values of its numerical parameters with arbitrary accuracy. Two approaches may be taken
towards modelling the uncertainty. The first, which is rather simplisƟc, is to suppose that a frequency-dependent
norm-bounded perturbaƟon from some nominal model is sufficient to perfectly describe the uncertain model. This is
called nonparametric uncertainty. Such an uncertain model may be posed either by exploiƟng some structure in the
uncertainty associated with the real system or by neglecƟng such structure. The second, a more realisƟc one, is to
start from the physical process and to model the system while defining the required uncertainty in every parameter
appropriately, based on engineering intuiƟon. Because in this case the model will have a fixed structure with uncer-
tainty in the parameters, this is called parametric uncertainty. The former method, since it sƟll has to provide realisƟc
results, usually leads to a conservaƟve model, oŌen more conservaƟve than necessary. The laƩer is thus considered
to be more appropriate, especially by pracƟƟoners and we will also rely, therefore, on it.

The general robust controller synthesis problemmaybedescribed as follows: given a generalized plantGwhich includes
an uncertain model of the real system, find a controller K that ensures stability and performance of the closed-loop
system T , for all possible perturbed plants within the uncertainty set. This general definiƟon is, however, of limited use
when aiming to solve the problem. As has been previously proposed, when considering interconnected LTI systems,
the H∞ norm of T is considered to be the appropriate measure of robustness. The synthesis problem may then be
customized accordingly, as proposed in [84].

In [27] an analyƟcal soluƟon has been given; it requires solving an associated set of two algebraic RiccaƟ equaƟons
and exhibits the enƟre range of disadvantages related to numerically solving such equaƟons [15]. This first soluƟon is
subopƟmal in the sense that ∥T∥H∞ is not globally minimized, but brought below a certain level γ. By iteraƟon, an
aƩempt is made at finding a subopƟmal controller K that achieves closed-loop stability and a performance level γ,
then the problem is scaled and re-iterated upon, unƟl as low a value of γ as possible is achieved or some tolerance
level is reached. The soluƟon is convex for some parƟcular classes of controllers (such as, for example, state-feedback
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controllers) but, as already menƟoned, it is subopƟmal. One typical pracƟcal procedure of translaƟng this soluƟon to
theH∞ robust control problem is the D-K iteraƟon, posed in the µ framework [9]. The µmethodology takes account of
both parametric and nonparametric, structured or unstructured uncertainty in themodel, therefore it need not be fully
conservaƟve, from both the analysis and synthesis point of view. This, however, is non-convex as shown in [85]. This
implies that it might not be possible to find a controller that brings the norm below unity (as required by the small-gain
theorem [83]) or not even to render it as small as possible; similarly, concluding whether there exists a controller that
does bring the norm below unity also cannot be done due to the manner in which the problem is approached.

A more pracƟcal and elegant soluƟon, though, is to formulate the problem as a set of matrix inequaliƟes [32, 33] and
to find the required controller. This is also a convex problem for some controllers structures (e.g. state-feedback) and
it is more aƩracƟve form a pracƟcal point of view because the associated opƟmizaƟon problem is much more easily
solved with the currently available computaƟonal tools. This formulaƟon, however, is also subopƟmal.

A strong requirement that has been made so far is that the plantG can be correctly described by an LTI system of the
type (3.7). Even if a pragmaƟc approach has been taken and uncertainty has been considered, in pracƟce some systems
may simply not be appropriately described by uncertain LTI models. Such an example is the offshore wind turbine as
described in Chapter 1. Within the problem formulaƟon it has been menƟoned why the system is, in fact, both Ɵme-
varying and uncertain. Furthermore, in Chapter 2more aƩenƟon has been given to proving these claims. Therefore, a
more general class of systems could prove to be more appropriate for this pracƟcal problem. This is presented in the
next secƟon.

3.3 Control for LPV Systems
One of the most general frameworks available for the descripƟon of finite-dimensional conƟnuous-Ɵme systems G is
given by the set of equaƟons:


ẋG(t) = f(xG(t), u(t), w(t))

y(t) = g(xG(t), u(t), w(t))

z(t) = h(xG(t), u(t), w(t))

(3.11)

where f : Rn+m+o → Rn, g : Rn+m+o → Rp and f : Rn+m+o → Rl are smooth nonlinear funcƟons of their
variables. This denotes a state-space nonlinear system. These, in pracƟce, can oŌen be approximated or reformulated
as LPV systems:


ẋG(t) = AG(p(t))xG(t) +BGu(p(t))u(t) +BGw(p(t))w(t)

y(t) = CGy(p(t))xG(t) +DGuy(p(t))u(t) +DGwy(p(t))w(t)

z(t) = CGz(p(t))xG(t) +DGuz(p(t))u(t) +DGwz(p(t))w(t)

(3.12)

where p(t) ∈ Rnp is called the parameter vector (or, alternaƟvely, the scheduling variable). What can be immediately
observed is that systems of the type (3.12) are linear in the mappings f(·), g(·) and h(·) and for each value of the
parameter p(t) they are completely defined. The scheduling variable is usually chosen based on knowledge of the real
system and because of its Ɵme-dependence provides amore flexible framework tomodel physical systems; for a formal
descripƟon, knowledge of its possible evoluƟon space needs to be available, therefore we say that it has to lie in some
compact set P ⊂ Rnp ; addiƟonally, its rate of variaƟon is also limited |ṗi(t)| < ϕi, i = 1, np which corresponds well
to what occurs in pracƟce. Let us denote this knowledge of the parameter space as P.

The relaƟonship between LPV systems and LTI systems is easy to see: the laƩer are simply LPV systems with ṗi(t) =

0, i = 1, np for ∀t ∈ R+. In fact, they have been introduced in [68, 69] to properly analyse the guaranteed properƟes
of gain scheduled designs for nonlinear plants approximated by a set of LTI models under the assumpƟon that variaƟon
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in themodel occurs sufficiently slow. However, as has been pointed out in [70], the designmethodology did not provide
sufficient guarantees for closed-loop stability and performance, therefore LPV tools have been developed.

DerivaƟon of LPV Models

There are two fundamental methods of going from the general definiƟon of a smooth nonlinear system (3.11) to the
general LPV descripƟon (3.12). The Jacobian-based linearizaƟon [62] relies on first finding all the equilibrium trajectory
sets of the system (x∗

G(t), u
∗(t), w∗(t)) by solving:

f(x∗
G(t), u

∗(t), w∗(t)) = 0 (3.13)

and then denoƟng p(t) =
[
u∗(t) w∗(t)

]T
only in terms of the equilibrium input/exogeneous variables [62]. The

parametrized matrices in (3.12) would then result from compuƟng:

AG(p(t)) =
∂f(·)
∂xG(t)

∣∣∣∣
p(t)

BGu(p(t)) =
∂f(·)
∂u(t)

∣∣∣∣
p(t)

BGw(p(t)) =
∂f(·)
∂w(t)

∣∣∣∣
p(t)

CGy(p(t)) =
∂g(·)
∂xG(t)

∣∣∣∣
p(t)

DGuy(p(t)) =
∂g(·)
∂u(t)

∣∣∣∣
p(t)

DGwy(p(t)) =
∂g(·)
∂w(t)

∣∣∣∣
p(t)

CGz(p(t)) =
∂h(·)
∂xG(t)

∣∣∣∣
p(t)

DGuz(p(t)) =
∂h(·)
∂u(t)

∣∣∣∣
p(t)

DGwz(p(t)) =
∂h(·)
∂w(t)

∣∣∣∣
p(t)

(3.14)

and, aŌer first compuƟng the corresponding y∗(t) and z∗(t), which are the associated equilibrium values for the mea-
surement/performance outputs vectors, all signals need to be redefined in terms of deviaƟons away from the equilib-
rium trajectories:

xG(t) , xG(t)− x∗(t)

u(t) , u(t)− u∗(t)

w(t) , w(t)− w∗(t)

y(t) , y(t)− y∗(t)

z(t) , z(t)− z∗(t)

(3.15)

One LPV descripƟon of (3.11) will exist for every set of (x∗
G(t), u

∗(t), w∗(t)). Though very intuiƟve to work with,
Jacobian-based LPV models are not exactly realisƟc and parƟcularly, accuracy is lost by approximaƟng the nonlinear
set (3.12) with a relaƟon of the type (3.12) based on linearizaƟons (3.14) and (3.15) as strongly moƟvated in [62]. Yet
another inconvenience arises from the fact that the scheduling parameter p(t) is only composed of input/exogenous
equilibrium trajectories and it is oŌen the case that models of real-life systems also need to be scheduled based on the
equilibrium state trajectories (see for example [8]). Such LPV descripƟons are called here quasi-LPVmodels [58, 41, 42].

Assume that the state vector can be parƟƟoned as x(t) =
[
xp(t) x̃(t)

]T
, where xp(t) denote the state that we

wish to be part of the scheduling parameter and x̃(t) denote the remaining states. By using a suitable choice of the
parameter p(t) one can cover the nonlinear system (3.11) with (3.12). This parameter will now be composed of both
input/exogeneous signals and part of the state vector xp(t).
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LPV Analysis and Synthesis Procedures

Assuming that an overall LPV system T has been formed by interconnecƟng the plantG given by (3.12) with a full-order
controllerK parametrized as:

{
ẋK(t) = AK(p(t))xK(t) +BK(p(t))y(t)

u(t) = CK(p(t))xK(t) +DK(p(t))y(t)
(3.16)

according to Figure 6, the parameter-dependent state-space representaƟon of the closed-loop system is then:

{
ẋ(t) = A(p(t))x(t) +B(p(t))w(t)

z(t) = C(p(t))x(t) +D(p(t))y(t)
(3.17)

where the matrices are given by:

A(·) =

[
AG(·) +BGw(·)DK(·)CGz(·) BGw(·)CK(·)

BK(·)CGz(·) AK(·)

]

B(·) =

[
BGu(·) +BGw(·)DK(·)DGuz(·)

BK(·)DGuz(·)

]
C(·) =

[
CGy(·) +DGwy(·)DK(·)CGz(·) DGwy(·)CK(·)

]
D(·) =

[
DGuy(·) +DGwy(·)DK(·)DGuz(·)

]
(3.18)

Here, the dependence on p(t) has been dropped for brevity. For analysis, we are interested in the stability and the
performance of the closed-loop system T . By means of quadraƟc Lyapunovmethods [64], wemay directly characterize
the system as proposed in [78].

The system (3.17) with possible parameter space P is parameter-dependent quadraƟcally stable if there exists a con-
Ɵnuously differenƟable symmetric posiƟve definite matrixX(·) such that:

AT (·)X(·) +X(·)A(·) + Ẋ(·) ≺ 0 (3.19)

with the derivaƟve of the Lyapnuovmatrix Ẋ(·) ,
∑np

i=1
∂X(·)
∂pi

pi. Note that even though (3.17) bears strong similariƟes
to the given example of Lyapunov stability (3.3), this is actually not an LMI. This is because the inequality depends on
the parameter vector p, on one hand, and on the derivaƟve of the Lyapunov matrix X(·), on the other. NoƟce the
similarity between parameter-dependent quadraƟc stability and exponenƟal stability.

Suppose that the system (3.17) is stable. Performance may now be measured in terms of the induced L2/L2 norm.
SaƟsfying the dissipaƟon inequality proposed in [75, 76] and measured as menƟoned earlier means that a bound γ ∈
R+ on the norm exists:

∥T∥L2/L2
< γ (3.20)

which, equivalently, implies:

∫ ∞

0

zT (τ)z(τ)dτ < γ2

∫ ∞

0

wT (τ)w(τ)dτ (3.21)
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A condiƟon for both stability and performance in terms of the number γ arrives by extending the Bounded Real Lemma
for use with LPV systems: the system (3.17) with parameter space P is parameter-dependent quadraƟcally stable if
there exists a conƟnuously differenƟable symmetric posiƟve definite matrixX(·) such that:

AT (·)X(·) +X(·)A(·) + Ẋ(·) X(·)B(·) CT (·)
BT (·)X(·) −γIo DT (·)

C(·) D(·) −γIl

 ≺ 0 (3.22)

which, again, is not an LMI due to the same reasons menƟoned earlier. However, the two tools presented for analysis
carry through directly for controller synthesis precisely owed to their convenient formulaƟon.

LPV controllers that saƟsfy (3.22) may be derived by using one of two procedures that have been proposed in the
literature. The first, called quadraƟc LPV gain scheduling has been brought forward and developed in [10, 5, 78, 82, 66,
3, 77]. It relies on first wriƟng the corresponding closed-loop system T as in (3.17), by using the unknown controller
matrices (3.16) and the generalized plant matrices (3.12), which leads to (3.18). Then, by direct subsƟtuƟon into the
relaƟon that defines the objecƟve, the synthesis condiƟon is obtained. However, since this is not an LMI, as previously
menƟoned, several modificaƟons are necessary to obtain tractable synthesis relaƟons. These are either based on a
change of variables [66] or on thematrix projecƟon lemma [31], used extensively in the context of LMIs but not detailed
here for brevity.

The second proposed synthesis technique is called LFT gain scheduling [57, 4, 67, 65]. This procedure has aimed to reuse
results from LTI robust control theory but it is only applicable to LPV systems in which the parameter dependence can
be expressed as structured (diagonal) uncertainty which is interconnected with the generalized plant by a parƟcular
type of the menƟoned generalized feedback interconnecƟon, namely the LFT. A reformulated version of the small gain
theorem is then used to characterize all controllers that saƟsfy the criteria of the lemma (3.22). In general, though, the
former technique is used because it is sufficiently general, provides increased flexibility and is more intuiƟve due to the
clear link to Lyapunov theory and dissipaƟvity of dynamical systems.

State-Feedback versus Output-Feedback

So far, a general framework for the analysis and synthesis of LPV systems has been given. It has been assumed that
the generalized plant is given in the form (3.12) and that the associated controller is given by (3.16). These lead to the
closed-loop representaƟon (3.17) with parameter-dependent matrices (3.18). This structure is called output-feedback
control. One of its main advantages is that it is directly applicable to any pracƟcal LPV control problem where only the
measurement vector y(t) is available for feedback. However, in some cases it may be more convenient to use state-
feedback control instead. This assumes that the full state vector x(t) is available by some means. State-feedback may
be staƟc, in which case the controller becomes:

u(t) = DK(p)xG(t) (3.23)

or dynamic (see, for example [21]), yielding:

{
ẋK(t) = AK(p(t))xK(t) +BK(p(t))xG(t)

u(t) = CK(p(t))xK(t) +DK(p(t))xG(t)
(3.24)

LPV theory is currently considered to be under-developed in terms state-feedback control. Several extensions have
been made though (see for example [79, 80, 81]) but the full range of possible developments is far wider.
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PracƟcal Remarks

ReducƟon of Infinite-Dimensionality LPV synthesis procedures typically lead to parametrized matrix inequaliƟes (ei-
ther linear or not). This implies that in pracƟce several more factors need to be considered before aƩempƟng to
compute an LPV controller. First, a specific definiƟon (structure) for the parametrizaƟon of the generalized plant must
be assumed. One possible method is to use an affine descripƟon:

AG(p(t)) BGu(p(t)) BGw(p(t))

CGy(p(t)) DGuy(p(t)) DGwy(p(t))

CGz(p(t)) DGuz(p(t)) DGwz(p(t))

 =

AG0 BGu0 BGw0

CGy0 DGuy0 DGwy0

CGz0 DGuz0 DGwz0

+

np∑
i=1

AGi BGui 0

CGyi DGuyi 0

0 0 0

 · pi (3.25)

where it is important to observe that the variables in the parameter vector enter the model linearly and that the matri-
ces BGw(·), CGz(·), DGwy(·), DGuz(·) and DGwz(·) are actually constant. The laƩer formulaƟon is very convenient
for tractability in the synthesis procedure and, even if not exactly true in pracƟce, appropriate adjustments [4] can
be made to allow for it. Assuming that the parameter space is a convex polytope given by the intersecƟon of np-
dimensional halfspaces now the model is fully defined (recall that the set of parameter variaƟon rates is already given
as a convex polytope). Note that this definiƟon is, in pracƟce, more conservaƟve which is not always appropriate [35].
The controller matrices can, however, now be computed. Observe that this may be completely carried out offline.

The polytopic descripƟon of the parameter space, as has already been explained, may someƟmes be too conserva-
Ɵve. Therefore it might be more appropriate to rely on other methods, such as gridding the parameter space. A set of
controller matrices is then computed for point in the given grid. The density of the grid and, thus, the accuracy of the
controller arrived at may then be adjusted according to the needs.

Scheduling Once a specific definiƟon in terms of the parameter vector is also given for the controller, LPV gain-
scheduling can be appropriately performed by only requiring the parameter vector to be online-available to compute
the control signal. Its current value is fully determined by the current value of the parameter vector.

From a pracƟcal point of view, scheduling cannot be performed unless the parameter p(t) is fully determined (either
measured or esƟmated). Therefore one fundamental condiƟon needs to hold true for quasi-LPV descripƟons: it is
required that the states xp(t) that are part of the parameter vector are either fully measured and, therefore, they
would also be part of the output y(t) or can be reconstructed by means of an observer. Considering that dynamics
that govern the evoluƟon of y(t) are nonlinear as expressed in (3.11), this condiƟon may, in pracƟce, be very difficult
to saƟsfy. More details about addressing such issues may be found in [62].

3.4 Conclusions
As has been menƟoned previously in the report, the pracƟcal problem that we have formulated is to be addressed by
using the tools described in this chapter. First, linear matrix inequaliƟes have been briefly introduced and it has been
moƟvatedwhy they have proven to be very applicable for control engineering purposes. Secondly, an outline of possible
approaches for robust controller design has been given. LimitaƟons of the exisƟng procedures have been menƟoned
from the point of view of our goals and these have been linked to pracƟcal consideraƟons regarding assumpƟons of
Ɵme-invariance which will not work appropriately for our task. Subsequently, the need for gain-scheduling has been
discussed. Linear parameter-varying control has been portrayed and exisƟng synthesis procedures have been listed.
AddiƟonally, remarks regarding the computaƟonof the controllermatrices have beenmade togetherwith an evaluaƟon
of whether the methodology is conservaƟve.
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Linear parameter-varying control is appropriate for our needs and several excellent efforts have already been made
towards applying it for wind turbine control, as will be explained in the next chapter. However, a unified theoreƟ-
cal framework for the synthesis of robust LPV controllers would have been preferred and is not yet available. More
specifically, scheduling and robustness in controller design would have been useful but are not usually considered si-
multaneously. Nonetheless, there are a few extensions towards this [73, 16, 61] but they are yet to be applicable due
to parƟal completeness. �
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4
Robust and LPV Wind Turbine

Control

As has been previously menƟoned in Chapter 1, modern wind turbines bring a handful of challenges for control system
designers. Power producƟon is highly dependent not only upon wind availability, but also on the aerodynamic charac-
terisƟcs of the turbine. In control-oriented models, these are typically given in terms of power and torque coefficients
and, as described in Chapter 2, producƟon can be enhanced below rated wind speeds if of these two,CP is maximized.
As explained, this can be acƟvely done by means of a wind turbine controller. On the other hand, above rated wind
speeds the turbines need to be controlled such that power producƟon is limited to values maximally allowed by the
electrical system. Furthermore, wind turbines tend to be lightly-damped structures. Since safe operaƟon needs to be
ensured, control systems need to be designed such that they do not excite the structural modes of the turbine but,
on the contrary, damp them, if possible. Even more so, blade-effecƟve mechanical loads need to be reduced, not only
to prevent hazards but also for decreasing associated maintenance costs and downƟme while increasing the turbine
lifespan. Wind turbine control can, thus, be described asmulƟobjecƟve. Typically, each objecƟve is addressed in mod-
ern wind turbines as schemaƟcally depicted in Figure 7. Based on the proposed theoreƟcal foundaƟons laid in Chapter
3, here we shall briefly present relevant approaches taken towards the design of advanced control systems for wind
turbines and, in doing so, we shall mainly focus on the controller structures shown in Figure 7. The material is infor-
maƟve and necessary in showing why a new approach is preferred for the goals stated in Chapter 1 and subsequently
formulated in Chapter 5.

4.1 Robust Wind Turbine Control

The laws that govern wind turbine operaƟon and power extracƟon are well understood from a theoreƟcal perspecƟve
[23] and there are few physical effects that have not been fully described yet (e.g. aerodynamic stall). Control system
designers, however, require accurate models and, in pracƟce, these can be rarely supplied, either because the physical
parameters cannot be precisely determined or because they are not fixed. Under the assumpƟon that wind turbines
are systems whose parameters are constant but can never be completely modelled, several approaches have been
taken towards controller design.

As has been presented in the previous chapter, several methods exist for designing controllers for LTI systems by using
theH∞ norm as a way to measure robustness of stability and performance of the closed-loop system. In [24, 19] the
theory has been applied for the first Ɵme for wind turbine control, however with the sole purpose of faƟgue damage
reducƟon. In [17, 14, 50, 49] the same tools are applied for regulaƟng the power output of a turbine under full load
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Figure 7: Wind Turbine Control System Structure (based on [53])

condiƟons. While [17, 14] use simplified models and rely of unstructured uncertainty descripƟon, [50] and [49] rely
on a more realisƟc scenario and aƩempt to model uncertainty in the drivetrain sƟffness and drivetrain damping as
structured parametric uncertainty; either way, all four works make clear statements regarding the limitaƟon of the
methodology, either from the point of view of non-convexity in the controller synthesis problem [50, 49] or from the
addiƟonal perspecƟve of pracƟcally unreasonable model derivaƟon due to the fact that it is not known which physical
parameters represent the source of uncertainty [17, 14]. Nonetheless, an extension of [17] is given in [18] when the
theory is also applied for below-rated wind speed condiƟons. Furthermore, an aƩempt is made in [71] to address the
enƟre operaƟonal envelope where a full analysis of the results is given and the same remarks are made about the
limitaƟons of the approach. In [59] mulƟvariable robust control techniques are used to address the enƟre operaƟonal
envelope, however with severe simplificaƟons (i.e. the uncertain linear Ɵme-invariant model proposed results from
linearising a general wind turbine model around the opƟmal Ɵp-speed-raƟo) and only to conclude that such a design
is extremely conservaƟve due to the fact that the uncertainty introduced by such a linearizaƟon is considerably high.
Refinements are made in [60] where a comparison is shown between H2 and H∞ methods. The laƩer is indeed
concluded to provide more guarantees for reliable designs but at the price of possibly unnecessary pragmaƟsm which,
yet again, relates to how the model is proposed to be uncertain. It then becomes gradually clear that unstructured
uncertainty is not a suitable opƟon for construcƟng such wind turbine models for control.

A pracƟcal comparison between wind turbine controllers designed using classical loopshaping techniques and using
modern robust control theory is given in [38] and further in [30, 29] where designed controllers are tested on experi-
mental turbines. Closed-loop system performance is mainly assessed and it is concluded that indeed safe wind turbine
operaƟon can be guaranteed by using the laƩer procedure, however, with a loss of opƟmality in the case that the un-
certainty in the model is not matched on the real turbine (i.e. the uncertainty set is unrealisƟcally large). To summarize
all these menƟoned works it may be stated that tractability of the synthesis problem is difficult to maintain within the
presentedmethodology because of unnecessary conservaƟveness - it may be beƩer to have a controller that adjusts its
behaviour based on some online-measured parameter rather than a single controller that performs well for all possible
values of such a parameter. On the other hand, building an uncertain model to correctly describe the wind turbine can
be challenging and severe simplificaƟons need to be made in this linear Ɵme-invariant systems framework, which is
inconvenient and very non-realisƟc.
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4.2 Gain-Scheduled Control of Wind Turbines
Though the overall behaviour of wind turbines is generally-speaking nonlinear, a more pracƟcal way of describing them
is as parameter-dependent systems. As an example of the usefulness of such a viewpoint, aerodynamic torque and
thrust forces are intrinsically nonlinear funcƟons of the corresponding aerodynamic coefficients and of the relaƟve
wind speed, as described previously in the report. Seƫng up a control problem based on a single LTI model has previ-
ously shown to be insufficient, even if uncertainty is accounted for in the general framework of linear robust control.
Therefore a controller design approach that relies on a nonlinear model of the plant is considered to be more appro-
priate, as shown next.

TradiƟonal gain-scheduled designs, as described in the previous chapter, have been aƩempted for wind turbine control.
In [44, 39] the first steps had been taken in this direcƟonwith a focus on power producƟonmaximizaƟon at below-rated
wind speeds while allowing for some reducƟon in faƟgue loads. It is later established in [43, 40, 25] that at above-
rated wind speeds gain-scheduled controllers also provide a more opƟmal closed-loop behaviour. However, all these
approaches look at rather academical models of wind turbines and, more importantly, only at fixed-speed variable-
pitch wind turbines. On the other hand in [72] a proposal is made as to how gain-scheduling could also be performed
for variable-speed variable-pitch wind turbines. AƩempts have also been made at applying the same methodology for
faƟgue load reducƟon in [34]. As also expressed previously in the report, a severe limitaƟon of this approach is that
it cannot deal with fast changes in the model of the wind turbine. An alternaƟve approach which does actually do so
would be considered more appropriate.

Linear parameter-varying control has first been proposed in the field of wind turbine control in [13]. The paper mainly
raises awareness of the suitability of such an approach and does not look into details regarding pracƟcal design. In [52]
LPV control is applied to wind turbines for rotor speed control in below-rated wind speeds. LPV designs for variable-
speed variable-pitch wind turbine load reducƟon in above-rated wind speeds are presented in [46, 47, 45, 26]. A pro-
posal for a unified approach to address all control objecƟves over the enƟre operaƟonal envelope is given in [12] and
it is proposed that controller scheduling is performed based on wind speed, collecƟve blade pitch angle and generator
speed, a fact which corresponds reasonably well with what is expected in pracƟce, as stated in Chapter 2. One interest-
ing remark brought forward in [12] is that unified LPVwind turbine control may be carried out for the enƟre operaƟonal
envelope by also scheduling the associated weighƟng funcƟons. This helps in addressing separately the various objec-
Ɵves of each operaƟng region and all works that propose designs for both parƟal load and full load condiƟons rely on
some implementaƟon of this suggesƟon.

It may be considered that the most significant contribuƟon has arrived through the work presented in [53]. There, LPV
control is applied to variable-speed variable-pitch wind turbines for the enƟre operaƟonal envelope. A gain-scheduled
state-feedback controller is first proposed in [54] for full load condiƟons. Later in [56] a similar approach is used for both
parƟal load and full load condiƟons and conclusions are drawn from the perspecƟve of faƟgue loads reducƟons. In [55]
a less conservaƟve design is proposed for above-rated wind speed power regulaƟon. One of the severe drawbacks of
the proposed LPV designs is regarding controller structure. Thoughmore convenient in [54] bymeans of state feedback,
LPV wind turbine control formulated in the tradiƟonal output-feedback sense has been found to be problemaƟc due
to the the fact that the resulƟng controllers usually have the same order as the generalized plant that has been set
up. In [1] it is invesƟgated how fixed-structure control synthesis may be formulated and eventually applied to wind
turbines. Despite the lack of convexity in the formulated control problem, some results are shown in [2] only for full
load condiƟons.

4.3 Conclusions
Though robustness towards uncertainty is a required characterisƟc of wind turbine controllers, it has been menƟoned
in this chapter how and why previously-developed methods sƟll need further refinements. A more realisƟc point of
view has been taken and applicaƟons of the more advanced gain-scheduling control theory to our field of interest have
been shown. Classical methods have first been presented and, as a more reliable alternaƟve, LPV wind turbine control
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has subsequently been proposed.

The efforts presented in the framework of LPV control rely on scheduling based on the wind speed condiƟons or blade
pitch angle and generator torque as well. However, currently developed wind turbines (such as those placed offshore,
for example) would benefit from a more realisƟc approach towards controller scheduling, therefore all previous pro-
posals are considered insufficient. Moreover, it is considered extremely important from a pracƟcal point of view to
keep the controller as simple as possible, therefore state feedback, if possible, is preferred. In the light of these facts,
in the next chapter we formally state a new theoreƟcal control problem and show how it relates to these menƟoned
wind turbine-related control challenges. �
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5
Formulation of the Control Problem

In this chapter special aƩenƟon is given to the formulaƟon of a general LQR control problem for wind turbine control. In
Chapter 1 the general aims of theD4REL project have been introduced and a pracƟcal control problem has been stated.
Chapter 2 has shown how a wind turbine may be looked at from a dynamical systems point of view and it has further
reinforced the moƟvaƟon for approaching the modelling from the perspecƟve of uncertain Ɵme-varying systems. The
LQR problem that is stated here is given in the theoreƟcal framework set up in Chapter 3 but all noƟons of pracƟcality
follow directly from Chapter 1 and Chapter 2. The final two secƟons give special aƩenƟon to the considered sub-
problems while the first provides a unified descripƟon of the overall control design task.

5.1 Mathematical Control Problem Formulation
Given two pracƟcal issues (i.e. Rotor Speed Control and Tower Damping, detailed below) and a generalized parameter
vector:

p∗(t) =


ω∗
0(t)

u∗
col(t)

θ∗col(t)

Ω∗
r(t)


with the previously-introduced notaƟons and ω0(t) denoƟng the first fore-aŌ structural tower mode (which provides
a unified method of describing variaƟons in mt(t), st(t) and dt(t)) we desire to compute robust LPV state-feedback
control laws:

ui(t) = Fi(p
∗(t)) · xi(t)

that opƟmize the cost funcƟon minimizaƟon problem:

Jopt
i = min

ui(t)
sup
∆∈D

∞∫
0

(xT
i (t)Qi(p

∗(t))xi(t) + uT
i (t)Ri(p

∗(t))ui(t))dt

in the general framework:
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ẋi(t) = Ai(p
∗(t),∆)xi(t) +Bi(p

∗(t),∆)ui(t) + Ei(p
∗(t),∆)wi(t).

with i = 1, 2, depending on the considered problem (Rotor Speed Control: i = 1 and Tower Damping: i = 2). It has
been chosen here to use a generalizedH2 objecƟve funcƟon because state-feedback laws are directly related to such
funcƟons, on one hand and performance specificaƟons may be easily given in terms of the system state and/or input,
on the other; nonetheless, the previously-presented framework of Chapter 3may be easily extended towards this, as
has been already menƟoned.

5.2 LPV Framework for Rotor Speed Control
Rotor speed control allows the achievement of power regulaƟon along the operaƟonal curve of a wind turbine. In par-
Ɵal loads (below rated wind speeds) it is necessary to maximize power capture, therefore the turbine blades are fixed
to some pitch angle value and the generator torque δTgen(t) is modified accordingly using the electronic converters.
In full load (above-rated wind speed) the power capture needs to be limited, therefore the turbine blades will need
to be pitched-to-feather by using the collecƟve pitch angle δθcol(t). Rotor speed control is thus considered over the
enƟre operaƟonal envelope (note that around rated wind speed a conflict between the two methodologies might oc-
cur which requires careful design of the transiƟon between the two). Here operaƟng trajectories p∗(t) are considered;
these are equilibrium values for the parameter p(t) as described in Chapter 3 and given in terms of the physical vari-
ables in the secƟon MathemaƟcal Control Problem FormulaƟon. As a result of the linearisaƟon of the aerodynamic
torque Ta(p(t)) described in Chapter 2 around this operaƟng trajectory by Taylor series expansion wemay express the
deviaƟons away from the equilibrium as:

[
δΩ̇r(t)

δΩ̇int
r (t)

]
︸ ︷︷ ︸

ẋ1(t)

= A1(p
∗(t)) ·

[
δΩr(t)

δΩint
r (t)

]
︸ ︷︷ ︸

x1(t)

+B1(p
∗(t)) ·

[
δθcol(t)

δTgen(t)

]
︸ ︷︷ ︸

u1(t)

+E1(p
∗(t)) · (δucol(t)− ẋfa(t))︸ ︷︷ ︸

w1(t)

(5.1)

with parameter-dependent state-space matrices:

A1(p
∗(t)) =

[
(1−Tt)B∇ΩTa(p

∗(t))
Jeff

0

1 0

]

B1(p
∗(t)) =

[
(1−Tt)B∇θTa(p

∗(t))
Jeff

− |itr|
Jeff

0 0

]

E1(p
∗(t)) =

[
(1−Tt)B∇uTa(p

∗(t))
Jeff

0

]
(5.2)

expressed in terms of the parƟal derivaƟves:

∇uTa(p
∗(t)) = 1

2BρπR3u∗
col(t)

(
2CQ(λ(t), θcol(t))− λ(t)

∂CQ(p(t))
∂λ(t)

) ∣∣∣∣
p(t)=p∗(t)

∇θTa(p
∗(t)) = 1

2BρπR3u∗
col

2(t)
∂CQ(p(t))
∂θcol(t)

∣∣∣∣
p(t)=p∗(t)

∇ΩTa(p
∗(t)) = 1

2BρπR4u∗
col(t)

∂CQ(p(t))
∂λ(t)

∣∣∣∣
p(t)=p∗(t)

(5.3)
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through which it can be observed that such a formulaƟon describes a quasi-LPV model due to the fact that the schedul-
ing variable p∗(t) contains also states of the system (see secƟon Control Problem FormulaƟon). As menƟoned in
Chapter 1 and Chapter 2, the aerodynamic torque coefficient CQ is considered to be staƟcally uncertain and will be
described as part of a defined setD.

5.3 LPV Framework for Tower Damping
In this setup it is necessary to dampen the tower oscillaƟons by acƟve control, using the collecƟve pitch angle δθcol(t).
It is necessary to achieve this over the enƟre operaƟonal envelope (i.e. on both parƟal and full load). Note here that
mt(t) and st(t) denote the towermass and tower sƟffness, respecƟvely, which are considered to be Ɵme-varying due to
environmental condiƟons as expressed earlier in the report. Here operaƟng trajectories p∗(t) are considered; these are
equilibrium values for the parameter p(t) as described in Chapter 3 and given in terms of the physical variables in the
secƟonMathemaƟcal Control Problem FormulaƟon. As a result of the linearisaƟon of the rotor thrust force Fax(p(t))

described in Chapter 2 around this operaƟng trajectory by Taylor series expansion wemay express the deviaƟons away
from the equilibrium as:

[
δẋfa(t)

δẍfa(t)

]
︸ ︷︷ ︸

ẋ2(t)

= A2(p
∗(t)) ·

[
δxfa(t)

δẋfa(t)

]
︸ ︷︷ ︸

x2(t)

+B2(p
∗(t)) · δθcol(t)︸ ︷︷ ︸

u2(t)

+E2(p
∗(t)) · δucol(t)︸ ︷︷ ︸

w2(t)

(5.4)

with parameter-dependent state-space matrices:

A2(p
∗(t)) =

 0 1

− s∗t (t)
m∗

t (t)
−d∗

t (t)+B∇uFax(p
∗(t))(1+ R2

H2 )

m∗
t (t)



B2(p
∗(t)) =

[
0

B∇θFax(p
∗(t))

m∗
t (t)

]

E2(p
∗(t)) =

[
0

B∇uFax(p
∗(t))

m∗
t (t)

]
(5.5)

expressed in terms of the parƟal derivaƟves:

∇ΩFax(p
∗(t)) = 1

2BρπR3u∗
col(t)

∂CT (p(t))
∂λ(t)

∣∣∣∣
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(
2CT (λ(t), θcol(t))− λ(t)∂CT (p(t))

∂λ(t)

) ∣∣∣∣
p(t)=p∗(t)

(5.6)

through which it can be observed that such a formulaƟon describes a quasi-LPV model due to the fact that the schedul-
ing variable p∗(t) contains also states of the system (see secƟon MathemaƟcal Control Problem FormulaƟon). As
menƟoned in Chapter 1 and Chapter 2, the aerodynamic thrust coefficient CT is considered to be staƟcally uncertain
and will be described as part of a defined setD. �
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6
Conclusions and Further

Developments

In Chapter 5 a new control problem has been formulated. This has taken into account the objecƟves of D4REL as
given in Chapter 1 as well as informaƟon presented in Chapter 2 regarding wind turbine modelling for control; the
control problem has been developed such that it can fit within the framework described in Chapter 3. Though similar
to other works discussed in Chapter 4, our problem can only be parƟally addressed by using the current theoreƟcal
tools. Moreover, the available control system design tool of ECN also requires several modificaƟons for accommodaƟng
these pracƟcal maƩers.

Several steps need to be taken for solving the problem in an appropriate manner. These are listed below and, as such
as shown next, addressing them will require us to follow a specific thread. This may be given as such:

FormulaƟon of an Uncertain LPV Model
In order to be in accordance with the proposed theory, the pracƟcal aspects regarding wind turbinemodelling given
in Chapter 2 and presented in block diagram form in Figure 5 need to be well integrated in an uncertain LPV model.
To this end, we propose that a quasi-LPVmodel for amore accurate descripƟon. Nonetheless, simplificaƟonsmay be
necessary therefore the discrepancy between thismodel and the realisƟc one started fromneeds to be invesƟgated.

Robust Controller Synthesis
A conservaƟve controller that ensures robustness of closed-loop stability and opƟmal performance characterisƟcs
considering the menƟoned sources of uncertainty needs to be designed.

• DeterminaƟon of Uncertainty Set: the uncertainty profile first needs to be defined as a set;

• Analysis of Uncertainty Effect and FormulaƟon of Control ObjecƟves: given the uncertain set, several simu-
laƟons need to be performed to interpret how turbine behaviour changes within it; relevant physical variables
(either measured or esƟmated) will be taken into account when control objecƟves are derived;

• FormulaƟon of Necessary LMIs: in order to fit our state-feedback robust control problem within the frame-
work of convex opƟmizaƟon, a linear matrix inequality approach will be used;

• Controller ComputaƟon and Closed-Loop SimulaƟons: the controller will here be computed using the imple-
mented tools for solving semidefinite programs; closed-loop simulaƟons need to be performed and the results
will be analysed and interpreted.
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LPV Controller Synthesis
A robust gain-scheduled controller that guarantees closed-loop stability and performance considering the men-
Ɵoned variaƟons in wind turbine behaviour as a funcƟon of the operaƟng condiƟon needs to be designed.

• DeterminaƟon of Parameter Set: for the proposed parameter vector, the corresponding set defined by the
possible parameter values and associated rates of variaƟon needs to be defined;

• FormulaƟon of Cost FuncƟon and Control ObjecƟves: given the parameter set, several simulaƟons need to be
performed to interpret how turbine behaviour changes within it; relevant physical variables (either measured
or esƟmated) will be taken into account when control objecƟves are derived;

• FormulaƟon of Necessary LMIs: in order to fit our robust state-feedback LPV control problem within the
framework of convex opƟmizaƟon, a linear matrix inequality approach will be used;

• Controller ComputaƟon and Closed-Loop SimulaƟons: the controller will here be computed using the imple-
mented tools for solving semidefinite programs; several more pracƟcal issues regarding controller implemen-
taƟon will also be discussed; closed-loop simulaƟons need to be performed and the results will be analysed
and interpreted.

Analysis of Results
The performance achieved with the new control structure will be invesƟgated, both with respect to theoreƟcal
indicators (e.g. performance levels) and, most importantly, in terms of physical variables. A contrast is offered
between the results with the proposed approach and those due to the one implemented within the control system
design tool of ECN. Relevant conclusions are drawn following the comparaƟve study.

A detailed report of the enƟre work will be provided. This will include both aspects menƟoned thus far in the literature
review and design results in the exact sequenƟal manner as proposed previously. Conclusions and possible extensions
will be offered. �

36



References

[1] F.D. Adegas. Structured Gain-Scheduled Control of Wind Turbines. PhD thesis, Aalborg University, 2013.
[2] F.D. Adegas and J. Stoustrup. Structured Control of LPV Systems with ApplicaƟon to Wind Turbines. Proceedings

of the IEEE American Control Conference, pages 756–761, 2012.
[3] P. Apkarian and R.J. Adams. Advanced Gain-Scheduling Techniques for Uncertain Systems. IEEE TransacƟons on

Control Systems Technology, 6(1):21–32, 1998.
[4] P. Apkarian and P. Gahinet. A Convex CharacterizaƟon of Gain-Scheduled H∞ Controllers. IEEE TransacƟons on

AutomaƟc Control, 40(5):853–864, 1995.
[5] P. Apkarian, P. Gahinet, and G. Becker. Self-ScheduledH∞ Control of Linear Parameter-Varying Systems: A Design

Example. AutomaƟca, 31(9):1251–1261, 1995.
[6] AmericanWind Energy AssociaƟon.Wind Energy Factsheets: Economics and Cost ofWind Energy. AmericanWind

Energy AssociaƟon (AWEA), 2005.
[7] European Wind Energy AssociaƟon. Wind Industry Factsheets: Technical Report. European Wind Energy Associa-

Ɵon (EWEA), 2004.
[8] G. Balas. Linear Parameter-Varying Control and Its ApplicaƟon to Aerospace Systems. Proceedings of the 2002

InternaƟonal Council of AeronauƟcal Sciences (ICAS) Congress, 541:1–9, 2002.
[9] G. Balas, J.C. Doyle, K. Glover, A. Packard, and R. Smith. µ-Analysis and Synthesis Toolbox: For Use with MATLAB.

The MathWorks, NaƟck, MassachuseƩs, 2001.
[10] G. Becker and A. Packard. Robust Performance of Linear Parametrically-Varying Systems Using Parametrically-

Dependent Linear Feedback. Systems & Control LeƩers, 23:205–215, 1994.
[11] A. Ben-Tal and A. Nemirovski. Lecture Notes on Modern Convex OpƟmizaƟon: Analysis, Algorithms and Engineer-

ing ApplicaƟons. SIAM, Philadelphia, 2001.
[12] F.D. Bianchi, H. De Baƫsta, and R.J. Mantz. Wind Turbine Control Systems: Principles, Modelling and Gain Schedul-

ing Design. Springer-Verlag, London, 2007.
[13] F.D. Bianchi, R.J. Mantz, and C.F. ChrisƟansen. Control of Variable-Speed Wind Turbines by LPV Gain Scheduling.

Wind Energy, 10(7):1–8, 2004.
[14] F.D. Bianchi, R.J. Mantz, and C.F. ChrisƟansen. Power RegulaƟon in Pitch-Controlled Variable-Speed WECS Above

Rated Wind Speed. Renewable Energy, 6(29):1911–1922, 2004.
[15] D.A. Bini, B. Iannazzo, and Beatrice Meini. Numerical SoluƟon of Algebraic RiccaƟ EquaƟons. SIAM, Philadelphia,

2012.
[16] F. Blanchini and S. Miani. Gain-Scheduling versus Robust Control of LPV Systems: The Output-Feedback Case.

Proceedings of the IEEE American Control Conference, 4:3871–3876, 2010.
[17] P.M.M. Bongers. Robust Control Using Coprime FactorizaƟons: ApplicaƟon to a FlexibleWind Turbine. Proceedings

of the IEEE Conference on Decision and Control, 3:2436–2441, 1992.
[18] P.M.M. Bongers. Modeling and IdenƟficaƟon of Flexible Wind Turbines and a FactorizaƟonal Approach to Robust

Control. PhD thesis, Technische Universiteit DelŌ, 1994.
[19] P.M.M. Bongers, G.E. van Baars, and S. Dijkstra. Load ReducƟon in a Wind Energy Conversion System Using H∞

Control. Proceedings of the IEEE Conference on Control ApplicaƟons, 2:965–970, 1993.
[20] E. Bossanyi. The Design of Closed Loop Controllers for Wind Turbines. Wind Energy, 3(3):149–163, 2000.
[21] S. Boyd, L. El Ghaoui, E. Feron, and V. Balakrishnan. LinearMatrix InequaliƟes in System and Control Theory. SIAM,

Philadelphia, 1994.
[22] S. Boyd and L. Vandenberghe. Convex OpƟmizaƟon. Cambridge University Press, Cambridge, 2004.
[23] T. Burton, N. Jenkins, D. Sharpe, and E. Bossanyi. Wind Energy Handbook. John Wiley & Sons Ltd., West Sussex,

England, 2011.
[24] B. Connor, S.N. Iyer, W.E. Leithead, andM.J. Grimble. Control of a Horizontal AxisWind Turbine UsingH∞ Control.

Proceedings of the IEEE Conference on Control ApplicaƟons, 1:117–122, 1992.
[25] N.A. Cutululis, E. Ceangă, Anca Daniela Hansen, and P. Sørensen. Robust MulƟ-Model Control of an Autonomous

Wind Power System. Wind Energy, 12(9):399–419, 2006.
[26] A. Diaz de Corcuera, A. Pujana-Arrese, J.M. Ezquerra, A.Milo, and J. Landaluze. LinearModels-Based LPVModelling

and Control for Wind Turbines. Wind Energy, 10:1 – 18, 2014.

ECN-E–14-036 Chapter 6. Conclusions and Further Developments 37



[27] J.C. Doyle, K. Glover, P.P. Khargonekar, and B.A. Francis. State-Space SoluƟons to Standard H2 and H∞ Control
Problems. IEEE TransacƟons on AutomaƟc Control, 34(8):831–847, 1989.

[28] EurObserv’ER. The State of Renewable Energies in Europe: 13th EurObserv’ER Report. Observ’ER, 2013.
[29] P.A. Fleming, J.W. van Wingerden, A.K. Scholbrock, and G. van der Veen. Field TesƟng a Wind Turbine Drive-

train/Tower Damper Using Advanced Design and ValidaƟon Techniques. Proceedings of the IEEE American Control
Conference, 3:2227 – 2234, 2013.

[30] P.A. Fleming, J.W. van Wingerden, and A.D. Wright. Comparing State-Space MulƟvariable Controls to MulƟ-SISO
Controls for Load ReducƟon of Drivetrain-Coupled Modes on Wind Turbines through Field-TesƟng. Proceedings
of the AIAA Wind Energy Symposium, 2012.

[31] P. Gahinet. Explicit Controller Formulas for LMI-basedH∞ Synthesis. AutomaƟca, 32(7):1007–1014, 1996.
[32] P. Gahinet and P. Apkarian. A Linear Matrix Inequality Approach toH∞ Control. InternaƟonal Journal of Robust

and Nonlinear Control, 4(4):421–448, 1994.
[33] T. Iwasaki and R.E. Skelton. All Controllers for the General H∞ Control Problem: LMI Existence CondiƟons and

State-Space Formulas. AutomaƟca, 30(8):1307–1317, 1994.
[34] M. Jelavic, N. Peric, I. Petrovic, S. Car, and M. Madercic. Design of a Wind Turbine Pitch Controller for Loads and

FaƟgue ReducƟon. Proceedings of the European Wind Energy Conference, 2007.
[35] S. Kanev. Polytopic Model Set GeneraƟon for Fault DetecƟon and Diagnosis. Technical Report 06-016, Technsiche

Universiteit DelŌ, 2006.
[36] S. Kanev, F. Savenije, D. Wouters, and W. Engels. Control Design Tool Upgrade (CDTup) Project. ConfidenƟal Final

Report ECN-X-12-086, ECN, 2012.
[37] L. Khachiyan. A Polynomial Algorithm in Linear Programming. Soviet MathemaƟcs Doklady, 20(1):191–194, 1979.
[38] T. Knudsen, P. Andersen, and S. Tøffner-Clausen. Comparing PI and Robust Pitch Controllers on a 400 kW Wind

Turbine by Full Scale Tests. Proceedings of the European Wind Energy Conference, 1997.
[39] I. Kraan and P.M.M. Bongers. Control of a Wind Turbine Using Several Linear Robust Controllers. Proceedings of

the IEEE Conference on Decision and Control, 3:1928–1929, 1993.
[40] D.J. Leith and W.E. Leithead. Appropriate RealizaƟon of Gain-Scheduled Controllers with ApplicaƟon to Wind

Turbine RegulaƟon. InternaƟonal Journal of Control, 65(2):223–248, 1996.
[41] D.J. Leith and W.E. Leithead. Survey of Gain-Scheduling Analysis and Design. InternaƟonal Journal of Control,

73:1001–1025, 1999.
[42] D.J. Leith andW.E. Leithead. On FormulaƟng Nonlinear Dynamics in LPV Form. Proceedings of the IEEE Conference

on Decision and Control, 4:3526–3527, 2000.
[43] D.J. Leith and W.E. Leithead. ApplicaƟon of Nonlinear Control to a HAWT. Proceedings of the IEEE Conference on

Control ApplicaƟons, 1:245–250, 2004.
[44] W.E. Leithead, S.A. de la Salle, D. Reardon, and M.J. Grimble. Wind Turbine Modelling and Control. Proceedings

of the InternaƟonal Conference on Control, 1:1–6, 1991.
[45] F. Lescher, H. Camblong, O. Curea, and R. Briand. LPV Control of Wind Turbines for FaƟgue Loads ReducƟon Using

Intelligent Microsensors. Proceedings of the IEEE American Control Conference, 7:6061–6066, 2007.
[46] F. Lescher, J.Y. Zhao, and P. Borne. Robust Gain-Scheduling Controller for Pitch-Regulated Variable-Speed Wind

Turbine. Studies in InformaƟcs and Control, 14(4):299–315, 2005.
[47] F. Lescher, J.Y. Zhao, and P. Borne. Switching LPV Controllers for a Variable-Speed Pitch-Regulated Wind-Turbine.

InternaƟonal Journal of Computers, CommunicaƟons and Control, 1(4):73–84, 2006.
[48] J.F. Manwell, J.G. McGowan, and A.L. Rogers. Wind Energy Explained: Theory, Design and ApplicaƟon. JohnWiley

& Sons Ltd., West Sussex, England, 2009.
[49] M. Mirzaei, H.H. Niemann, and N.K. Poulsen. A µ-Synthesis Approach to Robust Control of a Wind Turbine. Pro-

ceedings of the IEEE Conference on Decision and Control, 1:645–650, 2011.
[50] M. Mirzaei, H.H. Niemann, and N.K. Poulsen. DK-IteraƟon Robust Control Design of a Wind Turbine. Proceedings

of the IEEE Conference on Control ApplicaƟons, 2:1493–1498, 2011.
[51] Yu. Nesterov and A. Nemirovski. Interior-Point Polynomial Methods in Convex Programming. SIAM, Philadelphia,

1994.
[52] K. Ohtsubo and H. Kajiwara. LPV Technique for RotaƟonal Speed Control of Wind Turbines Using Measured Wind

38



Speed. Techno Ocean, pages 1847–1853, 2004.
[53] K.Z. Østergaard. Robust Gain-Scheduled Control of Wind Turbines. PhD thesis, Aalborg University, 2008.
[54] K.Z. Østergaard, P. Brath, and J. Stoustrup. Gain-Scheduled Linear QuadraƟc Control of Wind Turbines OperaƟng

at High Wind Speed. Proceedings of the IEEE Conference on Control ApplicaƟons, pages 276–281, 2007.
[55] K.Z. Østergaard, P. Brath, and J. Stoustrup. Rate-Bounded LPV Control of a Wind Turbine in Full Load. Proceedings

of the IFAC World Congress, pages 5593–5598, 2008.
[56] K.Z. Østergaard, J. Stoustrup, and P. Brath. Linear Parameter-Varying Control of Wind Turbines Covering both

ParƟal Load and Full Load CondiƟons. InternaƟonal Journal of Robust and Nonlinear Control, 19(1):92–116, 2009.
[57] A. Packard. Gain-Scheduling via Linear FracƟonal TransformaƟons. Systems & Control LeƩers, 22:79–92, 1994.
[58] A. Packard and A. Kantner. Gain Scheduling the LPV Way. Proceedings of the IEEE Conference on Decision and

Control, 5:3938–3941, 1996.
[59] R. Rocha and L.S.M. Filho. A MulƟvariableH∞ Control for a Wind Energy Conversion System. Proceedings of the

IEEE Conference on Control ApplicaƟons, 1:206–211, 2003.
[60] R. Rocha, L.S.M. Filho, and M.V. Bortulus. OpƟmal MulƟvariable Control for a Wind Energy Conversion System:

A Comparison Between H2 and H∞ Controllers. Proceedings of the IEEE Conference on Decision and Control,
8:7906–7911, 2005.

[61] D. Rotondo, F. Nejjari, and V. Puig. Robust State-Feedback Control of Uncertain LPV Systems: An LMI-based Ap-
proach. Journal of the Franklin InsƟtute, 371:2871–2803, 2014.

[62] W.J. Rugh and J.S. Shamma. Research on Gain Scheduling. AutomaƟca, 36:1401–1425, 2000.
[63] A. Sahin. Progress and Recent Trends in Wind Energy. Progress in Energy and CombusƟon Science, 30:501–543,

2004.
[64] S. Sastry. Nonlinear Systems: Analysis, Stability and Control. Springer-Verlag, New York, 1999.
[65] C. Scherer. LPV Control and Full Block MulƟpliers. AutomaƟca, 37:361–375, 2001.
[66] C. Scherer, P. Gahinet, and M. Chilali. MulƟobjecƟve Output-Feedback Control via LMI OpƟmizaƟon. IEEE Trans-

acƟons on AutomaƟc Control, 42(7):896–911, 1997.
[67] G. Scorleƫ and L. El Ghaoui. Improved LMI CondiƟons for Gain Scheduling and Related Control Problems. Inter-

naƟonal Journal of Robust and Nonlinear Control, 8:845–877, 1998.
[68] J. ShammaandM.Athans. Analysis of Gain Scheduled Control forNonlinear Plants. IEEE TransacƟons onAutomaƟc

Control, 35(8):898–907, 1990.
[69] J. Shamma andM. Athans. Guaranteed ProperƟes of Gain Scheduled Control for Linear Parameter-Varying Plants.

AutomaƟca, 27(3):559–564, 1991.
[70] J. Shamma and M. Athans. Gain Scheduling: PotenƟal Hazards and Possible Remedies. IEEE Control Systems

Magazine, 12(3):101–107, 1992.
[71] C. Sloth, T. Esbensen, M.O.K. Niss, Stoustrup J., and P.F. Odgaard. Robust LMI-Based Control ofWind Turbines with

Parametric UncertainƟes. Proceedings of the IEEE Conference on Control ApplicaƟons, 1:776–781, 2009.
[72] T.G. van Engelen, E.L. van der HooŌ, and P. Schaak. Development ofWind Turbine Control Algorithms for Industrial

Use. Public Report ECN-RX–01-060, ECN, 2001.
[73] J. Veenman and C. Scherer. On Robust LPV Controller Synthesis: A Dynamic Integral QuadraƟc Constraint-based

Approach. Proceedings of the IEEE Conference on Decision and Control, 1:591–596, 2010.
[74] J.C. Willems. Least Squares StaƟonary OpƟmal Control and the Algebraic RiccaƟ EquaƟon. IEEE TransacƟons on

AutomaƟc Control, 16(6):621–634, 1971.
[75] J.C.Willems. DissipaƟve Dynamical Systems Part I: General Theory. Archive for RotaƟonalMechanics and Analysis,

45(5):321–351, 1972.
[76] J.C. Willems. DissipaƟve Dynamical Systems Part II: Linear Systems with QuadraƟc Supply Rates. Archive for

RotaƟonal Mechanics and Analysis, 45(5):352–393, 1972.
[77] F. Wu. A Generalized LPV System Analysis and Control Synthesis Framework. InternaƟonal Journal of Control,

74(7):745–759, 2001.
[78] F. Wu, X.H. Yang, A. Packard, and G. Becker. Induced L2-norm Control for LPV Systems with Bounded Parameter

VariaƟon Rates. InternaƟonal Journal of Robust and Nonlinear Control, 6:983–998, 1996.
[79] W. Xie. H2 Gain-Scheduled State-Feedback for LPV System with New LMI FormulaƟon. Proceedings of the IEE

ECN-E–14-036 Chapter 6. Conclusions and Further Developments 39



Conference on Control Theory ApplicaƟons, 152(6):693–697, 2005.
[80] W. Xie. An Equivalent LMI RepresentaƟon of Bounded Real Lemma for ConƟnuous-Time Systems. Journal of

InequaliƟes and ApplicaƟons, 2008:1–8, 2008.
[81] W. Xie. New LMI-based CondiƟons for QuadraƟc StabilizaƟon of LPV Systems. Journal of InequaliƟes and Appli-

caƟons, 2008:1–12, 2008.
[82] J. Yu and A. Sideris. H∞ Control with Parametric Lyapunov FuncƟons. Systems & Control LeƩers, 30:57–69, 1997.
[83] G. Zames. On the Input-Output Stability of Time-Varying Nonlinear Feedback Systems Part I: CondiƟons Derived

Using Concepts of Loop Gain, Conicity and PosiƟvity. IEEE TransacƟons on AutomaƟc Control, 11(2):228–238,
1966.

[84] G. Zames. Feedback and OpƟmal SensiviƟty: Model Reference TransformaƟons, MulƟplicaƟve Seminorms and
Approximate Inverses. IEEE TransacƟons on AutomaƟc Control, 26(2):301–320, 1981.

[85] K. Zhou, J.C. Doyle, and K. Glover. Robust and OpƟmal Control. PrenƟce Hall, Upper Saddle River, New Jersey,
1996.

40



ECN
Westerduinweg 3 P.O. Box 1
1755 LE PeƩen 1755 ZG PeƩen
The Netherlands The Netherlands

T: +31 88 5154949
info@ecn.nl
www.ecn.nl


	List of Abbreviations
	Introduction and Conceptual Requirements
	Control-Oriented Wind Turbine Modelling
	LMI-based Robust and LPV Control: An Overview
	Robust and LPV Wind Turbine Control
	Formulation of the Control Problem
	Conclusions
	References

