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INTRODUCTION 
Our present day understanding of the relation between mechanical 

properties and chemical structure of polymers may be said to have originated 
about 30 years ago from the fundamental papers of Mark and Guthl and of 
Kuhn2 on the molecular origin of rubber elasticity. These papers contained 
the idea that elastic forces shown by rubbers on deformation are due to the 
fact that the molecules are very large and flexible, and that they can assume 
very many configurations for any given macroscopic shape of the sample in 
which they are contained. 

Our understanding of this relation was further advanced about 12 years 
ago when several laboratories3 - 5 began to investigate in a systematic way 
the time- or frequency-dependence of the elastic modulus and loss factor of 
a large number of polymers. This time dependent behaviour of polymers 
can be expressed in "mechanical spectra" which are characteristic for each 
polymer. The interpretation of these spectra proceeded in a heuristic way 
and was not ba ed upon a theoretical conception about the molecular con­
figuration of macromolecules. 

A connection between the theory of rubber elasticity on one hand and 
the data on mechanical spectra on the other hand, was made by R ouse6 
in 1953, and also by Bueche? and Zimm B. These authors introduced "normal 
modes" to describe the numerous configurations possible for macromolecules. 
The total deformation of a macromolecule can be considered as the sum of 
normal deviations which proceed nearly independently, each with its own 
characteristic relaxation time. 

The normal mod es of deformation of macromolecules should not be con­
fused with the normal modes of deformation crystals or of molecules as 
shown in optical spectra. The former are considered to arise from the balance 
of elastic and frictional forces with neglect of inertial forces; the latter arise 
from the balance between elastic and inertial forces with neglect of frictional 
forces. The former constitute the relaxation behaviour of the molecule and 
the latter the vibration behaviour. The characteristic times for these types of 
deformations are different and so are the normal modes to describe them. 
T he neglect of inertial forces in the relaxation treatment becomes increasingly 
serious with increasing frequency, the neglect of frictional forces in the vibra­
tion treatment becomes less acceptable with increasing interaction of a 
molecule with its surroundings. 

otwithstanding these three important steps in the development of our 
understanding, our theoretical background with respect to the entire problem 
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is still very unsatisfactory. Some of the most unsatisfactory features of the 
present situation are listed here a nd will be treated in more detail in the 
following sections. 

(i) Normal modes have been calculated (with one adaptable parameter) 
for simple linear molecules only. The effect of crosslinks, which every real 
rubber must possess, on the normal modes is profound but has been treated 
only by ad hoe and intuitive extensions of the theory for linear molecules . 

(ii) A molecular interpretation of macroscopic behaviour should at least 
result in a quantitative relation between a macroscopic m easurable quantity 
and a molecular quantity. However, various versions of the theory of rubber 
elasticity lead to different values of the elasticity modulus as expressed in the 
number of chains or of crosslinks. Experimentally, the latter number is found 
to be not constant or, in other words, the experiments cannot be described 
by a one parameter theory. 

(iii) The characteristic relation times of different macromolecules cannot 
be calcula ted from molecular models in a straightforward way and the effect 
of the environment on these times and on the mechanical loss factor is not 
as expected . 

DEGREES OF FREEDOM; NORMAL MODES 
We will now consider a general network consisting of v chains connected 

by nk crosslinks of different functionality f A small number, ne, of the cha in 
ends is fixed in space by the measuring apparatus, while n1 chain ends are 
loose. Thus, if n1 is the number of crosslinks of fun ctionality f we have the 
following relations: 

(1) 

(2) 

The number of chains effective in deformation is ve = v - 121. In equation 
(2) the second term of the left hand side is much smaller than the first. 
The total number of configurations of the network can be written formally9: 

(3) 

where index d-rk is the 3nk-dimensional space element indicating the positions 
of the crosslinks; v i k is the number of chains with a given end-to-end distance 
r; in the configuration k of the crosslinks and w; is the number of configura­
tions of a chain with end-to-end distance r;. W e assume all chains to be 
chemically identical, so w; depends on r; only. 

(4) 

where C is a proportionally constant and f32 is connected to the mean square 
end-to-end distance r0 2 by 

3 f32 = -
2ro2 

(5) 

In equation (3) the total number of configurations of the network is 
written as a product of the number of configurations of crosslinks and of 
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chains with fixed end points. Although this product is not very useful for a 
quantitative calculation because the movement of chains and the movement 
of crosslinks do not represent quasi-independent normal modes of movement, 
yet expression (3) is exact and has the correct number of dimensions. By 
assuming the crosslinks to be fixed in space, the number of degrees of free­
dom is drastically reduced but Q remains large and does not vanish. 

In the theories of Flory and WalllO and Herman n, vi ~efore deformation, 
is supposed to be proportional to Wi 

(4) 

being the number of chains with end-to-end vectors in the volume element 
dxidy;dz;. Now putting {32 = (3/2r0

2) and 1/:1 r0
2 = x0

2 = y 0
2 = z0 2, one can 

consider the components of the mean square end-to-end vector x0 2, y 0 2 and 
z0

2 as moduli describing the distribution Yi of the chains. The effect of defor­
mation Ax, Ay, Az of a unit cube is, in these theories, supposed to consist of 
changing these moduli into 1tx2 x0 2, A.y2 y 0 2 and ltz2 z0 2, respectively. However, 
if one changes the moduli, the volume element dxidyidz; of the chain ends 
must be changed by a factor AxAyAz, which gives rise to a factor ( AxAyAz) v 

in Q. Since, however, the v chain ends cannot move independently but are 
connected into nk crosslinks, clearly the correct number of degrees of freedom 
is employed by taking (ltxAyAz)nk instead of the above factor. Thus, the coeffi­
cient nk = (2 v/f ) of the term ln AxAyAz in the expression of Flory and Wall 
for the free energy of deformation is justified on general grounds. However, 
their basic assumption that the effect of deformation is to affect the modulus 
of the distribution ( 4) as stated above, appears to be unsatisfactory. 

A suitable extension of the theory of Rouse to crosslinked systems should 
give the correct normal modes of the system and, therefore, the correct num­
ber of degrees of freedom involved not only in static deformation but also 
in time dependent deformation. Although it is not possible to extend Rouse's 
treatment to unspecified networks, some general conclusions can be drawn 
from applying it to a single crosslink, as is shown by Duiserl2. 

In Rouse's theory the system is considered to consist of a large number 
N of Gaussian chains which interact in a way specified by the structure of 
the system and described by the interaction matrix A. If we write x; for the 
x coordinate of the end-to-end vector of submolecule (chain) i, then in the 
simple case in which all N submolecules are connected into a free linear mole­
cule, the rate of change of Xi can be written 

(5) 

in which B is the mobility of every junction, and µ is the thermodynamic 
potential of the chain. 

In vector notation (5) reads: 

x = - BA 'Vxµ (6) 
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where A is the connectivity matrix. 

3 - 1 0 0 0 0 
- 1 2 - 1 0 0 0 

0 - 1 2 - 1 
A = (7) 

0 0 0 - 1 2 1 
0 0 0 0 - 1 3 

A consists of N rows and columns. The fact that the ends of the molecule 
are free has been accounted for by assigning a mobility 2B to the end junc­
tion leading to 

.X1 = - B {z 8/L + (?!!:_ - 8
fL ) } = - B (3 8

fL -
8
fL) 

8x1 8x1 8x2 8x1 8x2 

which is taken into account in the matrix A by putting the elements (1,1 ) 
and (N,N) equal to 3. 

The case of a molecule with fixed endpoints is represented by assigning 
a mobility zero to these points which leads to the matrix 

1 - 1 0 
-1 2 - 1 

A = (8) 

- 1 2 -1 
0 - 1 1 

The normal modes of the molecule are found by solving the equation 

(9) 

where the N solutions of ,\ are characteristic of the relaxation times of the 
normal modes. With 

fL = - k Tf32 .Ex2 ( 10) 

the relaxation times turn out to be 

1 
( 11) 

Now the solutions of (9) are different for a molecule with free ends 
(equation 7) and one with fixed endpoints (equation 8). In the first case the 
smallest value of,\ is >.1 = (7r2/N2) and Ap = (p27T2 /N2 ). For the molecule 
with fixed endpoints /.p = (p27T2/ N ) with the first solution p = 0 and ,\ = 0. 

Obviously, the mode with ,\ = 0, -r = oo is the only mode that contributes 
to equilibrium elasticity, which occurs in the molecule with fixed endpoints 
and not in the molecule with free ends. 

If the distance in the X-direction between the fixed points is XE in the 
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undeformed state, then it is AxXE in the deformed state. The free energy of 
deformation is13 

(12) 

where x0 2 is the mean square end-to-end distance in the X-direction of the 
total molecule if kept free. 

In the theory of rubber elasticity of networks, some assumption must be 
made to account for the coherence of the network. One of these assumptions 
is that the crosslinks are fixed in space and subject to affine deformation. 
This assumption is clearly too restrictive. In reality only the surface of 
the sample is fixed in space and the crosslinks inside are free to perform 
Brownian motion. 

In order to find the normal modes of the network contributing to its 
equilibrium elasticity, the connectivity matrix A of the entire network should 
be constructed and solved. This is generally impossible. However, one can 
guess some of the features of the general solution by solving the problem 
for a single crosslink14. 

Ax 
Figure I 

We consider first a system of 4 N submolecules cons1stmg of 4 chains 
AP, BP, CP and DP connected by a 4-functional crosslink P (Figure 1). The 
chain ends A, B, C and D, are fixed in space, the submolecules are numerated 
as follows: from A to P: 1 to N; from P to B: N + 1 to 2 N; from C to P: 2 N 
+ 1to3 N; and from P to D: 3 N + 1 to 4 N. The mobility of P is assumed 
lower than that of the other junctions, Bp = (1 - o)B . 

The simplest case occurs with o = t. In that case A has the values given 
in (Figure 2). 

r 1 - 1 
- 1 2 - 1 

l} -t 
-t ~ 

- 1 2 
0 - 1 

A = 0 0 
0 0 

- 1 0 
1 0 
0 1 
0 - 1 

(Figure 2) 
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The corresponding determinant can be solved by first adding the reversed 
upper half to the lower half and then subtracting the reversed left half from 
the right half. Thus, the determinant is split into 3 subdeterminants of type 
(8) , one 2 N-dimensional and two N-dimensional. Thus, the system has 
3 normal modes with ,\ = 0 ( -r = oo) and not 4 as follows from the assump­
tion of fixed crosslinks. 

In less simple cases, the determinants are generally untractable. In 
the case of Figure 2 with 8 -=F t solution is again straightforwa rd, the 2 
N-dimensional subdeterminant is disturbed but the 3 normal modes with 
,\ = 0 remain. Also, the case of three chains with one 3-functional crosslink 
and 3 fixed ends can be solved . One finds 2 normal modes with ,\ = 0, in 
contrast with 3 resulting from t '1e assumption of fixed crosslinks. 

The obvious generaliza tion to be made from the observations is that the 
number of normal modes contributing to the free energy of deformation in 
equilibrium is not ve but ve - nk. Consequently, the elasticity modulus 
divided by k T becomes 

k~ = <~> ( ve - nk) ( 13) 

instead of ve or ve ( (xVx~) ) as has been supposed thus far. In passing 
we note that the factor 

<:~) 
is more correct than .i"[ ;~ which was used formerlyl5. 

Our result is at present of rather academ ic interest. It means that in 
a correct theory of rubber ela ticity the number of degrees of freedom in­
volved should be taken as ve - nk instead of ve . A quantitative experimental 
check of the theory is impossible since <4/x~) cannot be measured in­
dependently. The importance of this factor and the arguments against the 
assumption that it should equal unity have been well revised recently by 
Guthl6. 

EX PERIMENTAL ON NETWORK ELASTICITY 
An excellent survey concerned with experiments on network structure 

and properties has been compiled by Funkel 7. One of his conclusions is that 
the number of crosslinks as found from chemical analysis differs from that 
number as calculated from the elasticity modulus in an in predictable manner. 

H owever, the abserice of quantitative agreement between these two 
quantities is not the only and certainly not the worst of the unsatisfactory 
features of the experimental situation. 

Swelling measurements on carefully crosslinked cellulose acetate net­
workslB , 19 have shown that none of the existing network theories describes 
the results. Clearly the theory of swelling is complicated by the fact that 
change of the swelling ratio involves changes in the environment of the 
chains. This means that generally the environment of the chains is not a 
"8-environment" in which the excluded volume of the chain segments for 
each other vanishes . 
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However, it is not clear how the concepts of the excluded volume theory20 

for solutions could be incorporated in the network theory whereas the ex­
cluded volume will presumably affect the chain statistics profoundly. 
The excluded volume theory introduces as an important variable the 
quantity z (or ijJ or x) which represents a number of segments times a seg­
ment density. Whereas the segment density in networks (swollen or not) 
can be assigned a clear meaning, the number of segments effective in enlarg­
ing the end-to-end distance is not easily defined . One can, completely 
arbitrarily, take the number of segments in a chain " between crosslinks" 
since it is the end-to-end distance of these chains that counts in elasticity 
theory. Doing this, however, one does not account for an essential feature 
of the excluded volume theory, namely that the end-to-end distance of a part 
of a chain depends not only on the number of segments of that part but on 
the number of all the segments to which it is connected. In networks, this 
latter number is however, infinite, which precludes a straightforward appli­
cation of excluded volume theory to networks. 

A less ambitious effort to account for excluded volume effects consists 
in trying to describe these effects by an adaptable parameter with or without 
a clear physical meaning. Such a procedure has been proposed by Mukherji 
and Prins22 who account for the fact that volume exclusion of segments will 
favour long elongations and disfavour short elongations by introducing a 
factor (xiyiz; )11 into Wi, the number of configurations of the chain. Assuming 
further fixed crosslinks they find values for n which vary from 1 to 1/7 and de­
pend on the network and on the swelling agent. 

A sensitive test of network theories is given by measurements of the tem­
perature dependence of the elastic force. In these measurements the net­
work is always the same and the environment will not change strongly. In 
the classical case with (oU /oL )T,v = 0, one expects that the interaction 
energy of a chain with its surroundings does not change with elongation or 
with temperature (if extrapolated to zero volume change), so if there is 
any change at a ll it should originate from steric factors. 

In the general case with (oU /oL )T,V oj= 0, the intramolecular forces in the 
chain depend on temperature and elongation so one expects that also the 
intermolecular forces will change. Generally, this is accounted for by sup­
posing that r0 2 in (13) depends on the temperature. 

However, Opschoor and Prins23 demonstrate in their contribution to this 
symposium, that this assumption is insufficient to describe the experimental 
facts. They find that dr0 2/d T thus calculated depends both on the elongation 
and on the degree of crosslinking for polyethylene and a polyethylene-propyl­
ene copolymer. 

The present status of the theory scarcely permits to explain these find­
ings. Formally, one can assume that both crosslinking and elongation affects 
the environment of the chain in such a way that 

dr0 2/dT 

changes. That this effect is so strong, even in the case of a polar hydrocarbon 
polymer, is certainly surprising. 

Summarizing, we can only say that, since the days of Mark, Guth and 
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Kuhn, very little progress has been made with regard to a quantitative 
theory to describe experiments about rubber elasticity of polymers. 

TIME DEPENDENT ELASTICITY 
With respect to time dependent elasticity, progress has been made in two 

ways. The theory of Rouse for uncrosslinked polymers in dilute solution is well 
supported by experimental data24. This is surprising in view of the fact that 
in this theory internal friction is ignored and that it is expected to be sensi­
tive to the molecular weight distribution. 

Some insight into time dependent elasticity of polymers has also resulted 
from the large amount of data modulus and damping as functions of time v. 
frequency for very many polymers in the glassy, rubbery and transition 
state. These data have been summarized on various occasions25. Here we 
will only show some of the problems that have, yet to be solved. 

In the short-time region movements of small parts of molecules show up. 
Their characteristic times of relaxation do not depend on molecular weight 
and not, or only sligh tly, on the environment. The relaxation time and 
amount of energy dissipated per molecule depends only on the internal 
structure of the molecule. Good examples of such intramolecular movements 
are the movements of rings of various sizes such as those studied by 
Heijboer26 and reported on in this symposium. In these systems, the particular 
movement under consideration can be treated as a normal mode of the mole­
cule, unaffected by other movements. They retain their identity even in 
systems without macromolecules. 

In longer-time regions one finds movements of larger parts of polymer 
molecules which are more likely to interact with the molecule as a whole and 
with the environment. The effect of the environment is not always easily 
understandable even qualitatively. For instance, addition of a plasticizer 
is, in the first place, supposed to alter the viscosity of the medium. For a given 
intramolecular movement, one expects that this will result in a reduced re­
laxation time without much effect on the total energy dissipated in the 
movement. 

However, Heijboer's experiments indicate that addition of plasticizer 
to poly(methyl methacrylate) has an unexpected effect. The relaxation 
time of the ,8-peak is not affected at a ll a nd the dissipated energy is increased 
(Figure 3). In order to understand such a phenomenon, we have to consider 
three quantities determining the position and shape of a loss peak in the 
relaxation spectrum: the number of molecular groups involved, the free 
energy change involved in the movement of each group and the friction 
coefficient, B, determining the relaxation time. If, on addition of plasticizer, 
the relaxation time does not change, one must assume that, contrary to 
expectation, B is not affected by this change of environment. The fact that 
the loss maximum increases means either that the number of molecular 
groups partaking in the deformation increases or that the amount of free 
energy released per group on deformation increases. In equation ( 13) , this 
latter quantity is represented by 

kT<:~> 
and the former quantity by v. 
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0·15 MeCOOMe and C6H4 ( COOBu) 2 , 40° 
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Figure 3 

In this connection, two points should be stressed. The first is that the 
,8-peak corresponds to a change of configuration of a part of the chain and 
not, as in the case of the cyclic systems, with the motion of a side chain. 
The second point is that the plasticizer does affect the transition temperature 
or, in other words, the relaxation time of the entire chain, very much. Thus, 
the mechanism producing the ,8-peak and the mechanism producing the 
glass-transition must be expected to interact strongly. Again, a really 
satisfactory description of these movements would be in terms of quasi­
independent normal modes which need not preserve their identity if the 
environment is changed appreciably. Yet it remains surprising that the 
characteristic relaxation times of certain molecular motions are often not 
very sensitive to change in the environment. 

The last effect to be treated in this survey is the effect of a network with 
non-permanent crosslinks on the elasticity of a polymer. The temporary 
crosslinks may be due to chemical reactions or to entanglements. Such net­
works have been treated with a variety of more-or-less intuitive extensions 
of the classical theory of rubber elasticity27. 28 or of Rouse's theory29. In 
view of the intricacies and uncertainties of the motion of the crosslinks 
in deformation, it would seem desirable to review these theories by trying 
to describe them in terms of normal modes of deformation of such networks 
on the lines indicated in the beginning of this lecture30. 

Summarizing, we can say that our knowledge of the subject treated in 
this conference is largely heuristic and intuitive. Much information has been 
collected systematically in this way. The time has come for a really funda­
mental theory of mechanical properties as a function of chemical structure. 
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