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1. ABSTRACT

This paper describes a simple algorithm for reconstructing
the complex index of refraction of a bounded object im-
mersed in a known background from a knowledge of how
the object scatters known incident radiation. The method
described here is versatile accommodating both spatially
and frequency varying incident fields and allowing a pri-
ori information about the scatterer to be introduced in a
simple fashion. Numerical results show that this new algo-
rithm outperforms the modified gradient approach which
until now has been one of the most effective reconstruction
algorithms available.

2. INTRODUCTION

The problem of reconstructing the complex index of re-
fraction of a bounded object immersed in a known back-
ground medium, from a knowledge of how the object scat-
ters known incident acoustic or electromagnetic radiation,
has received a tremendous amount of attention in the past
decade. Almost all reconstruction algorithms rely in some
way upon the Lippmann-Schwinger equation or domain in-
tegral equation for the field inside the scattering object as
well as the related integral representation for the field out-
side the object.

The present paper describes a simple algorithm for recon-
structing unknown contrasts which is extremely versatile,
accommodating both spatially and frequency varying inci-
dent fields and allowing for the introduction of a priori in-
formation, such as positivity constraints, in a simple fash-
ion. The algorithm is a variant of the source type integral
equation (STIE) method introduced by Habashy et al. [11]
on one hand and the modified gradient approach used by
the authors in [12], [13], [14] on the other. Numerical
results show that, despite the simplicity of the algorithm,
it outperforms the modified gradient approach which has
been one of the most effective reconstruction algorithms
available until now [25]. We present here the simplest ver-
sion of the algorithm wherein we treat scalar waves in R?
for bodies immersed in a homogeneous background.

3. NOTATION AND PROBLEM STATEMENT
Denote by p and q position vectors in R? and let B de-
note a bounded, not necessarily connected, scattering ob-

ject (or objects) whose location and index of refraction
or contrast is unknown but which is known to lie within
another, larger, bounded simply connected domain D. If
ur(p) = u™(p,q,, k;) denotes an incident wave with
wavenumber k; (assumed to be real) and source point g;
(g, is replaced by the unit vector g; for plane waves) then
for a Jarge class of scattering problems the total field in D

is known to satisfy the integral equation
uj(p) = uj(p)
+ & [ 6eax@u@a@, o

where G;(p, q) denotes the Green function of the back-
ground medium,

i
Gi(p,q) = ZHSI)(ijP -4ql), (2)
and kz( "
xy= Sk g 3)
J

We assume that, while the spatial dependence of x; is un-
known, the frequency dependence is known, so that, for
example, in electromagnetics for a Maxwell medium,

kj = wj(eoo) 4)

and
e(q) —co | .0(q)

] = +1i ,
x;(q) co wjeo

®)

where €¢ and po are the permittivity and the permeability
of the (lossless) background, while €(q) and o(q) are the
permittivity and conductivity of the scatterer which is as-
sumed to be nonmagnetic. Equation (5) may also be writ-
ten as

wo_ko

where kp is the wavenumber for j = 0. This equation
simplifies to

xi(a) == x(q) = X" (q) +ix'(q), @)

xi(q) = x"(q) + ix'(q)n;, ©)
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if all the measurements are made at the same frequency,
say at kj = ko. ’

Observe that if p is not in B then x; vanishes, but if the lo-
cation of B is unknown then it is not known a priori where
X; vanishes. However with the assumption that B C D it
is known that x; vanishes for p outside D. In fact denoting
by S a domain (or curve, or a discrete collection of points)
outside of D where the scattered field is measured to be

fi(p), (1) becomes

filp) =k /D Gj(p.q) xj(q)u;(q)dv(q), (8)
PES,

if there is no noise or error in the measurements. But error
free data are extremely unlikely and we do not assume that
(8) holds exactly. Rewriting (1) and (8) in symbolic form
we have the object or state equations

u;j =u;—"'+G]-DXjUj. peD, 9)
and the data equations

fi :GfXjUj, PES, (10)
the superscripts D and S on the operators defined implic-
itly in (1) and (8) are added to accentuate the location of
the point p, since the operators are identical in all other
respects.

4. THEORETICAL BACKGROUND
In the absence of other a priori information, (9) and (10)
are the only equations we have relating the unknown con-
trast x; (which, recall, consists of at most two unknown
real valued functions) and the unknown fields wu; in D.
The known data consist of the incident fields, ul, the
wavenumbers, k;, the measured data, f;j, and the test do-
main D. Equations (9) and (10) are linear in each of the
unknowns ; and u;, but since both are unknown the prob-
lem is in fact mildly nonlinear. Of course the dependence
of the fields u; on the contrast x; is highly non-linear. This
may be seen by writing the formal inverse of (10) as
uj = (I—G'?Xj)_lu‘]'-“'. (11)
This form has been utilized in a number of inversion meth-
ods. Introducing it into the data equations we obtain
fi =Gl = GPxy) "t uyp], (12)
wherein the non-linearity of the inverse problem is clearly
exposed. Approximating the inverse operator by
I-GPxj) ' =~1, (13)
leads to the Born approximation, while in iterative meth-
ods, where a sequence {xj,»} is constructed, the approxi-
mation
(I = GPxn) '~ (I = GPxjn-1)™ (19)
gives rise to the iterative Born method [20], while the lin-
earization of

(I - GJ-DX]-,,,)_1 ~

I = GPxXjm-1 — G2 (Xjim —Xgn-1)]"" (15)

in terms of Ax;.n = Xj,n — Xj,n—1, Namely,

(I_G;)Xj.n)_l ~

[1+(1 - G]l')Xj,n—l)_lG;DAXj.n](I - G_?Xj.n—l)—l
(16)

leads to the Newton-Kantorovich method [17], [19] which
has been shown to be equivalent to the Distorted Bomn
approach [6]. Observe that at each step in the itera-
tion it is necessary to compute the action of the opera-
tor [[ = GPXjn-1]"" for known y;,_; This means that
forward problems, or direct scattering problems must be
solved at each iterative step.
A method which avoids the necessity of solving forward
problems completely was proposed by the authors [12] and
was refined [13], [14], [25] and extended [24]. This mod-
ified gradient method involves the simultaneous construc-
tion of sequences {u;,,} and {xj,»} to minimize the error
in a cost functional consisting of the normalized errors in
both state equations (9) and data equations (10). It has
proven to be very effective in a large number of numerical
tests using both synthetic and experimental data.
Because the contrast and fields occur as a product, many
workers have introduced the quantity
w; = Xjuj , (17)
which is called a contrast source since u; satisfies the equa-
tion

(V?+kf)uj = —k}w; in B, (18)
Then the data equations become
fi =G5w;, (19)
while the state equations become
uj = ur + GPu; (20)
or, with (17),
Xuj = wj — XJ'GJ-D'UJ:" ‘ (2n

Equation (19) is called by some a source type integral
equation and it has a long history. It is a classic ill-posed
equation and for a time there was considerable attention
paid to the question of uniqueness, e.g, [1], [8), [2). It
was shown that there exist non-trivial solutions of the ho-
mogeneous form of (19), although it was argued by some
that uniqueness could be restored from physical consider-
ations. A good summary of the debate is given by De-
vaney and Sherman [9] and the responses by Bojarski [3]
and Stone [18]. It is not our intent to renew this contro-
versy since it is now well accepted that non-trivial solu-
tions of (19) exist. Moreover it has also been shown that
the minimum norm solution of (19), the solution produced,
for example, by the conjugate gradient method, is not the
appropriate physical solution. Nonetheless this source type
equation has served as an essential ingredient in many in-
version procedures, e.g., [10], [4], (5], [7], [11]. Habashy
et al. [11] present an inversion method wherein the min-
imum norm solution of (19) is found first and then a ba-
sis for the orthogonal complement of this solution is con-
structed in terms of which the physical solution is sought
to satisfy (21). Van den Berg and Haak [22] proposed a
variant of this technique wherein the full minimum norm
solution is not found but rather it is sought iteratively, us-
ing conjugate gradient steps, with the contrast updated at



each step to satisfy (21) and a new source defined through
(17). This approach yielded promising numerical results
however the error did not decrease monotonically.

In the present paper we propose a method which combines
spirit of the approach of Van den Berg and Haak [22] using
the source type integral equation with that of the modified
gradient approach by seeking linear updates in the source
in an error reducing method which does not require the
solution of any forward problem.

5. CONTRAST SOURCE INVERSION METHOD
As in the modified gradient as well as the Van den Berg-
Haak approach we simultaneously construct sequences of
sources wj, n, fields u;, and contrasts xj,» to minimize
a cost functional. Rather than choosing a cost functional
consisting only of errors in the data equation, as Van den
Berg and Haak did, we define the cost functional

¥, 1If5 - GFwill§

F =
> £l
¥, Ixgus — wj +x;GPw;lh
e |f2 ' (22)
2 Ixiusllp
where || - ||% and || - ||% denote the norms on L;(S) and

L(D), respectively. The normalization is chosen so that
both terms are equal to one if w; = 0. The first term mea-
sures the error in the data equations and the second term
measures the error in the form of the state equations given
in (21). This is a quadratic functional in w;, but highly
nonlinear in x;. We propose an iterative minimization of
this cost functional using an alternating method which first
updates w; and then updates x;. Thus we construct se-
quences {w;jn} and {x;n}, forn =0, 1, 2, ---, in the
following manner.

Define the data error to be

pim = fin— G Wjn, (23)
and the state error to be

Tjn = XjnUjn = Wjin , (24)
where

Ujn = u;-“ + G;-ij,n } (25)

Now suppose wjn—1 and Xjn-1 are known. We update
wj by

(26)
where a;,n, is constant and the update directions vj,, are
functions of position.

The update directions are chosen to be the Polak-Ribiere
conjugate gradient directions

Wjn = Wjn—-1 + C5,nVjn

vjo = 0,

(9ims 9= 9jn-)D . 39)
{9jn-1:95n-1)D
n>1,

Ujn = Y9jn

where g; » is the gradient (Frechet derivative) of the cost
functional with respect to w; evaluated at wj n—1, Xj,n—1,
while (-, -)p denotes the inner product on Ly (D). Explic-
itly this found to be

Tjn—1 — Gf. (Xjn—1Tj,n—1)
Zk ”Xk,n—luil::”%)

Gim = _G}s'pj.n—l _
o Zk ||fk||25

1

(28)

—
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where G and GJD' are the adjoints of Gf and G]D map-
ping Ly(S) into Lz(D) and Ly(D) into La(D), respec-
tively. Further the overbar denotes complex conjugate.
With the update directions completely specified the con-
stant aj,,, is determined to minimize the cost functional

o 5155 = Gl
25 lfill%
Zj |Ix5,n—1jn — wjallD
2 Ixgn—1u¥llp
_ Zj ”pj,n—l - aj,nG}?UJ'.nHZS

25 I£il%

+

;5 I75,n-1 = n (Vi = Xjn-1G7v50)lIH 29)
i IGm—1ugllh
and is found explicitly to be
Qjn = :T-'_s ) (30)
W - (pin=1,G3Vjn)s
Sellfelld
_— (Tjn—1,Vjn — Xjin-1GF Vjn)D
Zk ||Xk.n_1u'/':||%) ’
. - IG5 vinll%
S llfulls
d = [lvjn = Xj.n—IGj)Uj,n”?) ,

> Ixkn—1uEllD

where (-, -}s denotes the inner product on Ly (S).
Once wj,, is determined, u; , is obtained via (25) and (26)

as
D
Ujn = Ujn—-1 + ¥,nG; Vjn, (€2))
and we then seek x; to minimize the cost functional
25 1X5t5n = winllp
Fp == 32)

2, Ixjusnllh

Since this minimization is not so easy especially in the case
of a priori information, we use a minimization in two steps.
First we minimize the much simpler cost functional

Fp= Zj“Xjuj.n —wjnll},

and then we use the found contrast as an optimization di-
rection in a line minimization to minimize (32). This two-
step minimization technique guarantees that the process is
always error reducing and allows for easy implementation
of a priori information or constraints on x;. Since we fi-
nally need to minimize the cost functional of (32), we de-
fine the contrast function that minimizes (33), X;, through

Fp(x;) = min(Fp) (34)

Restricting attention to inhomogeneities complying with
the Maxwell model, (6), and in the absence of any a pri-
ori information on x, we find that, [23], F}, is minimized
by choosing

(33)

o _ ZReWinTin).

' Zjiuj.niz

X:; _ Z-_f’?jIm(wj.uﬁj.n)
Zjﬁf‘h‘j.n'a

(35)
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However if a priori information is available then it is rel-
atively simple to incorporate it in choosing x,. If either
x" or x* is known, then we merely use this known value in
place of either the first equality or second equality of (35).
Thus, for example, if xi = 0, we limit our reconstruction
procedure to x7. from the outset. If we have a priori infor-
mation that x™ and x* are positive, we use, [23]

1

2

Z ) (Re{w!.nif.n) ) )
J |tj,n]

Xn = > lusml? ’

\ 7

(36)

(&

2y

f Im(w;,nTj,n)
zJ [t,n]

. &)
225 lwjnl?

Xn = 9

“

These choices of x7, and X}, coincide with those obtained
by Kohn and McKenney [15] for an optimization problem
with a positivity constraint and employed in the modified
gradient algorithm [14] with good results.

Next a line minimization is used to make the cost func-
tional of equation (32) error reducing. We introduce a con-
trast update direction as

dn = Xn — Xn-1 (38)
and we write x, as
Xn = Xn-1 + 0d, 39
Then 6 is chosen to minimize the cost functional of equa-
tion (32)
Zj IxXnujn — wj,nllzD
Zj Ixnuf 5
_ Zj ”Xn—luj,n = Wj,n +0(Xn - Xn—l)uj,nllzD
Zj Ian—lu_i;'w +6(xn — .Yn—l)u'}w“i)
ab? +2b6+c

o ——— 40
A6? +2BO+C’ “40)
where
a = Z“(in_Xn—l)uj.n”%)»
J
b = Rez<xn—luj.n_wj,ny()zn_Xn—l)uj,n)Dv
J
c = D lxnartin—wiall},
J
A = Y IKn=xn-)uTl,
¥
B = ReZ<Xﬂ—lu;'w1(f(n_Xu—l)u;'w)D;
]
C = Y llxncruflld, @1)
Ji

This is the quotient of two quadratics which, using elemen-
tary analysis, may be shown to attain its minimum when

0 — —(aC — Ac)
— 2(aB — Ab)
N V/(aC — Ac)? — 4(aB — Ab)(bC — Bc) @2)

2(aB — Ab)

A e ———

This completes the description of the algorithm except for
designating the starting values w; 9. Observe that we can-
not start with w; o = 0 since then x§ = x4 = 0 and the
cost functional (29) is undefined for n = 1. Therefore
we choose as starting values either the constant values that
minimize the data error,

. GEs

Wig = ——a s, (43)
0= NG
or the values obtained by backpropagation,
IGT"Silly s
bp _ j JIIID fo] (44)

W0 = A5 5
20 IGT G fill%
This completes the description of the algorithm.

6. COMPUTATIONAL TESTS

A number of tests have been done with the algorithm in-
cluding stability tests, resolution tests and test for various
kinds of contrast profiles [23]. Here some tests are pre-
sented for using the method for reconstructing AP-mines.
We used one frequency of 500 MHz, a relative background
permittivity of £, = 5 and a background conductivity of
o = 0 S/m. Further we used a computational domain of
29 x 29 cm. The AP-mines were given a relative permit-
tivity of €, = 7 and a conductivity of ¢ = 0 S/m. Their di-
ameter varied between 5 cm and 10 cm. The measurement
curve, S, is a circle of radius | m and center at the center
of D. The discrete form of the algorithm is obtained by
dividing D into 29 x 29 subsquares, assuming the contrast,
sources and fields are piecewise constant and the integrals
over subsquares were approximated by integrals over cir-
cles of equal area which were calculated analytically [16].
The discrete spatial convolution of the operators GP and
GP’ were computed using FFT routines [21]. The incident
fields were chosen to be excited by line sources parallel to
the axis of the scatterer. These sources were taken to be
equally spaced on the measurement circle, and the source
locations were also chosen as discretization points on the
circle. Allintegrals on S were approximated by point col-
location at the discretization points, that is, the rectangular
rule with the integrand evaluated at the mid-points. The
measured data were simulated by solving the direct scat-
tering problem with a conjugate gradient method [21]. The
circle S was subdivided into 30 equally spaced arcs. Each
mid-point served as the location of a line source and all the
mid-points served as receiver. In all test backpropagation
has been used for the initial guess.

In figure 1, we show the original contrast pro-
file of a circular mine with a 7 cm diameter.

Fig I: The original profile



7-5

In figure 2, we show the reconstruction of the contrast pro-
file of the mine after 4 and after 64 iterations. Continued
iteration provided no noticeable improvement.

The conductivity of the mines is zero. We can therefore
set the imaginary part of the contrast equal to zero. Since
tests indicated that this restriction does not improve the al-
gorithm, this restriction has been left out. Furthermore,
since we used a permittivity of the mines which is higher
than that of the background, we could use positivity for the
mine permittivity. In figure 3, we show the reconstructed
contrast profile after 4 iterations using CSI with a priori
information, (a), and after 64

iterations with a priori infor-

mation, (b). Each iteration took approximately 5 seconds

on a Pentium PC computer.
Next we have put two mines in the configuration, one cir-

cular mine having a diameter of 5 cm and one having a

original

()
i

o3

oz

Fig 4: The original profile with two mines

Fig 2: The reconstructions after 4 iterations (a), and after
64 iterations (b), using CSI without a priori information.

o
358

Lk

023

o2

Fig 5: The reconstructions after 4 iterations (a), and after
64 iterations (b), using CSI without a priori information.

Fig 3: The reconstructions after 4 iterations (a), and after

64 iterations (b), using CSI with a priori information.
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(b)

Fig 6: The reconstructions after 4 iterations (a), and after
64 iterations (b), using CSI with a priori information.

diameter of 10 cm. We have done the same tests. The re-
sults are in figures 4, 5 and 6. It is observed that the resolu-
tion in these figures is not as good as the resolution in the
figures of the original paper. This is due to the size of the
domain which is about 2\ x 3. Higher frequencies, thus
shorter wavelengths, will lead to an improved resolution
but these waves have a lower penetration depth.

7. CONCLUSION

In this paper we have presented a new inversion algorithm
(CSI) for profile reconstruction in acoustics and electro-
magnetics. The algorithm is based on the source type inte-
gral equation which relates measured data to a source dis-
tribution in the scattering object. The algorithm is akin to
what Kohn and McKenney [15] call an alternating direc-
tion implicit (ADI) method wherein two sequences, one
of sources and one of contrasts, are reconstructed itera-
tively by alternately updating the sources and the contrasts.
Unlike the Kohn-McKenney method and other approaches
based on the source type integral equation, e.g., Habashy
et al. [11], the CSI algorithm does not involve completely
solving the source type equation for each updated contrast.
Similar to the modified gradient method, in each iteration
there is no full inversion of the state equations involved.
A cost functional is defined consisting of errors in the
source type equations and the state equations and the up-
dates in the sources are found as a conjugate gradient step
after which the contrast is updated by minimizing the er-
ror in the state equations which can be done very simply.
The source updates are similar in spirit to those used in the
modified gradient method while the contrast updates are
found in a simple fashion in which a priori information is
easily included. A number of numerical tests indicate that

this new algorithm exhibits the best features of the mod-
ified gradient algorithm, successfully reconstructing a va-
riety of contrasts and fairly insensitive to noise. However,
the new algorithm exhibits additional properties which sur-
pass the modified gradient approach. It is faster, requires
less memory as well as less data and more easily accom-
modates a priori information.

To give some idea of the computational complexity, if J
denotes the number of excitations and N denotes the num-
ber of subdomains in the test domain, then the time re-
quired for each iteration is roughly 2J times the time for
one step in the conjugate gradient solution of the forward
problem for one excitation, with a memory requirement
of approximately 5JN x 16 bytes (complex double pre-
cision). The time required for each iteration is roughly one
third that needed in the modified gradient algorithm with
no a priori information on the contrast and is an order of
magnitude faster if positivity is included for both real and
imaginary parts.

No tests have yet been carried out on the effect of ad-
ditional regularizers such as total variation which proved
effective for the modified gradient algorithm [24]. This
is one of the subjects for future work. The simplicity,
speed and reduced memory requirements offer hope that
this technique will provide a feasible approach to three-
dimensional inversion problems.
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