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ABSTRACT 

A system of induction units of an existing air 
condi tioning system has been analyzed with respect 
to its dynamic properties. Time constants werecal­
ca1u~ulated and measured by analogue models . Com-
parison with measurements at the installation it­
self showed a r easonable agreement. Frequency res­
ponses were studied in the same way . Lumping of the 
thermal capacity of the water el iminates the fre­
quency peaks predicted by calculations . The fre­
quency responses at high frequencies in the ana­
logue wer e charaterized by system of orde r 0, I, 2 
or 3 which is explained by the calculations if the 
frequency peaks are neglected . 

NOMENCLATURE 

A Area Surf ace 

c Thermal capac ity,J/K 

c Specifi c heat , J /kgK 

L 

s 

T 

t 

v 

x 

a 

e 

Length of an iduction unit or pipe m 
-I 

Subsidiary domain of t, sec 

Temperature, K 

Time, sec . 

Velocity, m/sec 

Coordinate in the direction of flow, m 

Heat transfer coefficient, W/m2 K 

Amplitude of the tempera ture at sinusoidal 
input disturbance, K 

/) Laplace transformed temperature 

T Time constant of the system or a part of 

the system, sec. 

Tv Running time through a part of the system, sec 

~m Mass flow rate, kg/sec 

w circular frequency, rad/sec 

SUBSCRIPTS 

a 

m 

mp 

mr 

air 

metal of the induct ion units 

metal of the piping system behind the 
induction units 

metal of the return piping system before 
the induction units 

p water in the piping system behind the induc­
t ion units 

r 

w 

water in the return piping system before 
the induction units 

water in the induction units 

I NTRODUCTION 

When considering the system of the piping with the 
induction units of an air conditioning syst2f1 th .o 
schene of figure 1 may be useful . 
In this scheme it has been assumed that the piping 
system is perfectly isolated . Heat transfer 
between the water and the air is only possible at 
the induction units. In the following it will 
further be assumed that the thermal resistances in 
the metal of the induction units are negligibly 
small [1] but that no heat conduction occurs in 
the piping system in the direction of flow. 
The equations governing this system are: 

water in the induction units: 

Cl T ClT v a A v 
._:!_ + v ._:!_ + (aA) ~ w T (I) T (0C)w (J t i! Clx 'VCC w L w L w " m m w m 

air induced : 

ClT ClT 
(~) 

v v a 
+ v a ~T (aA ) ~ T 

Tt 3X + (2) a (/l c a L a 0c a L m 
m a m a 
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pi p i ng system 

FIG. SCHEME OF THE HEAT TRANSFER PROCESSES IN THE SYSTEM 
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mr 
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___ rT 
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mr 

(3) 

(4) 

(5) 

(6) 

(7) 

For s t eady sta t e conditions the above equations can 
easily by solved. The solutions are: 

T 
r 

T 
m 

T 
w 

T 
a 

Tmr = T)O) 

NITw(O) + N2Ta(O) 

NI + N2 

T 
Tw(O) - Ta(O) 

+ 
m 

T + 
m 

NI + N2 N2e 

(8) 

(9) 

x 
1 

a 
( I I ) 

T 
p 

T 
mp 

(0 c) 
m w 

T 
m 

(I 2) 

(I 3) 

2. STEP INPUT DISTURBANCE 

,9 

If the supply of hot water is stopped and the 
water flow becomes a closed circuit all temp e­
ratures will finally approach to the air tempe­
rature Ta(O} . The temperature can then be writ-

ten as; 

Tw (x, t2 = Tw I (x, t) + T,/O), etc. 

The first terms on the right hand side will 
approach to zero and satisfy the equations (I)­
(7} . It will be convenient to introduce into 
the ca l culations the running times of the 
wa t er and air and the time constant s of the 
blocks in fig. I 

c c L 
w 

l (aP.)w• (CJ.A) a ' l v ' 
l w a vw va 

w 

.c ) c L 
l taA p ' l (CJ.A) r' l 

__£ T p r vp v . vr p 
c c mp mr 

T 
(CJ.A) . T 

(a A) mp mr p r 

(I4) 

If .J denote s for the Laplace- transformed tempe­
rature then the Laplace transformation of (6) 
and (7) gives for a 

1 
and ,9 I: 

~ mp mr 

,..9 EI 
+ (Tw(O} - Ta(O)) . mpI ST + I mp 

T 
vw 

T NI + N2e TW mp 
(15) 

ST + I NI + N2 mp 



,J 
mr l 

(I 6) 

Lap l ace trahsformation of (5) with t he condition 

0 gives: 

- bi 
x 

T (0) 
-L 

~ 
rl 

w - Ta(O) 
+ B

1
e r ( 17) 

s 

T 
ST (T + 

mr 
I ) v r r ST + 

wi t h t
1 

mr 
T r 

The value fo r t he cons t ant B
1 

can be found when 
al l the equa tions fo r the water flow have been sol~ 

ved. 
The initia l value of Twl is 

T vw 
x-L 

r 
Tw(O) - Ta(O) 

(Tw l )t=O = N + N (N l+N2e 
I 2 

Tw r:;-

Laplace transforma tion of ( I) t hen gives , if 
j) = ~ at x = L 

,9 

wl rl r 
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,S m! 

ST 
w 

( I - e 
+ I 

x - L 
·-b---r 
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w 

T x - L 
vw r 

x -L 
r 

L 
w 

-sT 
vw 

x - L 
r 

x -L 
-b - b _ __ r 

I 2 L 
w 

x - L 
r 

L 
w 

+ 

) + 

. ( I - e 
L 

w ) } (18) 

T (sT + I) 
with b2 

vw w 
'[ 

w 

Laplace transformation of equa tion (4) with 
thebound ar y condition ,9pl -J wl at 

x - L + L gives r w 
b3 

(x - L - Lw) 
..S m! -b2 L r 

~pi 
p 

I I- e )e + 
ST + 

w 

(b I + b2 
b3 

(x - L - L ) - +-L r w B1e p + 
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( I - e 

(x - L 
r 

T vw 

with b
3 

= 

T 

T 
V'W 

ST (T + mp ) 
vp p ST + I mp 

T 
p 

( 19) 

The value for B
1 

can now be calculat ed by the 
boundary condit i ons for ,Sri andtSpl in a c lo sed 

system: J I (O) _j I (L + L + L ) 
r p r w p 

Laplace transfo r mation of (3) using the equations 
from paragraph I for the i nitia l value of Tm ! 

g i ves 

L + L 

sC ,S - C 
m ml m 

N
1 

(Tw(O) - Ta (O)) 

NI + N2 
j
r w 

TT 
c 

w 

) 
0 

w w L 
r 

(20) 

With the foregoing formulae and the cal cul a ted 
value for B , t he firs t integration a t the righ t 
hand side o~ (20) can be performed. Before 
carrying out the second i n tegra tion of (20) the 
assumption will again be made that the thermal 
capacity of the a ir may be neglec t ed and ther e­
fore the first t e rm at the l eft hand side of (2) 
becomes zero. Equation ( I I) is then a lways valid 
and the second int egra l of (20) becomes - N2 ..Jml 

With the calculat ed int egr als equa tion (20) ~ives 

-b 
sC C (I - e 2) 

; ml { sCm + _w __ + N2 + bw ( I) 
ST + ] LTW STW + 

( I -

w 

-b2 
( I - e )e 

-(b l+b2+b 3) 
I - e 
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(I - __ -_e __ 

b2 

- b2 
- e ( I -

- b2 
e ) e 

- b i 

'[ 

(-w- (I - e 
'[ 

vw 

Cw } + 
b2 

b2 (I 
I -:i:oz + 53) 

)L 

'[ 
vw 

- e 

- b 
( I - e 3) 

-b 2 - b 
N1Tw(I - e )e 

3 

(NI + N2)(sTw + I ) 
+ 

w 

I -

s 

( 21) 

In order to find the time constant of the system 
the left hand side of (2 l) should be equated 
to zero . 
The calculat i ons of the numerical value of the 
time constant will be made for two different 
assumptions for the p i ping system 

+ 

- the thermal capacity of the water and the metal 
ar c cons ide red as one capacity 

- the thermal capacities of the water and the 
metal are considered as separated capacities 
as indicated in fig . 1. 

In the analogue experiments the first ass ump tion 
has been made [1]. With the fir s t assumption T 

mr 
and T are zero and the s um of b , and b

3 
are 

mp ' 
de t ermined by the running time of the water 
through the who l e circuit. 
From the data reported in [a it follows that 
the length of the piping sys t em is 95 m whil e the 
average wa t er velocity i s about 0,87 m/s yielding 
a running time of 109 . 2 sec. 
Further the following va lues are found 

N1 = 267 . 925 W/K , N2 = 40.6875 W/K, Cw 

cm = 2200 J/K 

'[ 
w 2 . 7528 7. 1944 sec . 

Then: 

2.91 161 s 2 + 1.111 53 s + 0.0 1956 + 

I - 0 . 07328e- 7 · i 944 s 
19.8047 s + 7 . 1944 

1 - 0.07328e- 7 · 1944 s 
(I - I 09 . 2 7 1944 

e s - 0 . 07328e- · 
) = 0 

s 

2080 J/K, 

(22) 

The root of this equation is obtained by trial 
and error : 

s = 0.00 11 2 (sec) - 1
-+ T= 0 .00112- 1sec 14. 9 min. 

If s -+ - _!_ then both the left hand side and right 
'[ 

hand s i dewof (2 1) approach to ze r o wi th order 
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( sT w + 1). So ' w is nut a time con s t ant of the 

sys t em. The calcula t ed value is the only time 
constant of the system . 
In this calcu l ation iL has been assumed that all 
the induction units are in operation but in fact 
this is not sure. Therefore the time constant has 
also been calcu l ated for the case that 70% of the 
induction units are in operation as was simulated 
in the analogue exper i ments . Then the running 
time through t he piping system for an i nduction 
uni t is incn'<! Sed with a factor (0. 7)-1 and the 
first ter m in the denomi nator of the last term 

becomes e
156

· 05 -+ T= 20.85 min . 
So the t ime cons t ant of this system increases 
nearly proportional with the inverse of the num­
ber of induc tion units in operation. 
With the second assumption the piping and return 
piping sys tems will be considered as equal so 
T = T e t c . The following aditional da t a can be vr vp 
found wh i ch ar e ave r age va lue s based on a water 
temperature of 35oc. 

v 

A 

0.87 m/s, d = 0.06 m, vw 
2 

25 . 67 m , Prw = 4 . 9, Nuw 

- 6 2 
0,73 x 10 m /s , 

340, a 
w 

= 35 19 W/ nk 

c = c 
p r 

1233 x 103 J/K, C mp 
1233 x 10 3 

3519 x 25.67 

= 355 x 10
3 

J/K 

'[ = '[ !3 . 65 sec . 
p r 

'[ 
mp 

'[ 
vr 

'[ 
mr 

'[ 
vp 

355 x io3 

3519 x 25.67 

54 . 6 sec· 

3.930 sec. 

The first t erms of (22) remain unchanged but the 
first term in the denominator of the last t erm 
becomes 

I09.2s + 8 . oo - -8-·0- 0---
e 3 . 930s + 1 

15 6 .0s + 11 4286 -
11 

"
4286 

e · 3 . 93Cs + 

if a ll the induction 
units are in operation 

if 70% of the induc­
t i on unit s are in 
operation 

Solving the equa tion for s gives the time con­
stant s: 
T= 18 . 94 min. if a ll the induction units are in 

operat i on 
T= 26 . 67 min. if 70% of the induction unit s are 

in ope r a tion. 
Also now the time constant of the system increases 
nearly proportional with the inverse of the number 
of i ndu c tion units in operation . 
In the expe r iment at the installation a time 
constant 26 . 6 min . was found [l] . Analogue 
simulation gave the fo llowing results 
T= 2 1.8 min . if all the induction units are in 

operation 
T= 28.6 min. if 70% of the induction units are in 

operation . 
From the ca l culated values it is c l ear that the 
second assump tion i s much better than the first 
one. The influence of the heat transfer between 
the water and the pipes in the piping systems ap­
pear s to be rather strong. If 70% of the induction 
units ar e assumed to be in operation the calculated 
value with hea t transfer between the wat e r and the 



• 

pipes agrees with the experimental value, found 
previous ly. Nevertheless it may not be concluded 
that 70% of the induction units were ac tually in 
operation . 

3. SINUSOIDAL INPUT DISTURBANCE 

e 

e 

The solutions of the equations (I) - ( 7) will 
have the general form 

Tw Gwej w; etc., they are: 

e 
(23) 

G 
p 

mp j 1.11T + I 
mp 

e (24) 
G 

r 
mr jw-r + I 

mr 
- bi 

x 

()w(O) 
L 

(25) Gr e r 
x - L 

-b2 
r 

e L 
w 

e m 
( 1 +0 w(O). j wc- + - c 

'. I 
w 

x - L 
-(bi + b2 

r (26) 
L 

w 

G Gm 
{ ·w, µ J t w + 

x - L - L 
- b3 

r w 
L 

(27) 
p 

The solution for Gm expressed rn Gw (O) and Ga(O) 
is : -b2 -b1 

e 
8w(O)Cw(l - e )e + Ga(O)N21wb 2 

m 

(28) 

In the formulas for b 1, b
2 

and b
3 

the s should 
be replaced by j w . For high frequencies the 
followin g relations are obtained 

sinusoidal disturbance on entrance of the return 
II;;~-z0--cof "';-(y5---------------·----------

a 
T T 

e - (-':'.!: + vw) - . ( ' T T JW 1vr + 1 vwl 

1
. w 
im 8(0) 

w 

w w 
e 

w + 00 

for x L + L (29) r w 

T T vw 
(j wTw+I ) - ___':'.£ (j WT + I ) 

e c T T r 
w(l-e 

w 
le 

r 
l' m im 0(0) 

C T T (j w) 
2 w 

(30) w _,. 00 m vw w 
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lim Ga 
e (o)= w _,. 00 w T T T 

va 
T 

~(jwT +I) ~(jwT +I) 
T W T r 

Cw(l - e 

for x = L 
a 

a ) ( 1-e w ) e r 

C T T (j w)
2 

m vw w 

sinusoidal disturbance on air (8w (0) = O) 

T 

~ (j WT + I ) 
T w 

e 
lim w 

N
2

( 1 - e w ) 

w->-008 (O) 
a 

for x = L + L 
r w 

. ea 
lim e (0) = e 

a w _,. 00 

T va 
T 

a 

C T (j w) 
2 

m w 

for x L 
a 

(31) 

(3 2) 

(33) 

(34) 

Equations for 8 at x = L + Lw + L can be ob­
tained from thepequationsrfor 0 bypadding a 

w 
factor 

T 
---':'.£. (j WT + I) 
Tp p 

e 

Equations (29)-(34) indicate systems of orde r 0,1 
or 2 a s far as the denominators a re concerned. 
But the imaginary parts in the exponents of e ind:i:­
cate periodicity in the amplitude response and 
phase l ag . 

The analogue model used for the frequency response 
was different from the previous model [ I J at two 
points: 
- There was one section for the water side instead 

of four. 
The water side and the piping system is not a 
closed system anymor e. The capacitor represen­
ting the piping system (C3) is behind the induc­
tion units. 

In the analogue model the thermal capacities 
of the piping system and the water in the induction 
units are lumped together into one capaci t or each. 
Equations for 8w, Gm, etc. in this system can 
easily be derived and they indi cate the s ame order 
of sys tem as equation (29) - (34). But even without 
deriving the equations it is clear that no periodi­
city can occur in such a system. It appears tha t 
the equations are obtained from (30) - (34) if 
Tvr= 0 because the capacitor is behind the induc­
tion units and if Tvw = 0 because of lumping 
toge ther of the thermal capacities. For water at 
waterinlet fluctuations a first order system is 
found because there was only one section for the 
water side . 



The t emper a ture a t the end of t he p ip ing sys t em 
i s obt a ined f r om t he wat er t emper a ture in t he 
mod e l by add i ng a fac tor ( j wR1C3) -l. As an 
example the amplitude r esponse a t water inle t 
f l uc t ua tion is given in fig. 2 . Al l t emper a ture s 
show 2nd order sys tem except t he water t emper a ture 
whi ch shows a fir s t order sys t em . 
At a ir inl e t t emp erature f l uctuation the wa te r 
f r om t he induc tion unit s shows 2nd orde r behav­
iour and the wat er l eaving the piping sys t em 
shows 3rd ord er behav i our . 
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