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Synopsis

H. A. Kramers?!) has studied the rate of chemical reactions in view of the
Brownian forces caused by a surrounding medium in temperature equilibrium. In a
previous paper ?) the author gave a solution of Kramers’ diffusion equation in phase
space by systematic development. In this paper the general problem of the shuttling
forward and back of a particle between two potential holes is studied.

It is found that the reaction rates depend exponentially on the ratio of activation
energy to kT. This remains true for a reaction proceeding simultaneously in both
directions. The form of temperature dependence of the non-exponential factor is
determined by the potential curve. Analogous results are obtained for a system con-
taining many degrees of freedom.

1. Introduction. H. A. Kramers?!) has studied the rate of chemical
reactions at the following model. A particle moves in an external field of
force, but — in addition to this — is subject to the irregular forces of a
surrounding medium in temperature equilibrium (Brownian motion).
Originally the particle is caught in a potential hole, but it may escape in
the course of time by passing over a potential barrier. Assuming the validity
of The Einstein theory of Brownian motion, Kramers derived a diffusion
equation in phase space, describing the above process. Assuming a stationary
diffusion current, Kramers was able to derive expressions for the reaction
rate and the compare these expressions to those obtained from the so called
transition state method.

In a previous paper 2) the author gave a solution of Kramers’ diffusion
equation in phase space by systematic development. It was shown that
in this development Smoluchowski’s diffusion equation in coordinate space
appears as a first approximation. Higher approximations were given too
and their magnitude was evaluated.

In this paper a model consisting of two potential holes, separated by a
potential barrier is studied and the reaction rates in both directions are
calculated.

2. The mathematical method. A particle moves in a one dimensional
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potential field U(g) of the gene.ral form as sketched in fig. 1. The particle
is subject to an external force F(q)

F = — dU/dg (1)

A chemical reaction is represented by a transition of the particle from
state 1 via the transition state ¢ to the final state 2 or vice versa.
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Fig. 1.

The energy necessary for the passage through the transition state 7 is
supplied by a medium of temperature 7 and viscosity # in which the
particle is embedded. The diffusion process may then be described in a
first approximation by the Smoluchowski diffusion equation (S-equation)
which has the form of an equation of continuity

dolot = — ow/oq (2)

where ¢ is the particle density along the g-coordinate and w is the S-current.
This current w consists of two parts, one due to diffusion and one due the
systematic velocity » of the particle

w = — Déoloq + vo (3)

For spherical particles (radius @ and mass m) D and v may be expressed
as
D = kT |6mna
v = F|6nna

(4)

It is preferred however to introduce two other quantities, viz the friction
factor f and the relaxation time 7
[ = 6mna
T = m/bana

()

The friction factor / determines the friction between particle and medium.
The meaning of the relaxation time 7 may be understood by observing that
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a free particle (F = 0) subject to Brownian forces starting with initial
velocity g, travels a mean distance g,v during an infinite time interval.
In other words 7 gives an estimate of the time necessary to set up a Boltz-
mann distribution in the gas kinetic velocities of the particles.

The S-current may now be written as

w = {-Y(— kTéc/éq + Fo) 6)

This expression may be considered as a first approximation. A second
approximation was derived from Kramers’ diffusion equation in phase
space 2). The correction terms read

0
Wy = ra—f‘z(— kTa/aq + F)20' (7)
q

A comparison of (7), (6) and (2) yields the result that (7) is of the approxi-
mate magnitude
Wy, = Tow/ot (8)

We conclude that for processes which take a time ¢ large as compared to the
relaxation time 7 to effect an appreciable change in @ (or ¢) the S-equation
is a good approximation.

3. The diffusion model of chemical reactions. The diffusion current (6)
is now evaluated by a method which was used by Kramers?) for the
stationary state, but which may easily generalised. Expression (6) is written
as

w = — (kRT/f) exp (— UJkT).¢{c exp U/kT}/oq 9)
Integration of (9) between points 1 and 2 (cf. fig. 1) yields
JRwexp URT dg = — (kT/f) {0, exp U,/kT — o, exp U,/kT} (10)

The discussion of the integral in (10) is facilitated by observing that for
a model representing a chemical reaction the potential barrier is high as
compared to £7. As a consequence the region near the top of the barrier
gives the major contribution to the integral. On the other hand w is very
nearly constant in this region, as may be concluded by remarking that the
particle density near the top of the barrier will not change very much during
the course of time.

Equation (10) may be written as

@ foarrier ©Xp U/RT dg = — (RT/]) {0, exp Uy/kT — oy exp U,/kT} (11)
The number of particles in state 1 may be defined as
n, = [t odg (12)

Now the majority of the particles in state 1 will be found near the bottom
of the potential hole 1. In that region the particles will be approximately
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distributed according to a Boltzmann distribution. Therefore 7, may be
written as

7y = oy exp Uy /RT . [1,.1€xp (— U/RT)dg (13)

and #n, as
Ny = 03 €Xp Uy/RT . [4910 2 €xp (— UJRT)dg (14)
Substitution of (14) and (13) in (11) and observing that w = — 5, yields

" nl == (kT/ffbarn'er €Xp U/kqu) &
A1/ [hote 1€XP (— U[RT)Aq — ny/ [1010 2 €xp (— U/RT)dg} (15)

This is an equation describing the transfer of particles between hole | and
hole 2. It is of the form
— iy, = Kyn, — Kyn, (16)
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Fig. 2.
The reaction rates K, and K, depend on the form of the potential curve
in the holes and near the top of the barrier
Ky = KT/(} fyarrier €xp U/RT dq. frprer exp (— U/RT)dg)  (17)
Ky = KT/(f fyarrier xp U/RT dq. frosenexp (— U/kT)dg)  (18)
As special cases we mention three examples:

1. Broad holes and barrier (fig. 2).
The reaction rates follow from (17) and (18)

K, = (KT|fbd,) exp (— U, + U)/AT
K, = (KT/fbdy) exp( — U, + Uy)/kT

2. Edge shaped holes and barrier (fig. 3).
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Designating the forces at the slopes of the barrier by F, and F, the
reaction rates become
K, = {FiF,/kT{(F, + Fy)} exp (— U, + U,)/kT

2 . (20)
Ky, = {F3F [RT[(F, + Fy)}exp (— U, + Uy)/kT

3. Parabolic form of holes and barrier.

Near 1: U=U;+ (¢%2) (g — ¢1)*
Near 2: U = Uy - (0%2) (g — ¢3)°
Near ¢: U=U,— %2) (¢ — 9,

The reaction rates are

K, = (ay/2af) exp (— U, + Uy)/kT

K, = (By/2af) exp (— U, + Uy)/RT 21}

The following conclusions may be drawn:

a. In all cases the reaction rates are proportional to the usual expo-
nential function of the activation energy over £7. This is also true for
reactions proceeding simultaneously in both directions.
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b. The temperature dependence of the non-exponential factor depends
on the form of the potential curve. It may vary between proportionality
with T and T

¢. The method which is based on a diffusion process is radically different
from the transition state method which is based on a discussion of the state
of equilibrium. It may be of interest to compare our results to those ob-
tained by the transition state method (TSM). The TSM assumes temperature
equilibrium and calculates the number of particles (w,g,,) proceeding in
one direction over the barrier. One finds

Wpgar = 0,(20mkT) =2 [5° (p/m) exp (— p22mkT)dp = (kT |2nm)"2a, (22)

where o, is the particle density in the transition state.
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Introduction of (18)...(13) yields the relation between K ¢, and K,
K o/ Kpsar = TR /m)" {fyarriey oxp (U — UYRT dg}*  (20)

where DT means diffusion theory.

This relation is valid for both K, and K,. The factor 7(27zkT /m)"? repre-
sents the distance traveled by a particle starting with the gas kinetic velocity,
while the integral in the denominator gives an estimate of the broadness
of the barrier. Now the S-equation is a good approximation if the distance
traveled by a particle before its systematic velocity is reduced to zero is
small as compared to the region in which the diffusion takes place. We
conclude that for processes for which the diffusion theory is valid, the
resulting reaction rates are smaller than those following from the transition
state method.

4. More dimensional models. A generalisation of the one-dimensional
model of §2 is obtained by discussing a system of many (say n) degrees
of freedom. The potential curve of fig. 1 is generalised in the following
way. Holes 1 and 2 are many dimensional holes connected by a narrow
pass. In and near the transition state the potential surface shows a negative
curvature along a single coordinate (in the direction connecting the holes)
and a positive curvature along all other coordinates.

The generalisation of expression (9) for the S-current is

w = — (kT/f) exp (— U/kT).grad {o exp U/kT} (24)
Integration along a curve between two points 1 and 2 yields
fEwexp UkT ds = — (kT /f) {0, exp Uy/kT — o, exp U,/kT} (25)

Near the transition state the path of integration is chosen in such a way
that w and ds are parallel. Then the left hand member of (25) may be
written as (cf. (11))

SEw exp U/RT ds = w [y4,yier €xp U/RT ds

where ds is a line-element near the top of the pass and parallel to w.

It should be realised that w as obtained from (26) and (25) depends on
the choice of the path of integration. The total number of particles passing
from hole 1 to 2 is obtained by summing over all paths of integration, i.e.
by the integration of w over a more dimensional plane through the transition
state and orthogonal to ds.

S %1 i /all coordinates | ds wdf (26)
The following result is obtained

S5 77‘1 = (kT,/f) fall coordinates | ds df/(./barrier GXp U/kT ds)
A/ Jrore 1 €Xp (— U[RT)AV — ny/ fuore 2 €xp (— U/RT)AV}  (27)
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Equation (27) is most easily discussed at the case of parabolic potentials
in the neighbourhood of hole 1 (coordinates ¢y, ¢4s, - - -, ¢1,.), hole 2 (co-
ordinates ¢y, ¢ss, - - -, §o,) and the transition state (coordinates ¢, ¢,

e s Gin)

Near 1: U= U, +}2% (a}/2) (¢; — §:1?

Near 2: U = U, + X1 (82) (9: — ¢20)*

Near #: U= U—~{12) (@1—9a)*+ 2% (/i/2) (¢:—9:)?

It is assumed that in the neighbourhood of the transition state ¢ the

S-current is parallel to the coordinate ¢,. Then the following reaction rates
are obtained from (27)

K, = (y40;...0,/27fy,. . .y,) exp (— U, + Uy)[kT
Ky = 71y - -Bal27fys. . .7a) €xp (— U, + Uy) /2T
These expressions are analogous to those obtained from the one dimensional

model (21). The analogy is best seen by the introduction of two apparent
friction factors

(28)

,/.1 e .y,,,“az. LA (29)
.’2 = fyl 5 'yn"ﬂZ' 2 ‘ﬂn
If the pass is narrow as compared to holes 1 and 2 (y,...y, > a,...qa,
and f,...p,), then f; and f, are much larger than /.
We conclude that for a narrow pass the reaction rates are much smaller
than those obtained from the one-dimensional model. This is not the case
if the curvatures in the pass and the holes are equal.
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