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Synopsis

.The method of solving the Thomas-Fermi equation, developed in a previous
paper r), is applied to the H2O-molecule. The electronic density is calculated.

AproofisgiventhattheThomas-Fermimethod,@
Poissoe+$**tioJa*

gives a zero value for the electric dipole moment oI any molecule.

$ 1. The HrO-molecu,le. In a previous paper 1) the equation of Thomas and
Fermi was solved approximately in an analytic form for atoms and for the
Nr-molecule. In this paper the same method is applied to the HrO-molecule.
The Thomas-Fermi equation reads:

AV : 4noeV"l,

where Z is the electric potential
e is the electron charge
o : flzpo* sslz attz

ao is the radius of the first electron orbit of the hydrogen atom.
For the HrO molecule Z is written as a sum of three terms:

V:Vo(rr) *V"(r) *Vr(r)
where r, is the distance from the O-atom andr2,resp. /3 are the distances from
the first, resp. the second H-atom. The following new variables are intro-
duced:

qs : (rrf 8e) Vo (rr)

VH: (r2le) Vu?r) resp. : (rrle) V"(rr)

xr : rrl Fo

xr: r2f ps, x : rll pu

P : (4no)-zll e-t Z-Lls

(r)

(2)

(3)

(4)

(s)
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Z isthe nuclear charge.The introduction of these varaibles in (l) yields:

uoE'l@,) .rrrVr *d',@'): [,u 
q_o@r) 

*va@z) +y411''' (u)xt x2 x3 L xt xz x3 J

Now equation (6) is separated in such a way as to yield equations which
are approximately linear. By triat and error it was found that the following
equations give good results:

+d6@,) : \/A fl, Eo@t)l,c|tu

e;@) : 'y'A va@z)

E'n@t) : \/A Ep@a)

A: l67o(x.,)l*, * Va@z)lxz* Ea@e)lxe

Combination of. (7a, b, c) yields (6).

The factor { Axlhproves to be reasonnably constant throughout the mole-

cule. This was ascertained by substituting the atomic functions for go and
gr, which gives a sufficient approximation. The factor {A is reasonnably
constant near the H-atoms, where the function g, is important. A check was

obtained by trying a different equation instead ol (7a), viz.:

qdl@,) : t/ e*'i; eo@t)lx1t, (7a)'

Th_e_factor \/ A-'1" shows a larger fluctuation in the molecule than the factor

\/ A*urlr, as used in (7 a). However, the final results obtained by (7 a) and (7 a)'

differ only slighily. Apparentty, slight variations in the factor, which is

treated as a constant, do not influence the results.

The solution o' 

"o'rir,t,r, : c {xr Kur, (? tt t*p *,r*1 (B)

rvhere Ku7, is the modified Bessel function of the second kind of order 6f7. It
was obtained by interpolation between Kulnar,d Kr.

The approximately constant factor { e*it" has the value 2,7 . The factor C

was chosen in such a way that the potential approximates the potential of

atomic O near the O-nucleus: C : 22,61 .

In a similar way the solution oI (7a)' is:

E@t) : c t/*, K,tn(* {i4 *'t',

with: lVffi :2,6
and C : 2,49 .sin f,nl@12).

The solution of (7b, c) is:

v@) : C e-t/e'
with.,/A: 1,1 and C : 0,98.

(7")

(7b)

(7c)

where

(e)

(r0)
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From the solution of (1) obtained in this way, the electronic density g x,as
calculated from

p : 6l/!lz (11)

The results are given in fig. i. In this figure curves of constant electronic
density are given. Fig. la shows these curves in a plane through the atomic
nuclei. The distance H-O is 0,958 A, OA : 0,587 A, HA:0.758 A. Only the
left half of the plane is reproduced, because of the symmetry of the HrO mole-
cule. Figures lD and lc represent planes parallel to the plane of the atomic
nuclei at distance of.O,2525 resp.0,505 A. In order to facilitate the orien-
tation the projection of the H- and O-nuclei in these planes is given too.

$2. Electric dipol,e rnornents. From the electronic charge distribution, as

calculated in the previous paragraph, the electric dipole moment of the
molecule may be calculated. However, it may be shown generally that for
any molecule the electronic cloud, as calculated by the Thomas-Fermi
method, yields a zero value for the electric dipole moment. This proof will be
given.

Consider a molecule consisting of a number of atomic nuclei with charges
Zrat distances rd from an arbitrarily chosen center of coordinates and of an
electronic cloud distributed according to the Thomas-Fermi equation. Now
the electric dipole moment of the electron cloud may be defined as

M: - el6 da (12)

du is an element of volume.
The minus sign occurs because of the negative charge of the electrons.

Substitution of the Poisson-equation:

leads to:
ZV : { 4npe

M: - @n)-'trlVdu
Green's equation is applied to the space between a large sphere (radius R)
with its center at the center of coordinates and a number of small spheres
(radii p,) with their centers at the atomic nuclei. Green's equation may then
be written as

| (xAV - VAx) d, : $ (* grad V - V grad z) df (15)

where r is the ff-component of r and where the integration in the right hand
member is extended over the surfaces of the large sphere and the small
spheres.

As lx : 0 we conclude that:

M,: - @n)-'lxlV du: - llan $@gradV -V gradr) df (16)

Now, far from the atomic nuclei, where the electron cloud may be treated
as resulting from an atom with a nuclear charge equal to that of the

( l3)

(14)
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Fig. 1. Electron density in the H2O-molecule in cm-3
In the plane of the atomic nuclei.
In a plane parallel to aud at a distance of.0,2525 A from a).
In a plane parallel to and at a disatnce of 0,505 A from a).
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combined nuclei, the potential V a llr{ as may be seen from Sommerfeld's
asymptotic approximation 1). If follows that the surface integral over the
large sphere gives a zero result for R -+ oo.

Near the ith atomic nucleus the potenti al V is approximately equal to
V : Z;elp;, where q, is the distance from that nucleus.

It follows that for Q; + 0 the surface integral over the itk small sphere is

equal to:

$ x grad V df : (Zaelgl) *,1 dl : 4nZt axt

where r, is the r-coordinate of the ith atomic nucleus.
And

$ 7 grad x df : (Z,elon) /i df : 0

(17)

(18)

where i is the unit vector in the r-direction.
It follows from (16), (17) and (18) that

M:-e\nZnr, (19)

On the other hand the electric dipole moment of the atomic nuclei is:

M: + e2oZrr, (20)

It follows from (19) and (20) that the electric dipole moment of a molecule

is zero. This result is of course in contradiction with experiment. It may be

pointed out, however, that the electric dipole moment is due to a second

order effect. Therefore the charge distribution as given in fig. I may be a

good approximation notwithstanding the fact that it yields a zero dipole
moment. This was found in practice too. Very slight changes in the electronir,
distribution result in relatively large differences in the values of the electric
dipole moment as found by numerical integration.

On the other hand the question arises what causes the electric dipole
moment in actual molecules. It follows from our discussion that a model

containing a continuous electron cloud governed by the elassieal-Peisse+ 1//4r*
Fzz"*equation can never yield non zero dipole moments. Probably the fact that

the electron is a point charge subject to quantum laws is the cause of non zero

dipole moments. For the water molecule a model in accordance with these

principles was given by L e n n a r d J o n e s and P o p I e 2).
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