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A B S T R A C T

The effect of embedding in concrete on the fatigue performance of steel reinforcement bars
is not evident. Some test series provided in literature demonstrate a higher fatigue resistance
of embedded bars as compared to bars in air, whereas others provide a lower resistance. In
addition, debate exists on the mechanisms behind the difference between tests in air and tests
in concrete, if any. These mechanisms mentioned in literature are empirically based. This paper
provides a numerical (finite element) study on the stress concentration factors and the stress
intensity factors for the two conditions. It shows that the locations of cracks in concrete relative
to the ribs on rebars and the distance between concrete cracks have little influence on the stress
peaks in the rebar and hence on the fatigue performance of the rebar. Mechanical interlock or
pressure of concrete against the ribs slightly contributes to the rebar stress concentrations. No
significant difference should be expected in fatigue resistance between rebars in air and rebars
embedded in concrete. Variations in local geometry at the root of ribs appear of more significant
influence.

. Introduction

Extensive experimental campaigns have been devoted to the fatigue performance of steel reinforcement bars (rebars), e.g. [1–
]. The typical fatigue strength expressed as stress range of ribbed reinforcing bars is between 150 and 280 N/mm2 at 1 million
ycles, [5]. These studies showed that this large variation is caused by the aspects: stress ratio 𝑅, bar diameter 𝐷, steel grade,
arking of the bars if any, (corrosive) environment, presence of welds, pre-bending of the bars, and presence of ribs (also called

ugs). With respect to the rib dimensions, Fig. 1, it appears that transverse ribs with a small base radius over rib height 𝑟∕ℎ, steep
lank angles 𝛼, and large base width 𝑤, result into relatively large stress concentrations and therefore relatively short lives.

The studies mentioned before are done on axially loaded single rebars that are not embedded, generally referred to as ‘tested
n air’. Fewer studies are devoted to the fatigue performance of rebars embedded in concrete, the most extensive one being [7].
xperimental campaigns – often with relatively small number of tests specimens – compared the fatigue strength of reinforcing bars
n air with bars embedded in concrete. Conflicting results are obtained on the influence of concrete embedment, see the overviews
n [8] and [5]:

Moss [9] conducted experimental research on the fatigue strength of reinforcing bars in air and embedded in concrete, see Fig. 2.
he fatigue resistance of 16 mm diameter ribbed bars, embedded in a concrete beam and tested in bending, was approximately 20%
igher than that of the same bars tested in air and loaded axially. Fatigue failure of the rebars was found to always coincide with
crack in the concrete that was formed at the first load cycle. The crack initiation site was associated with the pattern of ribs.
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Fig. 1. Rebar rib dimensions with cross-section perpendicular to rib, [6].

Fig. 2. Moss’ fatigue test results of large diameter rebars in air and in concrete.
Source: Reprint from [9].

Moss recommended that the fatigue properties of reinforcement for design purposes should be assessed from axial tests, since the
beneficial effect of the embedment in concrete may vary between structures due to differences in concrete strength, concrete cover,
and other parameters.

Similar to the study of Moss, also the experimental studies of Jhamb and MacGregor [10] and Soretz [11] provided an increase
in the fatigue resistance of ribbed rebars of 7% and between 10% and 20%, respectively, when embedded in concrete as compared
to axial loading in air. Conflicting results where obtained by Rehm [12] and Westerberg and Jacobson [13], who observed a reduced
fatigue resistance when embedded in concrete in their experimental campaigns. Tilly [14] compared concrete beam tests in [15]
with axially loaded specimen in air of [16] and concluded that there is no significant difference in fatigue life between the two cases.
Soltani et al. [4] tested two reinforced concrete beams, of which one failed. The fatigue resistance of this single test corresponded
to that of rebars tested in air.

The following explanations have been provided for a potential better performance when embedded in concrete:

i The weakest link principle applies to fatigue, where the probability of a fatigue crack is highest at largest notch combined
with the largest local stress. In air, the nominal stress 𝜎 – i.e. average stress over the cross-section – is equal over the bar
length and hence the rib with the largest notch effect is decisive. In concrete, rebar stresses are larger than average in the
vicinity of a concrete crack and lower elsewhere. The probability that the weakest location in the rebar coincides with the
concrete crack location is small, [11,14]. Moss [9] reports that the embedded rebar in tests always failed at the position of
a crack in the concrete, which had formed at the beginning of the test.

ii The efficiency or stiffness of the bond between concrete and steel is not considered in the calculation of the stress range in
the rebar, whereas it has been demonstrated to reduce the local stress range in tests [11] or simulations [8].

iii Grains in the concrete crack may prevent the crack from complete closure at minimum load. In addition, local slip may occur
between concrete and rebar at the concrete crack. Both aspects cause the minimum stress level in the rebar to be larger and
hence the stress range to be smaller than in a calculation in which these aspects are not considered, [11].

iv The concrete beam tested in bending causes a stress gradient in the rebar. A defect in the rebar gives a longer life if it is
located at a fibre experiencing lower than average stress, [9].

A potentially worse performance when embedded in concrete is attributed to the following, [13]:

i Similar to the last mentioned cause of better performance, a defect located at a fibre experiencing higher than average stress
gives a relatively shorter life.
2
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Fig. 3. Outline of the paper — is the fatigue resistance of rebars in concrete better or worse than in air?

ii Local curvature of the rebar occurs at the concrete cracks, thereby contributing to a non-uniform stress distribution over the
rebar cross-section.

iii Concrete pressing against the ribs causes a higher stress concentration at the rib root as compared to a continuously loaded
rebar in air.

The majority of this research stems from around 1980. Different from prestressing strands, where much more recent studies have
been performed and have led to the consensus that embedded prestressing strands have a worse fatigue resistance as compared to
strands in air, [17], the issue of fatigue of embedded reinforcing bars remains unsolved to date. This may be related to the small
number of reported fatigue failures of reinforcement in actual structures. More recently, however, fatigue is mentioned as a potential
cause of failures of concrete wind turbine foundations, e.g. [18,19]. In addition, because of the increasing age of many reinforced
concrete bridges or bridge slabs and the large increase of heavy vehicle crossings since their design, [20], a number of road and rail
authorities have expressed their concern about this potential failure mode. Finally, the benefits of increasingly stronger concrete
mixtures and reinforcement bars are at certain point limited by the fatigue resistance. For such cases, it is relevant to know if the
large database of fatigue tests in air is also representative for the embedded condition and forms the motivation for the current
study.

The small number of tests per series on concrete beams and the difference in dimensions of these between the series complicates
he evaluation of the effect of concrete embedment on the fatigue resistance of rebars. Simulations using the finite element method
FEM) may give insight into the different aspects that contribute to the fatigue resistance of rebars. Several studies are conducted
nto the stress concentration occurring at the rib root of rebars. Jhamb and McGregor [10] and Rocha Rocha Pinto Portela Nunes
6] used the FEM to evaluate the effect of rib dimensions on the stress concentration factor (SCF). Their findings agree with the
xperimentally determined parameters of importance in [3], as indicated at the start of this section. A similar study was conducted
n [21], where a good correlation was obtained between the stress concentration determined with the FEM and the fatigue resistance
etermined in experiments. These studies considered rebars in air. To the authors’ knowledge, studies have not been conducted
here the influence of concrete embedment on the stress concentrations of rebars was evaluated through FEM.

Daoud and Lovegrove [8] studied the effect of concrete bond on the stress intensity factor (SIF) of an edge crack in reinforcement
ars by making use of the FEM. The SIF was evaluated in a simplified two-dimensional model for an edge crack in a smooth bar –
.e. a bar without ribs – embedded in a concrete beam. It was concluded that the SIF of a bar with crack embedded in concrete with
ull bond between the materials was significantly lower than that of a bar in air with the same crack, for crack depths of 𝑎 > 0.15𝐷,

but slightly higher for smaller depths. Partially bonded rebars were in between these two extremes. The results qualitatively agreed
with the results of an earlier study by Lovegrove et al. [22], who have measured the number of cycles to failure of four specimens,
comprised of initially notched bars without ribs embedded in concrete beams. They compared their results with fatigue crack growth
rates measured in steels of comparable strength in [23] and concluded that the crack growth rate of bars in concrete is lower as
compared to bars in air for SIF up to 25 MPa m1∕2. To the authors’ knowledge, studies to the crack growth rate or SIF of rebars
with ribs embedded in concrete have not been performed before.

The objective of the current study is to contribute to the understanding of differences between fatigue of rebars in air and in
concrete, if any, and to evaluate the different explanations provided in literature for the differences by making use of the FEM, Fig. 3.
The approach followed here allows for an analysis of the role of concrete embedment on the fatigue relevant stress distributions in
rebars with ribs, with a level of detail that has not been considered before. Sections 2 and 3 provide the models and results related
to the SCF and SIF in air and embedded in concrete, respectively. An estimate of the fatigue initiation and propagation lives based
3
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Fig. 4. Definition of rib angle, 𝜃, and rib distance, 𝑙.

Fig. 5. Solid element model with unstructured mesh in FEM of a rebar in air with 𝑟∕ℎ = 0.1.

2. Models of rebars in air

2.1. Stress concentration factors

Rebars are considered with a diameter of 𝐷 = 24 mm including ribs with dimensions according to Figs. 1 and 4 of 𝑙∕𝐷 = 10∕24,
ℎ∕𝐷 = 1∕24, ℎ∕𝑤 = 1∕3, 𝛼 = 45◦, 𝜃 = 90, 60 or 45◦, and 0.1 ≤ 𝑟∕ℎ ≤ 1.0. Hence, the relative rib radius is varied as it appears
the dominant variable for the SCF according to [1,21,24,25]. A limited number of rebars with 𝛼 = 65◦ are analysed to study its
influence. These dimensions meet the requirements of standard [26]. All finite element models are constructed in Abaqus/CAE 6.14
software.

A finite element model of a rebar in air is constructed using C3D10 s order tetrahedron elements containing 10 nodes and 4
integration points. The applied Young’s modulus and Poisson ratio are 𝐸 = 2.1 × 105 N/mm2 and 𝜈 = 0.3, respectively. A non-
structured mesh is selected for this solid model, see Fig. 5. Symmetry conditions are applied on one end of the model and a uniform
tensile stress is applied on the other end (left and right sides in the figure). The SCF, 𝐾𝑡, is defined as the maximum principal stress
at the surface, 𝜎𝑝, divided by the applied stress, 𝜎:

𝐾𝑡 = 𝜎𝑝∕𝜎 (1)
4
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Fig. 6. Part of the axi-symmetrical model with structured mesh of a rebar in air, 𝑟∕ℎ = 0.1.

Fig. 7. SCF of rebars in air with 𝐷 = 24 mm and with various rib angles and root radii.

The required mesh size near the rib root and the required model length are determined in a sensitivity study. A mesh size of
0.01 mm near the point of interest appears (more than) sufficient to reach convergence for all geometries considered. The SCF in a
model with length 𝑙 equal to the rib spacing (Fig. 4), i.e. containing one rib in the centre and with symmetry boundary conditions on
one end and a uniform tensile load on the other end, appears to be (almost) equal to the SCF in a model with length 6𝑙, containing
six ribs. For this reason, the model used to determine the SCF in air has length 𝑙. To verify the performance of the non-structured
mesh, the SCF of the model with 𝜃 = 90◦ is compared to that of two axi-symmetrical models: One with a similar, unstructured
mesh as the solid model and triangular elements of type CAX6M and the other with a very dense structured mesh of quadrilateral
elements type CHX8. Fig. 6 shows the model with structured mesh.

The SCF of the axisymmetrical model with unstructured mesh is equal (difference less than 0.1%) to that of the structured mesh.
This SCF is 1% lower as compared to the SCF in the axisymmetrical model of [21]. The SCF in the axi-symmetrical model is between
3% and 4% lower than that of the solid model for the entire range of 0.1 ≤ 𝑟∕ℎ ≤ 1.0. The difference between the axi-symmetrical
and the solid element model is attributed to the rib in the axisymmetrical model being continuous along the perimeter of the bar,
i.e. a small difference with the actual rib applied in the solid model. Based on the comparison, the solid model with unstructured
mesh is considered sufficiently accurate for the purpose of this study.

Fig. 7 provides the SCF as a function of the relative rib radius, 𝑟∕ℎ, and the rib angle, 𝜃. The figure demonstrates a large influence
of the relative radius; i.e. a small radius results in a relatively large SCF and this is expected to result into a relatively low fatigue
life. Such an influence is expected from a geometric consideration, i.e. a small radius gives a sharp geometrical discontinuity, but
it is remarkable because international product standards such as [26] do not provide requirements on the (relative) rib radius. The
rib angle also appears of importance, but less so as compared to the relative radius. This agrees with the observations from a FEM
study in [6]. The highest SCF of rebars with a rib angle of 𝜃 = 90◦ is at the centre of the rib. This position shifts towards the end of
the rib as 𝜃 decreases, see Fig. 8.

In addition to the SCF, the gradient of the stress is known to be relevant for the fatigue resistance, [27]. The stress gradient, 𝐺,
is defined according to [28]:

𝐺 =
𝜎𝑝 − 𝜎𝛿 [𝑚𝑚] (2)
5
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Fig. 8. Contour plot (normalized stress, green = nominal, red = 2 x nominal, blue = 0) of a rebar in air with 𝜃 = 60◦, 𝑟∕ℎ = 0.5. Red arrow shows maximum
stress location.

Fig. 9. Stress gradients of rebars with 𝜃 = 90◦: (a) 𝐺 (Eq. (2)) as function of 𝛿 for a bar with 𝑟∕ℎ = 0.5 and CMI; (b) 𝐺 at 𝛿 ≈ 0 for different geometries and
bond conditions.

where 𝜎𝛿 is the principal stress at a distance 𝛿 below the surface from the location of 𝜎𝑝. The stress gradient in round bars is not
constant but depends on 𝛿, see Fig. 9a. Extrapolation of the relation to the surface of the bar gives a value of 𝐺 that can be reasonably
approximated by taking the stress 𝜎𝛿 very close to the surface, e.g. at 𝛿 = 0.01 mm, equal to the mesh size in the current study.
This distance is used to evaluate 𝐺. The red squares in Fig. 9b provide the stress gradient for three relative rib radii of rebars in air
(other data are introduced below). Obviously, the largest SCF are accompanied by the largest gradients.

2.2. Stress intensity factors

Fatigue of metals is the process of initiation and subsequent propagation of discrete cracks. For considering crack propagation,
such a discrete crack has therefore been introduced in the model of the rebar at the location of maximum stress concentration. The
SIF is determined for a limited set of parameters, namely 𝜃 = 90◦ and 𝑟∕ℎ = 0.5. It is not known – at least not a priori – how a
crack in a bar with a rib at a different angle than 𝜃 = 90◦ grows. It is expected to follow the rib root at small size but to grow
perpendicular to the stress direction at larger size, but the size at which this transition occurs is unknown. The models used to
determine the SIF contain six ribs (model length = 6𝑙). A semi-elliptical crack is applied near the location of the maximum stress
of the centre rib. The crack front is modelled with a spiderweb mesh, containing four layers of hexahedron elements and one layer
of collapsed hexahedron elements of type C3D20. Midpoint nodes in the collapsed elements are shifted to quarter point position.
Fig. 10a provides a view of the spiderweb mesh around the crack front. This part was inserted into the model of the rebar. The
logical location for a crack to initiate is at the point of maximum stress. This point is in the rib root radius. However, the spiderweb
mesh around the crack front could not be inserted in the rib root for reasons of mesh compatibility. For this reason, the crack was
shifted 0.3 mm away from the root, see Fig. 10b, in which the red cross indicates the location of maximum stress. This may slightly
influence the SIF at the surface point, but is not expected to influence the SIF at the deepest point of the crack.
6
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Fig. 10. Crack front mesh: (a) Spider mesh; (b) Crack surface point relative to rib root.

The SIF is obtained with the concept of the J-integral, using the third contour. All results are presented as the geometrical
correction factor, 𝑌 , defined as:

𝑌 = 𝐾
𝜎
√

𝜋𝑎
(3)

where:
𝐾 = Stress intensity factor
𝜎 = Stress
𝑎 = Crack depth in the rebar
Round rebars without ribs are also modelled and values of 𝑌 compared to data from others as a check of the model. Forman

and Shivakumar [29] have obtained the following equation for 𝑌 of semi-circular cracks in round bars:

𝑌 = 1.84

𝜋 cos
(

𝜋𝑎
2𝐷

)

√

√

√

√

√

tan
(

𝜋𝑎
2𝐷

)

𝜋𝑎
2𝐷

(

0.752 + 2.02 𝑎
𝐷

+ 0.37
[

1 − sin
( 𝜋𝑎
2𝐷

)]3
)

(4)

The equation gives a good fit of the average data obtained from various studies at the deepest point and at the surface, with a
scatter between these studies of approximately 15%, [30]. Geometrical correction factors of semi-elliptical cracks in round bars are
given in [31] for five different crack depths and three crack aspect ratios 𝑎∕𝑐, where 𝑐 is the semi crack length measured around the
perimeter of the bar, see Fig. 10. Assuming that one single crack growth relationship applies, a fatigue crack grows to a condition
where 𝐾 (and hence 𝑌 ) is equal along the crack front. The difference in 𝑌 between the surface point and the deepest point in [31]
for 𝑎∕𝑐 = 1 therefore demonstrates that the optimum shape of the crack front is not semi-circular. The optimum is estimated here
by linear interpolation between the aspect ratios in [31] in such a way, that 𝑌 in the deepest point is equal to that at the surface.
With the optimum aspect ratio obtained in this way, 𝑌 of the deepest point in [31] is on average 7% higher than the solution for
semi-circular cracks of Eq. (4).

The current model is modified to a round bar and compared to the solutions in [29] and [31] for a crack with a relative depth
of 𝑎∕𝐷 = 0.25. The geometrical correction factor, 𝑌 , for a semi-circular crack is 3% lower with the current model as compared to
Eq. (4). The optimum aspect ratio obtained through trial and error with the current model is (𝑎∕𝑐)𝑜𝑝𝑡 = 0.70, whereas it is 0.73 when
using linear interpolation between the values of [31]. (Tests in [29] give 0.83 < (𝑎∕𝑐)𝑜𝑝𝑡 < 0.95 at similar relative crack depths).
The geometrical correction factor, 𝑌 , for a semi-elliptical crack with optimum aspect ratio is 3% higher with the current model as
compared to the interpolated values of [31]. Hence, the model is considered sufficiently accurate for the purpose of the current
study.

Bars with ribs are subsequently studied. The continuous curve in Fig. 11 provides 𝑌 as a function of the relative distance along
the crack front, 𝑥∕𝑑, Fig. 11, for a semi-circular crack with 𝑎∕𝐷 = 0.25. The black dots present data from [31] for a round bar. The
two solutions are equal for the deepest point of the crack but, not surprisingly, the presence of the rib causes a higher SIF at the
surface point of the crack. In this study, the optimum aspect ratio is considered as the aspect ratio at which the average SIF along
the crack front is equal to the SIF in the deepest point of the crack. This appears to be (𝑎∕𝑐)𝑜𝑝𝑡 = 0.70 for the crack with 𝑎∕𝐷 = 0.25,
Fig. 11.

The red curve and boxes in Fig. 12 provide the optimal aspect ratio and the corresponding geometrical correction factor of cracks
with different depths in rebars with ribs in air. The optimal aspect ratio is similar to the one of round bars without ribs according
to [31] (black curve with dots). The presence of the rib causes an increase in 𝑌 for small relative crack depths but the influence
decays for larger depths, similar to the influence of threads in threaded bars, [30]. The geometrical correction factor of relatively
deep cracks according to the current model with ribs appears lower than those for round bars of [31] and [29]. This difference may
be caused by different interpretation of data, where the current evaluation provides the average value of 𝑌 along the crack front
(again, equal to the value in the deepest point). An expression for 𝑌 is obtained by curve-fitting the data using a similar expression
as [30] applied for threaded bars, i.e. an expression for a round bar together with an exponential correction factor that considers
the influence of the rib. The correction factor is expected to scale with the SCF, i.e. a higher SCF gives a larger SIF for near surface
cracks. The geometrical correction factor for rebars with ribs in air containing semi-elliptical cracks is:

𝑌 =

(

𝐾𝑡 − 1
)

exp
(

𝑐2
𝑎 )

+ 𝑐3 + 𝑐4
𝑎 + 𝑐5

( 𝑎 )2
+ 𝑐6

( 𝑎 )3
+ 𝑐7

( 𝑎 )4
(5)
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Fig. 11. SIF along the crack front of bars in air with 𝑎∕𝐷 = 0.25.

Fig. 12. Simulation results of bars containing cracks: (a) optimal aspect ratio of the crack; (b) corresponding geometrical correction factor of the SIF.

where coefficients 𝑐1 = 4 and 𝑐2 = −20 are fit to the available data for ribbed rebars in air and 𝑐3 = 0.6507, 𝑐4 = 0.5367, 𝑐5 = 3.0469,
6 = −19.504 and 𝑐7 = 45.647 are coefficients according to [30] for a round bar containing a crack front that transits from semi-
ircular for shallow cracks to straight-fronted for deep cracks. As the exponential correction factor is based on limited data, this
quation provides an estimate only.

. Models of rebars in concrete

.1. Bond stiffness

Five standard pull-out tests according to [26] are carried out to determine the stiffness of the bond between steel and concrete.
n each test, a rebar with 𝐷 = 12 mm and an anchor length of 5𝐷 is pulled out of a concrete block with dimensions 200 × 200 × 200
m3, while the load 𝐹 and the extensions at the loaded side 𝛥𝑝 and the unloaded side 𝛥𝑞 are measured, see Fig. 13(a). The force–
isplacement curves of Fig. 13(b) plot 𝛥𝑝 and 𝛥𝑞 with positive and negative values, respectively. The shape of the curves agree with
hat of others, e.g. [32]. Because forces in fatigue generally remain in the elastic range, only the linear part of the force–extension
iagram is considered, Fig. 13(c). The appropriateness of this assumption is checked hereafter.

The theoretical bond stiffness, defined as the ratio between the theoretical shear stress and the deformation, cannot be applied
n the model because it implicitly accounts for mechanical interlock through the ribs whereas the latter aspect is modelled explicitly
ere. Instead, the bond between concrete and steel is modelled as a cohesive surface at the interface with a stiffness obtained in
baqus through trial. The exact geometry of the test specimen is modelled – including the ribs and the concrete block, see Fig. 14
and the force–extension diagram is determined and compared to the test. The same types of element as previously described are
sed. The elastic properties applied in Abaqus for concrete are taken from additional tests with the same concrete mix and are
= 2 × 104 N/mm2 and 𝜈 = 0.2. The constant elastic cohesive shear stiffness, 𝑘, defined as the ratio between the traction and the

isplacement, accounts for the effects of friction between the materials, for micro cracking that may occur in concrete near the ribs,
nd for local variations of the concrete Young’s modulus at the interface. By calibrating the cohesive shear stiffness to match the
ull-out tests, these aspects are incorporated in a phenomenological manner. At very low stress levels the cohesive stiffness also
onsiders the effects of adhesion (or chemical bonding) between the two materials, but the chemical bond may be assumed as broken
8

t the stress levels relevant to fatigue. Moreover the experimental force–displacement curves show a single linear branch instead
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Fig. 13. Set-up and results of the pull-out tests (black) and FEM (red): (a) Schematic test set-up; (b) Force–displacement curves; (c) Zoom of force–displacement
curves for small deformations.

Fig. 14. Cross-section of the model of the pull-out tests.

of two branches, so chemical bonding is apparently not so relevant for the stiffness. The simulations with 𝑘 = 600 N/mm3 give a
reasonable agreement with the force–displacement curves of the tests; the deformation is slightly overestimated at the unloaded
side and slightly underestimated at the loaded side, see the red lines in Fig. 13.

Two trial values are selected for the normal stiffness of the cohesive surfaces namely, equal to 0 and equal to the shear stiffness
𝑘 = 600 N/mm3. The latter stiffness gives a 6% larger deformation and a 1% smaller SCF as compared to the former. It is concluded
that the cohesive normal stiffness is unimportant for the aim of this study. Note that pressure overclosure is active, preventing
penetration of the meshes of rebar and concrete.

The actual bond stiffness may vary along the rebar and be different at ribs and between ribs. In addition, the monotonic
bond stiffness may deteriorate due to fatigue, [33,34]. The mentioned value of 𝑘 = 600 N/mm3 should therefore be treated as
an approximation. For this reason, simulations are also carried out with the two extremes:

• Complete composite working where the nodes of the rebar are equal to those of the concrete at the interface, i.e. 𝑘 = ∞,
hereafter referred to as ‘‘Concrete, Perfect Bond (CPB)’’.

• No friction, i.e. 𝑘 = 0, referred to as ‘‘Concrete, Mechanical Interloc (CMI)’’.

3.2. Stress concentration factors

Moss [9] observed cracks in the concrete beams in his fatigue tests at the application of the first load cycles. The final fracture of
the bar occurred at the (approximate) same location as one of these concrete cracks. Nagesh and Appa Rao [35] observed concrete
cracks after less than 0.6% of the total number of cycles causing fracture of the rebars in their constant amplitude loads. No
significant alteration of the crack pattern was observed at further cycling. Hence, one can assume concrete cracks being present
during the entire fatigue process in the fatigue tests and it is not necessary to model the concrete fracture process. For this reason,
a model was constructed containing a discrete crack (modelled as a seam) arbitrarily ending halfway between two ribs, where the
rebar transfers the tensile forces at the concrete crack, see Fig. 15. The model is aimed to represent the tension side of a concrete
beam. The concrete block has dimensions of 200 × 200 mm2 and the distance considered between the concrete cracks is 120 mm
9



Engineering Fracture Mechanics 248 (2021) 107713I. Luijters et al.
Fig. 15. Schematic of the model of the rebar embedded in cracked concrete (dimensions in mm, not on scale).

Fig. 16. SCF resulting from the models: (a) SCF as function cohesive stiffness for 𝑟∕ℎ = 0.1 and 𝜃 = 90◦; (b) SCF of bars in air and in concrete.

or 5𝐷, spanning 12 ribs. The Young’s modulus applied for concrete is 𝐸 = 3 × 104 N/mm2. Use has been made of symmetry. This
model was applied to determine the SCF.

As for the rebar in air, an axisymmetrical model with a structured mesh and a three-dimensional model consisting of solids with
an unstructured mesh are analysed with the same types of element as previously described. The two models render approximately
the same SCF for rebars with 𝜃 = 90◦ (average difference of 2%). The average shear stress in the models over a distance 𝑙 measured
from the concrete crack – containing one rib – at fatigue relevant stress levels of up to 400 MPa, is compared with the theoretical
bond stress from the pull-out tests. In all cases the average shear stress remained in the linear range of the tests. This confirms that
the cohesive surface (between the concrete tensile cracks) can indeed be modelled as elastic.

Highest SCF is observed at the rib root in all simulations, i.e. at the same location as for rebars in air, and not at the concrete
crack. This indicates that the location of the concrete crack – whether ending in between ribs or at the rib root – is not so important
for the fatigue performance of the rebar. This is further substantiated by two additional simulations with 𝑟∕ℎ = 0.5 and 𝜃 = 90◦ in
which the concrete crack is applied at the rib root, i.e. at the location of the peak stress (without using symmetry), and 0.3 mm
away from the end of the rib root. The SCF in these models is 5% or 2% higher, respectively, as compared to the model with the
crack centred between two ribs, in case of a cohesive stiffness of 𝑘 = 600 N/mm3. In case of CMI the SCF is independent of the
location of the concrete crack. The distance between the concrete cracks also appears relatively unimportant. Models with two times
shorter or longer concrete crack distances than 5𝐷 predict an SCF that is between 3% and 7% higher or lower, respectively, than
the 5𝐷 concrete crack model.

The black curve in Fig. 16a gives the SCF as a function of the cohesive stiffness at the rib closest to the concrete crack for a model
with 𝑟∕ℎ = 0.1 and 𝜃 = 90◦. The results including cohesive stiffness origin from the axisymmetrical model to reduce the numerical
complexity. CMI and CPB simulations are done with the solid element model. As expected, the SCF is bounded between the CMI and
CPB simulations (dashed curves). However, the SCF at the adjacent rib, i.e. one rib away from the concrete crack, appears slightly
higher for 𝑘 < 1000 N/mm3 (red curve in the figure). Pressure between concrete and the rib flank is highest at that location and
together with the cohesive stiffness this creates friction, causing a high force transfer at the rib and hence a higher SCF than in the
CMI simulation. Balázs [36] also found that a too intensive bond between steel and concrete may cause high stress concentrations.
However, the difference remains small. The SCF at 𝑘 = 600 N/mm3 is 2% larger than in the CMI simulation. This small difference
is ignored hereafter and results are provided for CMI and CPB simulations.
10
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Fig. 17. Action of concrete pressing against the rebar ribs.

Fig. 16b provides the SCF resulting from the model. The data for air are equal to those in Fig. 7. The figure indicates that the
SCF in simulations with a rebar embedded in concrete and without bond stiffness (CMI) is equal to or slightly higher than the SCF
in air. The force transfer of concrete pressing against the ribs causes this slightly increased peak stress, Fig. 17. The theoretical case
of perfect bond between steel and concrete (CPB) gives a substantially lower SCF. The difference in Young’s modulus between steel
and concrete causes the remaining SCF in that case. Fig. 9 provides the stress gradients for the three cases. It is obvious that the
larger 𝐾𝑡, the larger is 𝐺.

3.3. Stress intensity factors

SIF values are obtained in a similar way as for rebars in air, but with the model explained in Section 3.2. A crack in the rebar
is applied at the rib closest to the concrete crack, because concrete is expected to crack once a crack develops in the rebar. Bond
stiffness is not considered for the same reason, however, data for CPB are given for reasons of comparison. Fig. 12 provides the
optimal aspect ratio and the geometric correction factors for the three cases. The optimal aspect ratio of the rebar embedded in
concrete and without bond stiffness (CMI) is initially smaller than that of a rebar in air, but it approaches the same ratio for deeper
cracks. CMI provides a slightly higher SIF for 𝑎∕𝐷 < 0.1 and a lower SIF for 𝑎∕𝐷 ≥ 0.1 as compared to the rebar in air. The reason
for the higher SIF at small crack size is the same as for the higher SCF: the rib is slightly more severely stressed in CMI compared
to air as caused by concrete pressure. The lower SIF at large cracks can be explained through the support provided by the concrete
against out-of-plane (opening mode) displacement of the steel at the crack location. This restraining influence is expected to remain
present once concrete cracks at the same location of the crack in the rebar. The SIF therefore tends to that of an embedded crack
for large crack sizes. A lower crack growth rate in concrete as compared to air was also experimentally observed in [22] for bars
without ribs that contained an initial V-shaped notch. The embedment effect is even more dominant in CPB, resulting in a low
SIF, very close to that of an internal, circular crack in an infinitely large homogeneous medium, with a value of 𝑌 = 0.4, [37]. An
approximate fit equation is formulated for CMI, based on the same considerations as for the rebar in air:

𝑌 =

(

𝐾𝑡 − 1
)

𝑐1
exp

(

𝑐8
𝑎
𝐷

)

+ 𝑐9 + 𝑐10
( 𝑎
𝐷

)2
(6)

where coefficients 𝑐1 = 4, 𝑐8 = −10, 𝑐9 = 0.65 and 𝑐10 = 1.1 are fit to the data available for CMI. Again, the equation is based on
imited data and hence provides an estimate only and it is valid up to approximately 𝑎∕𝐷 = 0.5.

. Estimate of the fatigue resistance

SCF and SIF can be considered as indicators for the crack initiation and propagation lives, respectively. The slightly higher
alue of the SCF for the embedded rebar with realistic bond or with no bond stiffness as compared to air suggests that the crack
nitiation life of an embedded rebar may be slightly lower as compared to that of a rebar in air, whereas the lower SIF for large
racks of an embedded rebar may result in a larger propagation live for large cracks, i.e. in the last stage of crack propagation, as
ompared to a rebar in air. The SIF and SCF values of the previous sections are used here to estimate the fatigue life. The fatigue
ife prediction model employed is the same as used in [38] and [39], and it is a slightly modified version of the more original
odel in [40], all used to predict the life of hot riveted joints. The main equations and variables are summarized in the Appendix

f the current paper. The prediction model consists of the method of critical distances [41] to determine the cyclic strain from 𝛥𝜎,
𝐾𝑡, and 𝐺, which is subsequently applied in the Basquin-Coffin-Manson fatigue life model [42,43] with Morrow’s correction for
the mean stress effect [44] for the estimate of the initiation life. The propagation life is estimated using the SIF and a variant of
Paris’ equation in [37]. Propagation is assumed to start at a crack depth of 0.5 mm because the parameters of the Coffin–Manson
relation have been calibrated in tests with a crack size of approximately that size, see the Appendix. Propagation is simulated up to
a relative crack size of 𝑎∕𝐷 = 0.5, after which a large growth rate or fracture is assumed. As a comparison, rebar fracture occurred
at a relative crack size of approximately 𝑎∕𝐷 = 0.6 in fatigue tests in [35] on embedded rebars subjected to a stress range of 300
N/mm2.

As an example, Fig. 18 provides the relative crack depth versus fatigue life in numbers of cycle, 𝑁 , for rebars in air and for CMI,
with stress range 𝛥𝜎 = 250 N/mm2, stress ratio 𝑅 = 0.2, rib angle 𝜃 = 45◦ and relative root radius 𝑟∕ℎ = 0.5. The figure demonstrates
that the crack is predicted to grow progressively as the crack size increases, both in air and in CMI, indicating that the assumed
11

crack depth at the end of life of 𝑎∕𝐷 = 0.5 is not important for the fatigue life prediction. The figure demonstrates that the predicted
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Fig. 18. Predicted fatigue life for 𝛥𝜎 = 250 N/mm2, 𝑅 = 0.2, 𝜃 = 45◦, 𝑟∕ℎ = 0.5.

Fig. 19. Fatigue test data [45] and model prediction for rebars in air with 𝑅 = 0.2.

life in CMI is 20% shorter as compared to air. Similar reductions are observed for other geometries and stress ranges. However, this
difference is not substantial when compared to the large intrinsic variation (aleatory uncertainty) in the fatigue life.

Similar simulations with different stress ranges are performed and the fatigue life is recorded for each simulation. This allows
to determine an approximation of the S–N curve. Figs. 19 and 20 compare these predicted S–N curves with the fatigue test data
of Moss [9,45] on rebars in air and embedded in concrete, respectively. The data of Moss are used because they provide the largest
comparative databases of fatigue test data in air and in concrete. Moss tested five different types of rebar at 𝑅 = 0.2, of which series
A and D are considered here because these are the series that contain ribs and in addition, data in both air and concrete are available
for these series. Series A and D are specimen of a cold worked material and a hot rolled material, respectively. Both materials have
a reported characteristic (5% fraction) yield stress of 460 N/mm2. The corresponding expectation of the tensile strength is 𝑓𝑢 = 550
N/mm2. The mean value and standard deviation of the concrete cube strength at 28 days were 58 MPa and 4 MPa, respectively,
for which a Young’s modulus of 𝐸 = 3 × 104 N/mm2. is a reasonable assumption, [46]. Material and geometric properties and test
onditions as applied in the tests are also applied in the simulations. Photos of the specimen reveal a rib orientation of approximately
= 45◦. Rib dimensions are not provided, so a reasonable estimate of 𝑟∕ℎ = 0.5 is applied in the simulations. Cold formed and

hot rolled rebars may contain different residual stresses due to the shaping process. Residual stresses are not considered in the
simulations.

The figures demonstrate a good agreement between the average fatigue lives of the tests and the prediction. The prediction with
𝐷 = 24 mm is in between most failed tests data on with 𝐷 = 32 and 40 mm bars on the one side, and 𝐷 = 16 mm bars on the other
side. The trend of the prediction, with an oblique shape instead of the often considered straight S–N curve on log–log scale, also
corresponds well with the test data. The average slope parameters of the predicted S–N curves in the range 150 N/mm2 ≤ 𝛥𝜎 ≤ 350
N/mm2 are 𝑘1 = −6.0 and −5.7 for air and CMI, respectively, where 𝑘1 is defined as:

𝑘1 =
log10 𝛥𝜎1 − log10 𝛥𝜎2
log10 𝑁1 − log10 𝑁2

(7)

and subscripts 1 and 2 indicate the bounds of the previously mentioned range of 𝛥𝜎 and the corresponding number of cycles to
failure. The CMI prediction gives a slightly lower fatigue resistance as compared to the prediction in air, whereas the opposite is
the case for the average test data. Considering the individual test series, it appears that the average fatigue resistance is larger in
concrete than in air for Series A∅ = 16 mm, slightly larger in concrete than in air for Series A∅ = 40 mm, and almost equal for Series
12
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Fig. 20. Fatigue test data [9] and model prediction for rebars in concrete with 𝑅 = 0.2.

Table 1
Fatigue life for the given geometry relative to the base geometry (𝑟∕ℎ = 0.5, 𝜃 = 45◦) and, between brackets, relative to same
geometry in air.

Case 𝑟∕ℎ = 0.5 𝑟∕ℎ = 0.5 𝑟∕ℎ = 0.5 𝑟∕ℎ = 0.1 𝑟∕ℎ = 0.8
𝜃 = 45◦ 𝜃 = 60◦ 𝜃 = 90◦ 𝜃 = 45◦ 𝜃 = 45◦

Air 1. 0.83 1.26 0.73 0.61
CMI 0.82 (0.82) 0.61 (0.73) 1.02 (0.81) 0.75 (1.03) 0.58 (0.95)

A∅ = 32 mm and D∅ = 16 mm. The fatigue resistance differs between Series A∅ = 16 mm and D∅ = 16 mm in air, whereas such a
difference seems absent in concrete. Given that Moss’ report with data in concrete was issued two years after that in air, it is possible
that the rebars tested in concrete origin from other batches than those tested in air, and may have contained differences in geometry
(e.g. rib radius), surface quality, and actual tensile strength. This may also have contributed to the differences tested in concrete
and in air. The difference in fatigue resistance between series is larger than the difference between air and concrete embedment of
a single series. In addition, the small number of tests per series in combination with the large scatter per series complicates making
any conclusion on the effect of concrete embedment based on the tests.

Table 1 provides the fatigue lives predicted with the model for various geometries, as a ratio to the fatigue life of a base geometry,
the latter being the geometry considered in Figs. 19 and 20, or as a ratio to the fatigue life of the same geometry in air. The average
ratio between the life in concrete and the life in air is 0.87. Adopting the average slope parameter of the S–N curve of 𝑘1 = −5.7, the
life ratio of 0.87 is equivalent to a fatigue resistance ratio in terms of stress range of 0.98. Hence, the model predicts an insignificant
difference of 2% between the fatigue resistance of rebars embedded in concrete and in air. Following Table 1, the predicted fatigue
life is more sensitive to the relative rib radius than to the concrete embedment. Note that to date, standards do not prescribe any
tolerance for the rib radius.

5. Discussion

Rebars are applied with lightly corroded surface both in fatigue tests and in real structures. It is well known that the fatigue
resistance of unprotected steel depends on the temperature and corrosive conditions, such as humidity. These environmental
conditions may influence the rebar fatigue performance in real structures with long exposure times, especially for non-embedded
bars. However, the tests described in this manuscript are carried out under laboratory conditions at relatively short duration and
rebars are environmentally protected by concrete in real structures. To prevent heating of the rebars due to work done during
cycling, [47], this article only considered tests carried out at test frequencies of 3 Hz or less.

The predicted fatigue life is based on models containing simplifications and approximations, such as the treatment of concrete
as a homogeneous material. The influence of the concrete strength has not been considered in detail. Microcracking of concrete,
variation in concrete Young’s modulus and fatigue of concrete depends on the concrete strength and this may in turn affect the
rebar stress. Using the cohesive surface with uniform stiffness, the effects of microcracking are smeared. Concrete microcracking is
particularly expected at the first ribs adjacent to the concrete tensile crack. Highest stress concentrations are then observed at the
adjacent ribs. The predicted lives should therefore be treated as approximation and not as absolute values. Nonetheless, both test
data and prediction model provide a small influence, if any, of the embedment in concrete on the fatigue resistance of rebars. The
influence of these aspects on the fatigue strength of the rebar remains limited as long as the force is partially transferred through
the ribs, Fig. 17. In the extreme case of concrete around the rebar being fully damaged, the rebar is loaded as in air, resulting into
the small difference in fatigue resistance as described before.

The model allows to evaluate most of the reasons given in the past about the differences between air and embedment in concrete,
refer to Section 1.

Explanation (i) for a potentially better performance in concrete due to the probability being small that the crack in concrete
13

coincides with the weakest point in the rebar, is not likely given that the peak stress is observed at the root of the first or second
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rib, with a very small difference between these two. Even the peak stress at the root of the third rib away from the concrete crack
appears only marginally lower as compared to the highest peak stress. This implies that six rib roots around each concrete crack are
almost equally stressed in the model containing twelve ribs in between the concrete crack. A model with a shorter distance between
cracks also demonstrated that roughly 50% of the ribs are equally stressed. Given the fact that weak links are present everywhere
along the surface, the probability is substantial that one of these rib roots is similar to – or even equal to – the absolute weakest
link in the rebar. It is also demonstrated that the level of peak stress at the rib root is insensitive to the location of the concrete
crack at or between ribs, Section 3.2. Moss [45] reported that the location of steel cracks coincides with that of concrete cracks.
Question is, which of the two causes the other? Local tension stresses develop in concrete at the location of a steel crack, causing
the concrete to crack at that same location.

Explanation (ii), suggesting that the steel strain reduces with increasing bond stiffness, is confirmed with the model, Fig. 16a.
owever, for modern rebars that contain ribs, the effect of mechanical interlock of concrete between the ribs appears important.
eparating the influences of mechanical interlock and bond stiffness shows that the actual bond stiffness is not very large and, at
he location of the peak stress, i.e. at the rib root, the predicted strain is not lower in concrete as compared to air. On the contrary,
he model suggests that the SCF can slightly increase due to the action of concrete pressing against the ribs. Note that the cohesive
trength deteriorates in fatigue and this further reduces the probability of the mentioned mechanism.

Explanation (iii) stating that concrete cracks do not fully close because of the presence of small grains in between the concrete
rack faces is not studied here. It is a reasonable explanation. The second aspect of this explanation that a little slip of the rebar
ccurs, causing a permanent pre-compression in the steel rebar, seems less realistic for modern rebars with ribs due to the much
ore important influence of mechanical interlock than that of the relatively low cohesive stiffness.

The effect of a stress gradient over the height of the rebar – explanation (iv) for a better and (i) for a worse performance in
oncrete – is not studied here. From a mechanics point of view, the contribution is expected to be small, because of the small
xpected stress gradient in the rebar with the beam loaded in bending for realistic beam and rebar dimensions. A test in [48] on a
end concrete beam indicates that the crack initiates at the side of the rebar, not at the most highly stressed fibre. Westerberg’s [13]
xplanation (ii) that a concrete crack causes local curvature in the rebar is for the same reason expected to be of minor influence.

Explanation (iii), suggesting a larger stress peak when embedded in concrete due to concrete pressing against the ribs, is
onfirmed with the model. This is further substantiated by two additional models, one in air and one in CMI, in which the rib flank
ngle 𝛼 is modified from 45◦ to 60◦. The SCF increased with 5% in air and 14% in CMI due to this modification. The modification
pplied in air causes a higher SCF because of the more severe rib influence whereas in concrete, it is not only the rib influence
ut also mechanical interlock that contributes to a higher SCF. The effect is a slightly lower predicted fatigue resistance in CMI as
ompared to air.

All in all, some aspects remain that may explain a slightly worse or a better rebar fatigue performance in concrete and the
ombined aspects may or may not compensate each-others influence. This may explain small differences observed between test
eries. It should also be noted that the low number of test data available per series may cause the estimate of the mean resistance
o deviate from the actual value.

A potential explanation that is not provided in literature but may contribute to a better performance in concrete, is that the
ensile strength of concrete is ignored when calculating the stress in the rebar. This is an obvious approximation when evaluating
he ultimate resistance of the concrete beam, but in fatigue the maximum stress is lower and the concrete tensile strength may
rovide a contribution near the beam’s neutral axis. Assuming a cyclic tensile strength of concrete of 3.8 N/mm2 for the beam

geometry and material properties of Moss’ tests [9], a simple calculation based on beam theory gives a 3% lower stress in the rebar
as compared to a calculation where the tensile strength is ignored. Concrete strain softening, not considered in this calculation, may
further lower the rebar stress. Another potential source of influence is the interaction between the rebars in one beam. This study,
as well as the studies referred to in here, considers fatigue of one rebar in a concrete beam. A system containing more rebars may
perform better as compared to that of a single rebar, as tensile forces may be distributed to other rebars if one of these fails through
fatigue. On the other hand, the weakest link principle may imply that the average life of a single rebar is longer as compared to the
first failing rebar in an equally stressed group of rebars.

Finally, the fatigue performance of welded rebars embedded in concrete has not been studied here, [49].

6. Conclusion

The stress concentration factor (SCF) and stress intensity factor (SIF) of reinforcing rebars containing ribs in air and embedded
in concrete, is studied using the finite element method. The values are applied in a prediction model to evaluate the fatigue life. A
good agreement is observed between the prediction and fatigue tests carried out by others. The model is then used to evaluate the
explanations given in the past about potential differences in fatigue lives of rebars when tested in air as compared to embedded in
concrete. The study provides the following conclusions:

• The highest SCF is observed at the rib root, both in air and in concrete. In concrete, the SCF at the roots of the first, second and
third rib away from a concrete crack are approximately equal. The locations of concrete cracks have an insignificant influence
on the SCF.

• Mechanical interlock or pressure of concrete against the ribs contributes substantially to the force transfer and to the SCF at
the rib root. It causes the SCF to be slightly higher in concrete as compared to air. Compared to mechanical interlock, the
cohesive stiffness between concrete and steel influences the SCF only marginally for realistic cohesive stiffness values.
14
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• Similar as for the SCF, the SIF of shallow cracks is slightly higher in concrete as compared to in air. For deep cracks the SIF in
concrete is lower as compared to air because concrete restrains the lateral deformation of the rebar. However, the SIF is then
already so high that this has a marginal effect on the total number of cycles.

• No large difference in fatigue resistance is predicted for rebars in air and rebars in concrete. Fatigue test generally confirm this;
there seem to be about as many test campaigns showing a positive influence of concrete embedment as there are showing a
negative influence. Aspects such as the material type (cold formed or hot rolled), the surface roughness, and especially the rib
root radius relative to the rib height, provide a more substantial influence on the fatigue resistance as compared to concrete
embedment.
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ppendix. Fatigue life prediction model

The prediction model presented herein comprises a model for crack initiation and one for crack propagation. The crack initiation
odel depends on the tensile strength (and other variables). The tensile strength, 𝑓𝑢, is not mentioned for rebars used by Moss [9,45],

but the nominal yield stress is reported as 460 N/mm2 for both hot-rolled and cold formed steels. The mean yield stress is 1.077
times the nominal value (background information of EN 1992-1-1) and the mean tensile strength is approximately 10% higher than
the mean yield stress. Simulations are therefore performed with 𝑓𝑢 = 550 N/mm2.

It is demonstrated by many that the fatigue initiation life is not only depending on the maximum stress in a notch, but also on the
stress field surrounding a notch. One of the main reason is the supporting effect of the material surrounding the hot spot. This effect
can be taken into account by the stress gradient method introduced by Siebel and Stieger, [50] with some modifications applied
by others, e.g. [51–53], to better match the results of fatigue tests or to provide a theoretical basis for the empirical relationship
between stress gradient and fatigue resistance. Because of its wide application and generally good agreement with test data, the
empirical relationship in [28] is used in the initiation model applied here to compute the fatigue notch factor, 𝐾𝑓 , from the SCF,
𝐾𝑡, the stress gradient, 𝐺, the type of material, and its tensile strength:

𝐾𝑓 =
𝐾𝑡

1 + 𝐺𝑘110
−
(

𝑎𝐺+𝑘2+
𝑓𝑢

𝑏𝐺 [𝑀𝑃𝑎]

) (A.1)

where variables 𝑎𝐺 and 𝑏𝐺 are given in Table A.2, constants 𝑘1 = 1, 0.25 or 0.5 for 𝐺 ≤ 0.1, 0.1 < 𝐺 ≤ 1 or 1 < 𝐺 ≤ 100, respectively,
nd 𝑘2 = −0.5 or 0 for 𝐺 ≤ 0.1 or 𝐺 > 0.1, respectively.

The analyses applied in this study are obtained from linear elastic material properties. Different methods are available to estimate
he cyclic stress, 𝑠, and cyclic strain, 𝑒, from the elastic notch stress, 𝐾𝑓𝜎. Neuber’s method [54] is probably the most well-known,
ut it overestimates the cyclic stress and strain, [41]. The equivalent strain energy density method [41,55] is therefore applied. It
s based on the assumption that the cyclic strain energy density at the notch is the same as determined in a linear elastic analysis:

(

𝐾𝑓𝜎
)2

2𝐸
= ∫

𝑒

0
𝑠𝑑𝑒 (A.2)

This equation can be solved using the cyclic stress–strain curve, for which the Ramberg–Osgood relationship [56] is adopted:

𝑒 = 𝑠
𝐸

+
( 𝑠
𝐾 ′

)1∕𝑛′
(A.3)

Combining and integrating Eqs. (A.2) and (A.3) provides the following relationships for the maximum cyclic stress and the cyclic
tress range:

(

𝐾𝑓𝜎𝑚𝑎𝑥
)2

2𝐸
=

𝑠2𝑚𝑎𝑥
2𝐸

+
𝑠𝑚𝑎𝑥
𝑛′ + 1

( 𝑠𝑚𝑎𝑥
𝐾 ′

)1∕𝑛′
(A.4)

(

𝐾𝑓𝛥𝜎
)2

2𝐸
=

(𝛥𝑠)2

2𝐸
+ 2 𝛥𝑠

𝑛′ + 1

( 𝛥𝑠
2𝐾 ′

)1∕𝑛′
(A.5)

Parameters 𝑛′ and 𝐾 ′ are estimated from the strain-life relationship for crack initiation. The adopted strain-life relationship is a
ell-known relationship by Coffin–Manson [43] for relatively high strain amplitude and short endurance, combined with Basquin’s

og–log relationship [42] for relatively low strain amplitude and long endurance. The relation is valid for fully reversed cycles
nd must be modified to account for the effect of mean stress. Amongst widely applied mean stress modifications such as those of
15
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Table A.2
Material related variables in the fatigue life prediction model (units N, mm).

Symbol Description Value Source

𝑎𝐺 Stress gradient constant 0.5 [28]
𝑏𝐺 Stress gradient constant 2700. [28]
𝑠′𝑓 High cycle regime constant (4.25𝐻𝑏 + 225) [57]
𝑏 High cycle regime exponent −0.09 [58]
𝑒′𝑓 Low cycle regime constant (0.32𝐻2

𝑏 − 487𝐻𝑏 + 191000)∕𝐸 [57]
𝑐 Low cycle regime exponent −0.56 [58]
𝑁0 Fatigue limit (plain mat.) 106 [59]
𝑘𝑎 Surface roughness factor 69𝑓−0.743

𝑢
a [59]

𝐶1 Crack growth constant 1.2 × 10−26 [37]
𝑚1 Crack growth exponent 8.16 [37]
𝐶2 Crack growth constant 3.9 × 10−13 [37]
𝑚2 Crack growth exponent 2.88 [37]

aValid for material with mill scale.

oderberg, Goodman, Gerber and Dietman (e.g. [60]) and Smith et al. [61], this work adopts the modified Morrow mean stress
quation [44] because of its good performance for high strength metals, relevant for the materials constituting modern rebars. The
ombined Coffin–Manson, Basquin and Morrow fatigue life initiation equation is:

𝑒𝑎 =
𝑠′𝑓 − 𝑠𝑚

𝐸
(

2𝑁𝑖
)𝑏′ + 𝑒′𝑓

(

2𝑁𝑖
)𝑐 (A.6)

𝑛′ = 𝑏∕𝑐 (A.7)

𝐾 ′ =
𝑠′𝑓

(

𝑒′𝑓
)𝑛′

(A.8)

where:
𝑒𝑎 = cyclic strain amplitude caused by the load cycle, Eq. (A.9)
𝑠𝑚 = average cyclic stress caused by the load cycle (𝑠𝑚 = 𝑠𝑚𝑎𝑥 − 0.5𝛥𝑠)
𝑁𝑖 = number of cycles to crack initiation
𝑠′𝑓 = constant in the high cycle regime, Table A.2
𝑏 = exponent in the high cycle regime, Table A.2
𝑏′ = exponent in the high cycle regime, corrected for surface roughness
𝑒′𝑓 = constant in the low cycle regime, Table A.2

𝑐′ = exponent in the low cycle regime, Table A.2.
Most sources correlate variables 𝑠′𝑓 and 𝑒′𝑓 to Brinell hardness, 𝐻𝑏. The hardness is estimated from the tensile strength:

𝑏 = 𝑓𝑢∕(345 MPa).

𝑒𝑎 =
𝛥𝑠
2𝐸

+
( 𝛥𝑠
2𝐾 ′

)1∕𝑛′
(A.9)

The difference between parameter 𝑏 in Eq. (A.7) and 𝑏′ in Eq. (A.6) is that the latter accounts for the effect of the surface
oughness. It is assumed here that the surface condition only affects the high cycle fatigue regime. Parameter 𝑏′ can be estimated
rom 𝑏:

𝑏′ = 𝑏 +
log10

(

𝑘𝑎
)

log10
(

2𝑁0
) (A.10)

where 𝑁0 is the endurance limit for plain material and 𝑘𝑎 is a correlation factor for surface roughness and tensile strength, Different
empirical relationships are proposed in literature to account for 𝑘𝑎, i.e. the surface roughness, such as [28,62–64]. Most of them
require an actual measured quantity for the surface roughness, but such measurements are not available for the experimental data
of Moss [9,45] and many others. Mischke formulates his surface roughness dependency of the fatigue limit more generically on the
type of processing, such as grinding, hot-rolling, or as-forged. His relationship is therefore adopted in 𝑘𝑎 for the as-received surface
condition for rolling.

Eq. (A.6) is used to estimate 𝑁𝑖. The material dependent parameters in Table A.2 are typically calibrated from tests on plain
material with a first visual crack and the corresponding crack size may vary. Based on our experience, it is assumed here that the
visually detectable crack size is on average 0.5 mm. Linear elastic fracture mechanics is used to estimate the crack propagation life
16
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from that crack size onwards. The two-stage relation from BS 7910:2019 [37] is used to evaluate the crack extension per cycle,
𝑑𝑎∕𝑑𝑁 , as a function of the SIF range, 𝛥𝐾:

𝑑𝑎∕𝑑𝑁 = min
(

𝐶1𝛥𝐾
𝑚1 , 𝐶2𝛥𝐾

𝑚2
)

(A.11)

where 𝐶1, 𝑚1 and 𝐶2, 𝑚2 are the crack growth constants and exponents for small and large SIF ranges, respectively, with values
according to Table A.2. Propagation is simulated up to a relative crack size of 𝑎∕𝐷 = 0.5, after which a large growth rate or fracture
is assumed.

Section 4 compares the results of the prediction model to test data on reinforcement bars. As a further verification of the model,
test data in [48] on rebars and machined specimens taken from those rebars are compared to the prediction. The measured tensile
strength 𝑓𝑢 of the specimens was 750 MPa. The model is modified for machined specimen by taking 𝐾𝑓 = 1, 𝑌 according to [29],
and 𝑘𝑎 = 4.51𝑓−0.265

𝑢 according to [59]. The predicted difference in fatigue resistance between the rebar and the machined specimen
at 𝑁 = 106 is 255 MPa. This is close to the difference reported for the tests, which is 241 MPa (35 ksi) at the same number of cycles.
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