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Abstract

We study the design of two-level experiments withruns andn factors large enough to
estimate the interaction model, which contains all the méces and all the two-factor interac-
tions. Yet, an fect hierarchy assumption suggests that méiect estimation should be given
more prominence than the estimation of two-factor interactions. Orthogonal arrays (OAs) favor
main dfect estimation. However, complete enumeration becomes infeasible for cases relevant
for practitioners. We develop a partial enumeration procedure for these cases and we estab-
lish upper bounds on the Dfiency for the interaction model based on arrays that have not
been generated by the partial enumeration. We also propose an optimal design procedure that
favors main €ect estimation. Designs created with this procedure have smalléidiescies
for the interaction model than D-optimal designs, but standard errors for the ffiegtsan this
model are improved. Generated OAs for 7-10 factors and 32—72 runs are smaller or have a
higher D-dficiency than the smallest OAs from the literature. Designs obtained with the new
optimal design procedure or strength-3 OAs (which have mfeces that are not correlated
with two-factor interactions) are recommended if mafifeets unbiased by possible two-factor
interactions are of primary interest. D-optimal designs are recommended if interactions are of
primary interest.

Keywords: coordinate exchange; Dfeiency; Dy-efficiency; optimal design; orthogonal array;
partial enumeration
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1 INTRODUCTION

Experimenters using two-level factorial experiments usually think of the data as being generated
from an additive model with mainfiects, two-factor interactions and higher-order interactions.
To structure the analysis, they assume that méiects are more important than two-factor in-
teractions, while two-factor interactions are more important than higher-order interactions. The
assumption, calledféect hierarchy, was coined first yu and Hamad§2000.

Empirical evidence in support of théfect hierarchy assumption was givenlhyet al. (2006.

These authors considered 46 two-level experiments with 3—7 factors. They found that about 40%
of the main &ects were active, as opposed to 11% of the two-factor interactions and 6.8 % of
the three-factor interactions. In addition, the median mdiace size was four times larger than

the median size of the two-factor interactions and eight times larger than the median size of the
three-factor interactions. While three-factor interactions evidently cannot be ruled out, including
only main dfects and two-factor interactions in a model for responses from two-level experiments
seems a reasonable first approach.

In this paper, we consider the design of two-level experiments large enough to estimate a model
with all the main &ects and all the two-factor interactions. Yet theeet hierarchy assumption
suggests that there are not so many two-factor interactions active, and that the size of active two-
factor interactions is considerably smaller than the size of the nfi@ote. Under these conditions,
it makes sense to maximize precision of maiteets that are unbiased by possible two-factor
interactions. An example of this type of experiment was carried out recently at TNO, Eindhoven,
the Netherlands. The experiment was concerned with the making of phantoms to calibrate medical
devices. Phantoms are cylindrical pieces of gelatinous material that mimic human tissues; these
tissues are to be investigated with the device once it is properly calibrated. A phantom is tested by
exposing it to light of various wavelengths. For each of the wavelengths, the reflection is recorded,
which can be fiected by the concentrations of seven colorants. The main interest was in the
size of the factorial #ects. Only a few of the colorants are expected to be active for any given
wave length. Further, optical laws suggest that méieots are much more likely than interaction
effects. The experimental budget permitted construction of as many as 40 phantoms. Clearly, this

number should be siicient to construct a model with an intercept, all seven méieces and all
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21 two-factor interactions. In the rest of this paper, we call such a model the interaction model.
The purpose of this paper is to develop procedures for generating designs that can fit the in-
teraction model, while giving the mairfect estimators more precision than the estimators of the
two-factor interactions. Design alternatives that might be considered for the phantom experiment
include orthogonal arrays (OAs) and D-optimal designs. We contribute to the development of both
types of design. In the rest of this section, we provide more details on OAs and D-optimal designs

and we outline the further organization of the paper.

1.1 Orthogonal arrays

Generally, an OA of strengtih N runs anch factors ats levels is arN x n array ofs symbols such
that for everyt columns everys' t-tuple occurs equally ofterRaq 1947 Hedayat et a).1999.
Such an array is denoted OX\(n, s,t). Our present interest is in arrays wigh= 2, and we omit
the reference to the number of levels of the factors in the notation for an OA.

An attractive feature of OAs is that a model with only malffeets can be estimated with the
maximum possible precision. Therefore, OAs seem ideal candidate designsftiettiheerarchy
assumption applies. However, the extent to which the maximum precision for ifiagtseis
retained in the interaction model depends on the strength of the OA.

OAs of strength 4 are D-optimal for the interaction model, because all subsets of four factors
form an equally replicated full factorial design. For this reason, all m@@cecontrast vectors and
all two-factor interaction contrast vectors are orthogonal to each other, and both theffaain e
estimators and two-factor interaction estimators have a maximum precision.

A disadvantage of these arrays is their run size. For the seven factor phantom design, an OA of
strength 4 requires 64 runs, which is a substantial larger than both the experimental budget of 40
runs and the number of parameters in the interaction model, which equals 29. At the same time,
the dfect hierarchy assumption suggests that it is not important thaffadite in the interaction
model have maximum precision. It is therefore natural to study OAs of stréngth capable of
fitting the interaction model with smaller run sizes than a strength-4 array.

OAs of strength 3 retain mutual independence of méieots and independence of matieets

with interactions. Therefore, mairffects in an interaction model are estimated with maximum
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precision. The estimators of two-factor interactions are correlated. Therefore, at least some of
these interactions are not estimable with maximum precision in a full interaction model. This
need not be a problem if théfect hierarchy assumption holds, however. It is therefore of interest
to study strength-3 OAs with maximum DEeiencies for the interaction model (to be defined
formally later in the paper).

OAs of strength 2 have orthogonal maiifieet contrast vectors, but these are correlated with the
contrast vectors of two-factor interactions. Therefore, the mfieceestimators have maximum
precision only in a first-order model. At the same time, thefliciencies for the interaction model
can be higher than in strength-3 arrays, because the combinatorial restrictions are less severe.

A naive way to find out OAs of strength 2 or 3 with the best possibldfiiency is to enumerate
all OA(N, n,t), and to check subsequently their Bieiencies. The problem one is faced with in
carrying out such a procedure is the large number fédnt designs. For example, we were able
to establish a set of 530,469,996 OA(322). Any OA(327,2) not in the set can be obtained
from an array in the set by a sequence of column permutations, row permutations or level switches
in a column. The arrays in the set cannot be obtained from each other by such a sequence of
permutations. There are five OAs with the bestfBeeency for the interaction model; its value is
0.8432.

The enumeration of the set of OA(322) took about 7 days on a PC with an Intel Core i7
870 CPU at 2.93GHz. It is computationally infeasible to enumerate alNDAR) for N > 36
andn > 6. Similarly, it is not feasible to enumerate all 4n, 3) for N > 64 andn > 8. The
first contribution of this paper is the introduction of a partial enumeration procedure for cases with
t < 3 where a complete enumeration is not feasible and to introduce a simple method to establish
upper bounds on the Dieciency of arrays that have not been generated by the partial enumeration.
Our partial enumeration of OA(3Z, 2) took just 5 hours of computing time, produced all five D-
optimal arrays and resulted in an upper bound of 0.8799 foffidikencies in arrays that were not

generated.
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1.2 Optimal designs

In the D-optimal approach, a design Nf runs andn factors is sought that maximizes the D-
efficiency of the interaction modeRfkinson et al, 2007). Because no combinatorial restrictions

are imposed, the Dfieciency of a D-optimal design for this model will generally be higher than the
D-efficiency of the best OAs under this model. However, such a D-optimal design does not support
effect hierarchy. For example, we generated a D-optimal design for the phantom experiment with
average standard errors for matfifieets and two-factor interactions of 0.1644 and 0.1652, respec-
tively. The second contribution of this paper is the development of an optimal design procedure
that favors the mainfeect estimation. For the phantom example, we created a design with average
standard errors for mairtfects and two-factor interactions of 0.1600 and 0.1905, respectively. In
this case, there is only a small improvement in médtiea precision and a more substantial loss

of precision in two-factor interactions. For many other cases, however, the improvement in main

effect precision is much more substantial.

1.3 Organization

The rest of this paper is organized as follows. In SecBpwe return to the motivating example

in more detail. We consider four fiierent candidate designs and introduce design measures to
characterize the designs. In Secti®nwe introduce the enumeration algorithm for OAs and the
optimal design algorithm for Dfeicient designs that favor mairffect estimation. In Sectioa,

we detail the numbers and besiie@encies of the generated OAs, give upper bounds for those that
might have been obtained by enumeration of the complete set, and contrast the<&acigticees
obtained by optimal design algorithms. Next, we study in detail the statistical properties of the
best designs for up to 72 runs and up to 10 factors and compare these with the best literature
designs known to us. Finally, there is a brief discussion of the strengths and weaknesses of our
approach in Sectiofi. Software to generate orthogonal arrays and optimal designs is provided in

supplementary materials.
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2 OPTIMALITY MEASURES AND CANDIDATE DESIGNS

In this section, we introduce four optimality measures for designs that fit the interaction model.

We illustrate these measures with four candidate designs for the phantom experiment.

2.1 Optimality measures

The interaction model based on a two-level desdgran be stated formally as= X3 + e, where
yis anN x 1 vector of responses anlan N x p model matrix with an intercept) main dfect
contrast vectors am{n— 1)/2 two-factor interaction contrast vectors. Fingys thepx 1 vector
of the factorial &ects anceis anN x 1 vector of random errors with expectation zero and variance
0'2.

The parameters of the model can be estimated with the OLS estibnaftgmwith b = (XTX)"1XTy;
its covariance matrix is{" X)1o2. Therefore, the capability of a design to return precise estimates
of the factorial &ects is maximized iK™ X is maximized in some sense. One meaningful way is
the maximization ofXTX|, because maximizing this determinant minimizes the volume of a joint
confidence region of the parameters under normal distribution of the randomegtkinson
et al, 2007).

For convenience, the determinaxf X| is scaled by the number of parameters in the model and
the run size. The scaled version of the determinant is designatg With D(A) = |XTX/N|YP.
We call D(A) the D-dficiency of A, thereby omitting the reference to the interaction model. It is
well known that 0< D(A) < 1. D(A) = 0 if and only if the columns oK are linearly dependent,
while orthogonal columns of give a D-dficiency of 1.

To address the joint precision of the matfieets in the interaction model, we slightly modify
a criterion used byschoen(2010 based on the concept of;ptimality (Atkinson et al, 2007).
For this purpose, we divide the parameter vegtor a vectorB; with main dfect codficients and
a vectorBy, with the codficients for intercept and the two-factor interactions. The model mxtrix
is split in an analogous way int8§; and Xy, so thaty = X;8; + Xo2802 + € A Dg optimal design

maximizes

Ds = [XTX|/1X02" Xo2s (1)

ACCEPTED MANUSCRIPT
6



Downloaded by [TNO] at 02:54 05 February 2016

ACCEPTED MANUSCRIPT

assuming thakg, is of maximum rank. It is easy to show that
IXTX]/X02" Xoal = IX1 (I = Xo2(Xo2" X02) X0z )X1l. (2)

The right hand side of (2) is the determinant of the residual sums of squares and products matrix
after regressing the mairffects collected irX; on the intercept and two-factor interactions col-
lected inXo,. The scaled version of the determinant is designatg)Dwith Ds(A) = D¥". In the

rest of the paper, we callJpA) the Ds-efficiency ofA.

If Xo2 is indeed of maximum rank, 8 Dg(A) < 1. Ds(A) = 0 if the columns ofX are linearly
dependent, while [§A) = 1 if the main éfect columns oK are orthogonal to each other and also
orthogonal to the intercept and two-factor interaction columnsgn

It might seem unusual to maximize a determinant for méieoe contrast vectors after account-
ing for two-factor interaction contrast vectors, as carried out in (2), because this reverses the roles
of main dfects and two-factor interactions. Indeed, interactions are defined as the part of the joint
effect of factors left over when mairtfects are accounted for. We nevertheless think that the D
criterion is useful as a design selection criterion in case méatts are of primary interest. If we
fit the interaction model, the mairffects are unbiased by possible two-factor interactions, and D
captures the estimatiortfieiency of the unbiased mairttects. Fitting a model where interactions
involving one or more of the factors are dropped will improve theiency, but the mainféect
estimates risk bias from the omitted interactions.

Finally, our third and fourth optimality criteria are,£efficiency and A-efficiency, which are

average variances of maiffects and interactions, respectively, scaledByN.

2.2 Candidate designs for the motivating example

To illustrate the optimality criteria outlined in the previous section, we introduce four candidate
designs for the phantom case with 40 runs and 7 factors. (The designs are available in the supple-

mentary materials to this paper.)

1. Using a complete set of OA(4D 3), we establish that the OA reported $ghoen and Mee
(2012 is the only strength-3 OA of this size capable of fitting the interaction model. Its
D-efficiency equals 0.8030.

ACCEPTED MANUSCRIPT
7



Downloaded by [TNO] at 02:54 05 February 2016

ACCEPTED MANUSCRIPT

2. Using a procedure that is discussed later in the paper, we generated 30€iddeOAs of

strength 2 and include the most Bieient array as a candidate design.
3. Using a coordinate exchange algorithm, we generated a D-optimal design.

4. Using another procedure discussed later in the paper, we generated designstatbsD
as optimality criterion. We include the best design according to this criterion as the fourth

candidate; the design is designated compromise design.

An overview of the variousféiciency measures for the candidate designs is given in Table

OAs of strength 3 are Poptimal and A-optimal. This follows from equation (2), because
Xo2' X1 = 0. The high Q-efficiency and A-efficiency for the compromise design show that this
design has near orthogonality of the matfeets with respect to each other and to the interactions.

The D-dticiency of the strength-3 candidate is substantially smaller than tif&deacy of the
D-optimal design, while the Defficiency of the D-optimal design is worse than thgdificiency
of the strength-3 design. The compromise design is indeed a compromise as it has improved D-
and A-efficiencies when compared to the strength-3 design and improyeshid A -efficiencies
when compared tot the D-optimal design.

The strength-2 candidate design cannot be recommended, because the D-optimal design is bet-
ter in all gficiency measures considered here.

To illustrate the connection between the various optimality criteria and the precision of individ-
ual main défects and interactions, we present boxplots of the standard errors of ffiecieoés in
Figurel, assuming an error variance of 1. We consider two model classes. The first one is the
single full interaction model in seven factors. The second class consists of the seven models where
all interactions of one particular factor are dropped from the full interaction model. We call these
models reduced models.

The upper panel of the figure shows the standard errors of the ii@atsee There are four pairs
of boxes, one pair for each candidate design. Each broad box shows the seven standard errors for
the full interaction model based on the respective designs. Each narrow box shows the 49 standard
errors for all the mainféects in the reduced models.

The minimum standard error ig %40, equalling about 0.1581. All mairffects of the strength-

3 option have this minimum value. Three of the maifeet standard errors of the compromise

ACCEPTED MANUSCRIPT
8



Downloaded by [TNO] at 02:54 05 February 2016

ACCEPTED MANUSCRIPT

design also have this value. The four other standard errors all equal 0.1614, which is in between
the main &ects standard errors of the D-optimal design and the strength-3 design. The strength-2
design has the worst values of the mafifeet standard errors.

As expected, there is no change in maifeet standard errors for the reduced models based on
the strength-3 option. Remarkably, this is also the case for the compromise design. The reason
is that the main fects in this design are orthogonal to the two-factor interactions. The standard
errors for the strength-2 option are considerably improved, while those of the D-optimal option are
also improved. The ranking of the four options regarding the mfiecestandard errors does not
change, however.

The lower panel in the figure shows standard errors of the 21 interactidinceer@s in the in-
teraction model (broad boxplots) and of the 105fGiorents in the seven reduced models (narrow
boxplots). The D-optimal design is clearly superior here, while the compromise design is interme-
diate between the D-optimal design and the strength-3 design. The standard errors in the reduced
models of the strength-3 and compromise designs are considerably lower than those in the full
interaction model. This shows the value of these designs in case only a subset of the interactions
is active.

The design actually used for the phantom experiment was the strength-3 option. Statistical
analysis of the results (not shown) revealed that, depending on the response variable, there were
two or three substantial mairffects sized 2.5 or more times the estimated standard deviation of
individual observations. The most substantial interactions (one or two per response) were roughly
between 0.5 and 1 times this standard deviation. These findings showfdtateerarchy assump-
tions were in place here.

We would prefer the D-optimal design for cases when the focus is on the search for interactions
among a limited number of factors known to be active. The strength-2 alternative has little to add,
because it is outperformed by the three other options regarding the standard errors of the main
effects and by the D-optimal design regarding those of the interactions. If the compromise design

had been known in time, we might have recommended that design for the phantom experiment.
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3 GENERATION OF DESIGNS

3.1 Orthogonal arrays

We want to generate OAs with good [heiency for the interaction model. Earlier work on D-
efficient OAs Tang and Zhop2013 is restricted to strength-2 OAs for the special case that the OA

is embedded in a saturated OA whkhruns andN — 1 factors, while there are only a few specified
interactions of interest. In this paper, we consider the case that all interactions are of equal interest,
while the OA need not be embedded in a saturated OA. To generate OAs, we slightly modified the
algorithm of Schoen et al(2010 (SEN). The complete source for the system is available on the
world wide web Eendebak2015 as well as in the supplementary materials. Here, we review the
key elements of the original algorithm. Its goal is to obtain a set of allNDA(t). For any specific

set of parameters N andn, there may be many arrays. These can be partitioned in isomorphism
classes. All arrays within one isomorphism class can be obtained from each other by a sequence
of row permutations, column permutations or level permutations. These arrays are mathematically
and statistically equivalent. Therefore, itces to study only one instance of every isomorphism
class.

The algorithm of SEN features lexicographic ordering of arrays. An dprigyexicographically
smaller than an arraR if there exists a column indeik > 0 such thaiQx < Ry, whereasQ, =
R,i=1,...,k—1. Here,Qx < R if there exists a row inder > 0 such thaQx < Rk, While
Qik = Rk, J = 1,....,m-1. So, reading column-wise, the first element for whiglandR differ
has a smaller value .

For any set of parameters of an OA, the algorithm produces a minimum complete set of ar-
rays. This is a set with one unique representative array for each isomorphism class called the

lexicographically minimal (LM) array.

Definition 1. An array is lexicographically minimal (LM) in its isomorphism class if no row,

column, or level permutation results in a lexicographically smaller array.

To generate a minimum complete set of GK, t), the algorithm starts with a single array

with t columns in lexicographically minimal form, which is called the root array. This array is a
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representative for the single isomorphism class in QA(t). Two further steps turn a minimum

complete set of arrays with< k < n—1 columns into a minimum complete set wikh 1 columns:

1. Extension for each array in the minimum complete set witliactors, a set of extensions
with the required strength is generated that is guaranteed to contain all LM arrays that can be

reached from the original array.

2. LM check for each generated array, a test is performed to check whether the array is in LM

form or not. The arrays not in LM form are rejected.

SEN show that a repeated application of the two steps results in a minimal complete set of
OA(N, n,t). The arrays generated by these authors include alNDAR) with N < 28 andn <
6 and all OA(, n,3) with N < 48. So, strength-2 alternatives to the well known OA@3)
with run sizes up to 28 can be found by searching through the list of designs that they generated.
Similarly, Schoen and Me&012 found strength-3 alternatives to OA(644), OA(64 8,4) and
OA(128 9, 4) with run sizes up to 48 by searching through the list of strength-3 designs.

To address strength-2 cases with> 32 and strength-3 cases with > 56, we restrict the
extension of arrays in the minimal complete sets. First, we partition each set in arrays that permit
fitting the interaction model and those that do not. We only extend the arrays of the first set. The
minimal complete set with extended arrays is guaranteed to contain the D-optimal array.

If there are many arrays that permit estimation of the interaction model we applied a further
restriction. We order the arrays according to their fBeeencies and we extend only the best
designs with an additional column. There is no guarantee that the set thus generated contains the
D-optimal array. However, itis possible to establish upper bounds for the best possitiiei&nrey
of arrays that might have been generated based on thefhesreies of the arrays that were not
extended. These bounds are based on two theorems. The first one predicts what might happen if

an array is extended with one extra column. The result is as follows:

Theorem 1. Let A be an orthogonal array with N rows and k columns that can fit the interaction
model. Let P= [AE] be an array that results from extending A with a single column E. Let
Pk = 1+ k+ k(k — 1)/2. ThenD(P) < D(A)P«/Pe,

ACCEPTED MANUSCRIPT
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The purpose of Theoreghis to sharpen the bounds established by Thedrbgtaking previous

extensions into account.

Theorem 2. Let A be an orthogonal array in LM form. Defife(A) = [XTX/N|. Let B = [AE]
be an LM orthogonal array that results from extending A with a single columriL&t Q be an

array that results from extending Rith g columns and letil= D(P;)/D(A). Then
D(Q) < LID(P) (3)
with L = max; L;. The maximum is over all possible LM extensionsi&ived from A.

Supplementary Section A includes the proofs of the theorems. An illustration of the way that
the bounds work out is given in Supplementary Section B.

Cheng et al(2002 established an approximate relation between the averagédieecy of
a model containing all the mairffects andy two-factor interactions, and the first two elements
of the generalized word length pattern (GWLPang and Dengl999. The GWLP of an OA is
a vector fg, Ay, ..., Ay), whereA is the sum of squared correlations betwedactor interaction
contrast vectors and the intercept. In cgse0.5n(n—1), there is just one Dfficiency to consider;
the relation for this case is/D «< Az + A4. In the supplementary Section C, we confirm that the
best D-dficiencies indeed are found for designs with smfalk A,. It is important to note that
the relation between D ang; on its own is much weaker. So a minimu&-aberration design,
which minimizes the elements of the GWLP from left to right, does not necessarily have the best

D-efficiency.

3.2 Optimal designs

We implemented a coordinate exchange algorithm in Python and Matlab. The algorithm is slightly
more complicated than the original algorithmMéyer and Nachtsheirf1995. It optimizesO =
a1D + a,Ds, where D and D are defined in SectioB.1 A specification of the algorithm is
given in the supplementary Section D. The implementations are available in further supplementary
materials.

For all cases where we generated fiegent orthogonal arrays, we also generated D-optimal

designs for the interaction model using the Python implementationayith O and 5,000 initial
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tries. To generate compromise designs, we need to set the paramedsida, in our exchange
algorithm. We setr; = 1 and made seven-factor designs in 40 runspforanging from O up to

6 in steps of 0.2. We repeated the process with eight-factor designs in 80 runs. We found that
the Ds-efficiencies of the designs became stableder> 2, while, for the 80 run designs, the
D-efficiencies slightly decreased from that value onward. For these reasons, we, usédand

a, = 2 to construct the compromise designs. See supplementary Section D for more details.

Our compromise designs are intended for situations where nfi@ote are more likely to be
important than two-factor interactiofffects. They permitficient estimation of the full interaction
model, because the Diency is included in the goal function to be optimized. At the same time,
they favor estimation of mainféects independently from two-factor interaction by the inclusion
of Ds in the goal function. Therefore, they can be considered as model-robust designs. The most
important diference between our approach and earlier approaches to model robust designs is that
the run sizes we consider permit estimation of the full interaction model. Therefore, no special
attention is needed to account for nonestimable models, suchagMiouchel and Jonegd.994),

Li and Nachtshein{2000 and Smucker et al(2012), or aliasing between primary and potential

model terms such as ones and Nachtsheif@011).

4 GENERATED DESIGNS

The strength-2 OAs we generated have 6-8 factors and 32—44 runs. An OA to estimate the interac-
tion model in 9 factors requires at least 48 runs. It was infeasible to do even a partial enumeration
of strength-2 arrays with this run size or larger run sizes because of the very large numbers of
nonisomorphic arrays (even for the extension of an array with a single column).

As regards OAs with a strength> 3, there is a single OA(38, 5), which naturally permits
estimation of the interaction model with maximum Bigency. Fom > 7, strength-3 arrays for
the interaction model only exist for run sizBs> 40. We generated Dfigcient OAs of strength 3
in up to 10 factors requiring up to 72 runs.

Unlike OAs, D-optimal designs and compromise designs are not restricted to run sizes that

equal multiples of 4 (strength-2 OAs) or 8 (strength-3 OAs). However, for direct comparisons
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with OAs, we generated optimal and compromise designs for run sizesi8& 72 equalling a

multiple of 4.

4.1 Strength-2 arrays and alternative designs

Table2 shows selected results for the strength-2 OAs and alternative designs. For the alternatives to
OAs, we used our optimal design software with 5,000 initial tries and we kept the best design either
according to D-#ficiency or to the compound criterion B2Ds. The OA series with five factors
were fully generated (results not shown). OA series with5 factors were partially generated by
extending only a small fraction of the designs with 1 factors based on their Diciency. To get
an appreciation of the arrays that were missed in a partial generation, we studie: 82 fully
generated as well as partially generated series of OAs; more details are given in the supplementary
Section E. That section also shows comprehensive results on generated OAs with other run sizes
and numbers of factors.

The first two columns of Tabl@ give the run sizeN and the number of factors The third
column shows the type of design, which is either an OA, a D-optimal design or a compromise
design. Then, we show the Bheiency of the designs. For OAs we subsequently provide an upper
bound on D-éiciencies for arrays that might have been obtained if the series were generated fully.
This bound, designatd8, was obtained using Theoretrand Theoren2 of Section3.1 The final
three columns in Tabl2 show the -, A;- and As-efficiencies obtained.

The designs generated with the optimal design software were all nearly orthogonal; the smallest
efficiency for the main-#ects only model equals 0.9761.

The results for 32 runs and six factors show that the best designs obtained with any of the three
methods all have a Dféciency equalling 1. They correspond to the unique OAG32). The fact
that the optimal design software returns a design that is known to be best in termdfafi@rey
and D.-efficiency shows that the implementation iststiently powerful to find éicient designs.

The tabulated results on OAs witlh > 36 are based on partially generated series. Although
the generation is only partial, the series of OA@®) includes an array with the best possible D-
efficiency of the interaction model. The seven-factor series have discrepancies of at most 0.0367

between the D4&ciency in the best array obtained and the upper bound.
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For the best OA(4@B, 2) and the best OA(448, 2), the upper boun® is higher by 0.1487 and
0.1043, respectively. These are substantial discrepancies. However, in both cases, the D-optimal
design generated has a higher fiie@ency by 0.0498 and 0.0276, respectively. This suggests that
the upper bound for these two instances is particularly weak. Further, we show in supplementary
section F.1 that the best OAs actually obtained are competitive with the best strength-2 arrays
known from the literature. We therefore did not search for better OAs.

As expected, the D-optimal designs have a bettefiigtiency than the OAs. The largest dis-
crepancy is the one stated above for OA@@). In general, orthogonal arrays of strength 2 do
not seem to be particularly favorable to estimate all the interactions or to estimate fiiegits e
independently from interactions, because &iceencies for the D-optimal options are better than
the dficiencies of the corresponding OAs. One notable seven-factor exception will be discussed in
Section5.1

The compromise designs generally have the smallestiBiency of the three types of design.

The most substantial discrepancy with respect to the D-optimal design again occurs for the case of
40 runs and 8 factors; theftBrence in #&iciencies is 0.1054.

The diferences in Refficiencies between the compromise designs and the D-optimal designs
can be substantial. Particular examples are the designs for 32 runs and 7 factors, 40 runs and 8
factors and 44 runs and 8 factors. Thegédifficiencies along with A and Ap-efficiencies of these
designs show that the D-optimal designs should be preferred if the goal of the experiment is to
estimate interactions, while the compromise designs should be preferred if one wishes to estimate

main dfects independently from interactions.

4.2 Strength-3 arrays and alternative designs

Table3 shows results for the strength-3 OAs and alternative designs. The table has the same layout
as the one for the strength-2 OAs plus alternatives. For these alternatives, we used our optimal
design software with 5,000 initial tries and we kept the best design either accordindiiciBrey
or to the compound criterion B 2Ds.

For the 40-run and 48-run OAs we used a complete enumeration. For the 56-run arrays, we

completely generated the series with eight-factor arrays. Nine-factor arrays were only generated
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by extension of the 10,491 eight-factor arrays that support an interaction model. The extension
resulted in only 28 nine-factor arrays that permit fitting an interaction model in this number of
factors. Further extension resulted in a single ten-factor array. However, it is not possible to fit an
interaction model based on this array. For the 64-run arrays, we completely generated the series
with six factors. We extended all 326 arrays that support an interaction model. From seven factors
onward, we retained at most a few thousands of arrays that support an interaction model. For the
72-run arrays, we again started with generating all six-factor arrays. We extended all 872 arrays
that support an interaction model. Extension of these arrays resulted in more than two million
seven-factor arrays. From seven factors onward, we retained only a part of the arrays that support
an interaction model. We obtained five nine-factor arrays and we failed to obtain a ten-factor
array. Details on the numbers of generated OAs andfisutsed can be found in supplementary
Section E.

The designs generated with the optimal design software were all nearly orthogonal; all D-
efficiencies for the mainfeects only model were larger than 0.95.

The seven-factor OA in 48 runs is markedly better than the 40-run OA used in the motivating
example. We prefer this OA to the D-optimal design of the same run size because the ©OAs D
efficiency is better, while its Df&ciency is only slightly less. The compromise design happens to
be isomorphic to the OA.

The table shows two 64-run designs for 8 factors with &iiziency of 1. So these are strength-

4 OAs. The compromise design is a strength-3 OA with afiiency near 1, so that it has almost
a strength of 4.

For the nine-factor OAs in 64 runs, the best fiaency found is 0.0372 lower than the upper
bound, while the discrepancy is 0.1445 for the ten-factor arrays. However, tifec@reies
obtained are very near those of the D-optimal designs; one is slightly worse and one is even slightly
better. In addition, as shown in the Supplementary Section F for nine factor OAs and in Section
for ten-factor OAs, those we did obtain are competitive with the best literature arrays. For these
reasons, we did not intensify the search of good OAs for nine or ten factors.

For the 72-run OAs, the discrepancy between the besffibiency and the upper bound for

eight and nine factor arrays is 0.0156 and 0.0573, respectively. Our failure to find a 72-run ten-
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factor array did not prompt us to extend more than the few hundred seven-factor or eight-factor
arrays with this run size, because even a few arrays extra lead to millions of new extensions. We
believe that 72 is the maximum run size for which our methodology can yield useful OAs. Note
that the compromise design of 10 factors has gogad A -efficiencies, while the D-optimal
10-factor design has a good Bheiency. However, A-efficiencies are not particularly good.

A further comparison among the designs in Tableads to the following conclusions.
e The D-optimal designs have,Aefficiencies that are nearly the same as thehefliciencies.

e The D-optimal designs have substantially better D- apefficiencies than OAs of the same
run size and number of factors. Exceptions are the 64-run cases of 9 and 10 factors and the
OA(48,7,3).

e D-optimal designs generally have substantially worgeabd A -efficiencies than the com-

promise designs and the OAs.

5 STUDY OF SPECIFIC CASES

We studied the standard errors in the interaction models based on the fiimehedesigns in

7-10 factors that we found. We compared our OAs with the smallest orthogonal arrays from
the literature. Many of the new OAs are smaller, or have a higheffibiency, or have smaller
standard errors for the cfiients, than the literature OAs. The OAs were contrasted with D-
optimal designs and compromise designs. In general, we prefer designs for which the maximum
standard error, either of the maiffects or of the interactions, is minimized over the competing
designs of the same run size. All the designs studied are available in the supplementary materials
for this paper. Section F includes a comprehensive table Wittiency measures and a discussion

of the eight-factor and nine-factor cases. Seven-factor and ten-factor cases are presented here.

5.1 Seven factors

The two earliest literature OAs that we were able to find for the interaction model in seven factors
have 48 runs, a strength of 2, a Bieiency of 0.9222 and Defficiencies of 0.8187 and 0.8823,
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respectively; sedee (2009 p. 291) andAddelman(196]) for their construction.Schoen and

Mee (2012 recommended seven-factor arrays of strength 3 in 40 and 48 runs capable of fitting
the interaction model. These correspond to the strength-3 arrays characterized i. Tahke
48-run OA has a D4&ciency of 0.9585 and a maximumgefficiency, while the best seven-factor
arrays of strength 2 and 40 or 44 runs from Tableave D-dficiencies of 0.9245 and 0.9449, and
Ds-efficiencies of 0.8495 and 0.8926, respectively. So these alternatives have a bdfieicDey

and either a greater strength or a smaller run size than the two earliest literature arrays.

In the remainder of this section, we restrict attention to 32-run and 36-run designs. While their
D-efficiencies are smaller than those of the earlier literature designs, their run size is also smaller.
The 32-run OAs are the smallest possible orthogonal arrays that support the interaction model for
seven factors. The 36-run designs allow 7 residual degrees of freedom to cotedist assuming
that higher-orderfects are negligible.

Five OA(32 7, 2) have the globally best Dfieciency for OAs of this size, which equals 0.8432.

The D-dficiency for the best 36-run OA we found is 0.9022. Assuming an error variance of 1,
we calculated standard errors of the fm#ents in the interaction model for the five best 32-run
OAs, the 36 run OA, the D-optimal designs and the compromise designs of the same run sizes.
Figure2 shows the results. The upper panel in the figure is a dotplot of the standard error of the
main dfects, while the lower panel shows boxplots for the interactions. In the online version of
the paper, the results for OAs are in brown-red, those for the D-optimal designs in green and those
for the compromise designs in purple.

For the 32-run designs, the best design to estimate nfiggote independently from two-factor
interactions is the compromise design, because it minimizes the maximum standard errors for the
main dfects as well as the Aefficiency. In case many interactions are likely to be substantial,
we recommend the D-optimal design. This design minimizes the maximum standard error for
interactions when compared with the alternative designs, while the standard errors also have a
smaller range. There is no clear reason to recommend a 32-run OA, as judged by these standard
errors or those of the mairffects.

The most remarkable feature of Figures the complete uniformity of standard errors based on

the 36-run design. Indeed, standard errors for all the nté@cts and all the two-factor interactions
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equal 0.1860. As this value also minimizes the maximum standard error of the interactions, we
would favor the OA in case the primary interest is in estimating interactions, even though-the A
efficiency of the OA is 0.0545 less than for the D-optimal design (see Table 2). The compromise
design has slightly smaller standard errors for the méeces than the D-optimal design, but the

large standard errors of the interactions make us prefer the OA.

5.2 Ten factors

A ten-factor design that supports the interaction model must have at least 56 runs. Our work shows
that there are no such strength-3 OAs. Our software returned D-optimal and compromise designs
with D-efficiencies of 0.7492 and 0.6373 and-8ficiencies of 0.5275 and 0.8070, respectively.

We think that these values are too low to recommend these designs. We obtained 60-run D-optimal
and compromise designs with Dheiencies of 0.7978 and 0.7100 and-&ficiencies of 0.6309

and 0.8627, respectively. However, it is usually prudent to include a few extra runs for model
checking or estimation of random error. So it is natural to consider 64-run or 72-run designs.

The 64-run strength-3 OA given bylee (2004, designated 64 (OA5), is the smallest and
most D-dficient literature orthogonal design in 10 factors capable to fit the interaction model. Its
D-efficiency equals 0.8238. For reasons explained below, our enumeration did not include this
design. However, we found three other designs with the sam@d&eacy and one design with a
slightly higher D-dficiency of 0.8247.

Figure3 shows the standard errors of based on the five 64-run OAs, the D-optimal and compro-
mise alternative designs, and 72 run D-optimal and compromise designs. A 72-run OA to fit the
interaction model was not obtained; see Secfidh

The smallest standard errors for the mdiieets are reached for the compromise 72-run design,
while the smallest standard errors for the interactions are reached for the 72-run D-optimal design.
If budget allows, we prefer these designs to the 64-run alternatives.

For the 64-run cases, it is obvious that all OAs are equally good regarding the ffedh e
standard errors, while the compromise design does better than the D-optimal design and worse than
the OAs. As the compromise design has inferior standard errors for the interactions as well, it is not

recommended. We prefer OA3 or OA4 if we want to estimate the nféacts independently from
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the two-factor interactions, because the maximum standard error for the interactions is minimal in
these OAs. OA3 and OA4 are nonisomorphic, but as it turns out, they have the same frequency
distribution of standard errors for the interactions.

The first seven columns of the lexicographically minimal version of design 64 (OA5) form a
seven-factor design with a Dfeiency of 0.9310. In our enumeration, we did not extend 64-run
seven-factor OAs with a Dfeciency of 0.9410 or less; see supplementary Section E. This explains
why design 64 (OA5) was not included in our list of 10-factor designs. The finding illustrates that
extension of twdk-factor OAsA; and Ay, where D@;) < D(Ay) can lead to extended desigA$
andA; for which the order of D-fliciencies is reversed.

Finally, the set of standard errors for the interactions based on the D-optimal 64-run design is
much more homogeneous and also has a smaller maximum than the corresponding sets for the OAs.
As the D-dficiency of the D-optimal design is very similar to the beiceency of a strength-3
OA, the standard errors of the maifiexts based on the D-optimal designs are considerably higher.
We conclude that the optimal design is the preferred choice to assess two-factor interactions, while
the OAs are preferred if we want to estimate the mdiaas independently from the two-factor

interactions.

6 DISCUSSION

In this paper, we studied two-level experiments large enough to estimate a model with all the main
effects and all the two-factor interactions. The assumptiorffetehierarchy suggests that there
are not so many two-factor interactions active, and that the size of active two-factor interactions
is considerably smaller than the size of the mdiie@s. Under these conditions, it makes sense
to estimate mainféects unbiased by possible two-factor interactions. We considered approaches
based on orthogonal arrays and optimal designs.

Strength-3 OAs have maximum maifiext precision irrespective of the number of interactions
in the model. Therefore, the most MAeient OA of strength 3 is an attractive option undéeet
hierarchy. If the priority of the experimenter is on detecting or estimating two-factor interactions,

we would generally recommend D-optimal designs, because these have better precisions for these
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interactions.

Strength-2 OAs have maximum precision of the mdfie@s only if no interactions are active.

D-optimal designs for the interaction model were nearly orthogonal for the nfiE@otenly model.

In addition, these designs have a better precision for the interactidimcoe@s. For these reasons,

we generally do not recommend a strength-2 OA to fit the interaction model, with one notable
exception: we found an OA(38, 2) for which all standard errors in the interaction model are
equal. The D-optimal design we found has several standard errors for interactions that are higher
than the standard error in the OA. Therefore, we recommend the OA for this case.

To attain a better Defficiency when using an optimal design approach, we implemented a co-
ordinate exchange procedure that optimize + a>Ds. The results presented here were obtained
with the settingsr; = 1 anda, = 2. The designs are a compromise between D-optimal designs and
strength-3 OAs, both in terms of Deiency (D-optimal designs are generally better and strength-

3 OAs worse) and Defficiency (D-optimal designs are substantially worse and strength-3 OAs are
better).

As the Dy-efficiency of the compromise designs is generally better than theffidiency of
strength-2 OAs, the compromise designs provide an attractive alternative to these OAs under ef-
fect hierarchy. Further, as the run size increases, it becomes increasiffiglyltdio obtain good
strength-3 OAs, and compromise designs could be used instead. The compromise designs have the
general advantage that they can be constructed for every run size that is compatible with fitting the
interaction model. Interesting subjects for further research include the adaptation of this optimal
design approach to fitting other models than the complete interaction model and optimization of
this approach for larger cases than those studied here. Further, we might reverse the roles of main
effects and two-factor interactions in our expression far By replacing the original Dwith this
modification in our criterion for compromise designs, we could prioritize interactions over main
effects.

One problem in the generation of Dheient OAs is the huge amount offtérent designs. The
largest strength-2 case that we could handle completely is Q&(32with 530,469,996 dierent
designs, while the largest strength-3 case is OA948) with 166,081 diterent designs. This was

the reason to develop a partial enumeration approach. We established upper bounds for the best
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possible D-ficiency of arrays that were not generated. Our approach resulted in smaller or more
efficient alternatives to literature designs. We believe, however, that we reached the limits of its
usefulness for the OAs with 10 factors and 64 or 72 runs.

Further interesting subjects for future research include exploration of multilevel designs either
with our partial enumeration approach for orthogonal designs or with the compromise optimal
design approach. For example, for four three-level factors (33 parameters in the interaction model),
our methodology might yield a suitable 36-run design. For five factors (51 parameters in the
interaction model), the nearest run size for an orthogonal design &&tbno et al(2012 showed
that the four strength-3 designs of this size do not support the interaction model. Our methodology
might give strength-2 designs or compromise designs of this run size that are capable of estimating
this model. For six factors (73 parameters in the interaction model), there are strength-3 designs in
81 runs that support the interaction modgh(tono et a.2012 so that our methods are less likely

to be useful here.

SUPPLEMENTARY MATERIAL

Additional Results: Proofs and applications of the theorems, relationship betweetftideacy
and GWLP, details of the coordinate exchange algorithm, of the generation of OAs and of

specific eight-factor and nine-factor designs.
Programs: Software to generate OAs, D-optimal designs and compromise designs.

Designs: Designs for 7-10 factors studied in Secti®and supplementary Section F.
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Figure 1: Standard errors in interaction models based on four designs of 40 runs and 7 factors.
Broad boxes: full interaction model; narrow boxes: seven models lacking interactions of one of
the factors.
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Figure 2: Standard errors for the d¢beients of interaction models based on seven-factor designs
of 32 or 36 runs. OA: orthogonal array of strength 2; D: D-optimal design; C: compromise design.
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Figure 3: Standard errors in ten-factor designs of 64 and 72 runs. OA: orthogonal array of strength
3; D: D-optimal design; C: compromise design. MBaencies of OAs are 0.8247 (OAl) and
0.8238 (remaining OAS).
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Table 1: Hiiciencies of four candidate designs for the motivating example.

Design D-dficiency D.-efficiency Aj-efficiency Ap-efficiengy
strength 3 0.8030 1 1 0.4483
strength 2 0.9245 0.8495 0.8483 0.8483
D-optimal  0.9534 0.9343 0.9248 0.9157
compromise 0.8875 0.9884 0.9767 0.6860
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Table 2: Strength-2 arrays and alternative designs

N Type D B Ds A A,

32 OA 1 1 1 1 1
D-optimal 1 1 1 1
compromise 1 1 1 1

32 OA 0.8432 0.8432 0.8131 0.8004 0.6150
D-optimal 0.8868 0.8325 0.8094 0.7600
compromise 0.8033 0.9406 0.9188 0.4796

36 OA 0.9374 0.9374 0.8713 0.8696 0.8696
D-optimal 0.9773 0.9659 0.9612 0.9589
compromise 0.9743 0.9884 0.9778 0.9476

36 OA 0.9022 0.9389 0.8000 0.8000 0.8000
D-optimal 0.9369 0.9506 0.9476 0.8545
compromise 0.8716 0.9836 0.9699 0.6420

40 OA 0.9245 0.9414 0.8495 0.8483 0.8483
D-optimal 0.9534 0.9343 0.9248 0.9157
compromise 0.8875 0.9884 0.9767 0.6860

40 OA 0.8019 0.9516 0.6411 0.6019 0.5373
D-optimal 0.8517 0.6967 0.6788 0.7236
compromise 0.7463 0.9734 0.9503 0.3575

44 OA 0.9449 0.9531 0.8926 0.8864 0.8864
D-optimal 0.9563 0.9381 0.9380 0.8953
compromise 0.9113 0.9895 0.9792 0.7737

44 OA 0.8524 0.9567 0.7789 0.7721 0.6593
D-optimal 0.8800 0.8010 0.7927 0.7691
compromise 0.8034 0.9796 0.9596.4806
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Table 3: Strength-3 arrays and alternative designs

N n Type D B Ds A1 Ao
40 7 OA 0.8030 0.8030 1 1 0.4483
D-optimal 0.9534 0.9343 0.9248 0.9157
compromise 0.8875 0.9884 0.9767 0.6860
40 8 OA 0 0 1 0 0
D-optimal 0.8517 0.6967 0.6788 0.7236
compromise 0.7463 0.9734 0.9503 0.3575
48 7 OA 0.9585 0.9585 1 1 0.8750
D-optimal 0.9646 0.9500 0.9459 0.9251
compromise 0.9585 1 1 0.8750
48 8 OA 0.8365 0.8365 1 1 0.5973
D-optimal 0.9053 0.8222 0.8099 0.8034
compromise 0.8450 0.9859 0.9718 0.6043
48 9 OA 0.6753 0.6753 1 1 0.1439
D-optimal 0.7951 0.5875 0.5574 0.5861
compromise 0.7250 0.8759 0.8564 0.3440
56 7 OA 0.9192 0.0192 1 1 0.7826
D-optimal 0.9757 0.9626 0.9609 0.9504
compromise 0.9585 0.9912 0.9825 0.8903
56 8 OA 0.8642 0.8642 1 1 0.6478
D-optimal 0.9547 0.9114 0.8992 0.9034
compromise 0.9040 0.9903 0.9806 0.7396
56 9 OA 0.7610 0.7610 1 1 0.4522
D-optimal 0.8723 0.7746 0.7600 0.7271
compromise 0.8067 0.9256 0.9139 0.5363
64 8 OA 1 1 1 1 1
D-optimal 1 1 1 1
compromise 0.9780 1 1 0.9393
64 9 OA 0.9254 0.9626 1 1 0.8070
D-optimal 0.9190 0.8097 0.8020 0.8410
compromise 0.8831 0.9782 0.9681 0.7006
64 10 OA 0.8247 0.9692 1 1 0.5559
D-optimal 0.8371 0.7074 0.6850 0.6494
compromise 0.7604 0.8864 0.8734 0.4290
72 8 OA 0.9283 0.9439 1 1 0.8160
D-optimal 0.9824 0.9759 0.9712 0.9668
compromise 0.9730 0.9926 0.9855 0.9404
72 9 OA 0.8818 0.9391 1 1 0.6926
D-optimal 0.9473 0.8844 0.8807 0.8931
compromise 0.9117 0.9655 0.9599 0.7733
72 10 OA 0 0.9369 1
D-optimal 0.8935 0.7752 0.7619 0.7708
compromise 0.8180 0.9330 0.9239 0.5516
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